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Abstract

In this paper we define a new weak contractive condition for a hybrid pair of mappings
and prove the existence of coincidence and common fixed points. Our results generalize various
known results in the literature.
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Introduction :
The aim of this paper is to define a
generalized weak contractive condition and

regarding the coincidence and common
fixed points of mappings, one is contractive
with respect to other to a hybrid pair of

give some new coincidence and fixed point
theorems under hybrid contractive
conditions. Further we extend the results
‘Definition 1.1. Let (X, M, *) be a fuzzy metric space. The mappings f: X=> Xand T : X=> CB(X) are

mappings. Our results generalize many
known theorems in the paper.

said to be (Im) commuting at x € X if My (fTx, Tfx, t) = 1, whenever fxe T x.

Definition 1.2. Let (X, M, *) be a fuzzy metric space. The mappings f: X=> Xand T : X= CB(X) are
said to satisfy the property (E.A) if there exists a sequence {x,} €X, some t€X and A€ CB(X)
such that limpsefx, = t EA = limpsee TXn.

Definition 1.3. Let (X, M, *) be a fuzzy metric space and T : X=> CB(X). The mapping f : X = X is
said to be T weakly commuting at x €Xif ffxe T fx.

Definition 1.4. Let (X, M, *) be a fuzzy metric space and f, g, F, G : X=> X. The mappings pair (f, F)
and (g, G) are said to satisfy the common property (E.A) if there exist two sequences {x,}, {yn} €
X and some xp in X such that limnseGYn = liMpseF Xn = liMpseegyn = liMpseefXn = Xo € X.

Definition 1.5. Let (X, M, *) be a fuzzy metric space, f, g :X > X and F, G : X & CB(X). The
mappings pair (f, F) and (g, G) are said to satisfy the common property (E.A) if there exist two
sequences {xn}, {yn} €X, some xo€X and A, B € CB(X) such that limpseFxp,= A, lim,5.Gyn= B,

&
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liMpseofXn= liMpsegyn= X0 EA N B.

Theorem 1.6. Let f, g be two self-mappings of a fuzzy metric space (X, M, *) and let F, G be two
mappings from X to CB(X) such that

(1)  (f F)and (g, G) satisfy the common property (E.A);

(2) forallx, yinXwithx4y,

M (FX.Gy.t) > min{M(fX, ), M" (fx, Fx,t);MV(gy,Gy,t) MV(fX,Gy,t);MV(gy, Fx,t)}
1

If f X and gXare closed in X, then

a) fand F have a coincidence point;

b) g and G have a coincidence point;

c) fand F have a common fixed point provided that f is F -weakly commuting at v and ffv = fv
forv eC(f, F);

d) g and G have a common fixed point provided that g is G-weakly commuting at v and ggv =
gvforv €C(g, G);

e) f, F, gand G have a common fixed point provided that both (c) and (d) are true.

Proof.

Since (f, F) and (g, G) satisfy the common property (E.A), there exist two sequences {xn}
and {yn}in X, u €Xand A, B € CB(X) such that

limFx = AandlimGy =B, limfx =limgy =ue A[)B. 1208
N—co n N—oo n N—co n N—oo n

By virtue of f (x) and g(x) being closed, we have u = fvand u = gwfor some v, w €X. Now
we shall show that fv € Fvand gw € Gw.

The condition (2) implies that

M" (fx, Fx,t)+M" (gw,Gw,t)

M, (Fx,Gw,t)>mins M (fx ,gw,t), 5

M (fx, Gw,t)+M" (gw, Fx,t)
2

Taking
the limit as n = oo, we get

MV(A,GW,t)Zmin{M(fv,gw,t),M (fv, At) +M" (gw,Gw.t)

2

M"Y (fv,Gw,t)+M" (gw, A,t)}
, .

Since u = fv= gw, we obtain

MV(A{GW,t)Z min{l, MV(“v'Aﬁ’t);MV(U,GW,t) | MV(U,GW,t);MV(u,A,t)}
That s,

1+ MY (u,Gw,t)

M. (A Gw,t) > , since u € A.
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= 2M (AGW,t)={1+M"(u,Gw,t)} (4.2)
But from (4.1.2), we have Mv(A’ Gw,t)<M V(U,GW,t) .
That is,

2M_ (A, Gw,t) <2M" (u,Gw,t) (4.3)

Combining the inequalities (4.2) and (4.3) we get

1+ M"(u,Gw,t) <2M_ (A ,Gw,t) <2M" (u,Gw,1).
This implies 1+ M7 (u,Gw,t) <2M" (u,Gw,1).
= M"(u,Gw,t)>1

=  M"(u,Gw,t)=1.
On the other hand, by condition (2), we have

MY (fv,Fv,t)+M” (gyanyn2 ,t)
2

1209

M, (Fv,Gy,t)>min<M ( fv, gy, .t),

M” (fv,Gy,t)+M" (gy, Fv,t)
, .

Taking limit as n = oo, we get

MY (fv, Fv,t)+ M" (gw, B,1)

MV(FV,B,t)Zmin{M(fv, aw, t), >

M” (v, Gy, t)+M" (gy,, Fv,t)}
; .

That s,

v v
MV(FV,B,t)Zmin{l,M (fv.Fv,)+1 1+ M (gw,Fv,t)}_

2 ’ 2
Similarly, we obtain
My (fv, Fv, t) = 1, which implies that fv&€ Fv. Thus f and F have a coincidence point v, g and G
have a coincidence point w. This ends the proof of (a) and (b).

By virtue of condition (c), we get ffvE Ffv. Thus u = fu € Fu. This proves (c). Similarly (d)
can be proved. Then (e) follows immediately.
Corollary 1.7. Let f be a self-mapping of a fuzzy metric space (X, M, *) and let F be a mapping
from X to CB(X) such that
(¢D) (f, F) satisfies the property (E.A);
2 forall x, y in X with x4 y,
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M. (Fx, Fy, t)>min{M(fx, gy, 1, M (B P t);MV(fy' .0

2

If f X is a closed subset of X, then

(a) f and F have a coincidence point;

(b) f and F have a common fixed point provided that f is F -weakly commuting at v and ffv = fv,
forv eC(f, F).

Proof.

M" (fx, Fy, t)+M" (fy, Fx, t)}

Let F= G and f= g in Theorem (1.6), then the result follows.
Corollary 1.8. Let f be a self-mapping of a fuzzy metric space (X, M, *) and let F and G be two
mappings from X to CB(X) such that
Q (£, F) and (f, G) satisfy the common property (E.A);
2 forall x, y in X with x4 y,
M (fx, Fx,t)+M" (fy,Gy,t)
5 ,

M" (fx,Gy,t)+M" (fy, Fx,t)}

M, (Fx,Gy,t) > min{M (fx, fy,t),

2

If f X is a closed subset of X, then
(a) f, G and F have a coincidence point;
(b) f, G and F have a common fixed point provided that f is both F -weakly commuting and G-
weakly commuting at v and ffv = fv, forv €C(f, F).
Proof.
Let f = g. Then the result follows.
If both F and G are single valued mappings in Theorem (1.6), then we have the following
corollary.
Corollary 1.9. Let f, g, F and G be four self-mappings of a fuzzy metric space (X, M, *) such that

(1) (£ F)and (£, G) satisfy the common property (EA);
(2) forallx, yin X with x4y,
M (fx, Fx,t)+M" (gy,Gy,t
M, (Fx,Gy,t) > mins M (fx, gy, ), (fx Fx ); (9y. Gy ),
M" (fx,Gy,t)+M" (gy Fx,t)

2

If f X and gXare closed subsets of X, then

(a) f and F have a coincidence point;

(b) g and G have a coincidence point;

(c) f and F have a common fixed point provided that fis F -weakly commuting at v and ffv = fv for
v EC(f, F);
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(d) g and G have a common fixed point provided that g is G-weakly commuting at v and ggv = gv

forv €C(g, G);
(e) f, F, g and G have a common fixed point provided that both (c) and (d) are true.

The next theorem involves a continuous function ¢ : [0, 1] = [0, 1] satisfying the following

conditions:
(A1) ¢ is non-increasing on [0, 1] and
(A2) ¢(t) >tforeach t € (0, 1).
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