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Abstract

This paper is an analysis of priority Bi-series queue Network Model having one bi-series queuing subsystems
and one parallel queuing subsystems both centrally connected to a server. Infinite number of Low priority
and high priority customers in groups arrive at each of the bi-series subsystems. In this model arrival and
departure follow Poisson law at each server. Lawof calculus and generating function techniques and results
were used to calculate queue length, steady -state equation, average customer waiting time, and variance. A

numerical presentation of this model is defined.
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1 Introduction

Priority in queuing theory is still hot topic.
In which, customers are labelled and served
according to priority discipline. High
priority customers get an advantage as
compared to low priority customers.
Priority queuing models have wide range of
application in real world. Sometimes priority
in customers is created artificially to
maximize profit of firm or maximum
utilization of the service facility. You can
observe priority in online stores, hospitals,
administration, polling booths, Educational
Institutions etc. Researchers on serial and
biserial queue systems with batch arrivals
have done the majority of work. In our
research, we propose a non-preemptive
priority Queue discipline. [1] derived the
steady state solution. [2]introduced the
concept of bi-seriesin queuing theory. In a
stochastic environment, [3] investigated the
problem of an intermediate queue before
heterogeneous servers. Use of the priority

notion on the intermediate queue model ina
fuzzy environment was investigated by
[4].The Steady state behavior of queue
containing two sub subsystems with biserial
servers connected to a common server
studied by [5].This paper is an extension of
work [6] in the sense that we developed a
priority queues in bi-series with Poisson
arrivals and Erlang phase service
distribution.

2 Description of the Model

A queue network model with low and high
priority customers consisting of two bi-
series system S1 and S; connected to a
single server Ss. System S; consists of two
subsystems Si1 and Si2(i = 1, 2). Low and
high priority customers arrive at Si; with
rates Ay and Ajy respectively. The service
time in Si1 is Erlang. The Erlang distribution
is a two-parameter family 'K’ shape
parameter and ‘u’ scale parameter of
continuous probability distributions. This
distribution use in stochastic environment
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for mathematical study of waiting in lines.
Service rates p K and psK; for the low and
high priority customers (j = 1, 2). After
getting the service at S11 customer either go
to server Si2for service with probability pi2
or go to interconnecting server Sz with
probability piz where the service rate is
usK for all customers and p12+ p13=1
After getting service from server Si,
customers either may go to Si1 with
probability p»: forreceiving service or go to
server Sz with probability p23 for service
with condition that p21+p23=1

When customer being served at Ss3 service
channel, then he moves to subsystem Sz; or
S22 with probability pzs,pss respectively. In
subsystem S>; the service rate is u4Ks and in
subsystemsS>, the service rate is usKs for all
customers. After service in system S; the
customer leaves thesystem.

Figufe 1: model

3 Notations

A1z Mean arrival rate of lower priority
customers at S11

Aiw: Mean arrival rate of high priority
customers at Si1

A2;: Mean arrival rate of low priority
customers at S12

A2n: Mean arrival rate of high priority
customers at S12u1:K1: The service rate for
low priority customers atSii pinKi: The
service rate for high priority customers
atS11u2.K>: The service rate for low priority
customers atS12 u2uK>: The service rate for
high priority customers atSi»

usK: The rate of service at server S3

usKs: The rate of service at server S21

usKs: The rate of service at server Sz

p12: moving probability from Si1 to Si2

p13: moving probability from Si1 to S3

p21: moving probability from Si2 to Si1

p23: moving probability from Si; to S3

p34: moving probability from Sz to S21

p3s: moving probability from Ss3 to S22

ni: customers in low priority queueSis

nim: customers in high priority queue at S11
n21: customers in low priority queue at Si»2

n2x: customers in high priority queue at Si2
n3: customers in queue at Sz
N4 customers in queue at S»;
ns: customers in queue at S,

4 Practical Application of the model
Students require an admit card to appear
in exams during the examination period.
There isno due slip in the process of
obtaining an admit card. Students go
through several phases toclear their dues,
such as library, vehicle parking, and so on. In
this system, students can go to either service
first and then to the other, and priority is
given to classes whose examination datesare
nearing. After signing the slip from the library
and the vehicle parking authority, students
proceed to the principal’s office for final
signature, then to a different server where
roll numbers are distributed, collect roll
numbers, and finally exit the system, i.e.
return home. This model is well suited to this
situation.

5 Formation of
Equations

Define probability function P q
1Ln1HN2LNn2Hn3,n4n5 (£) and (1L, M1m N2z,
12K, N3, N4, N5

calling units of customers in queues (Q11, Q1r),
((Q21, Qzn), @3, Q, Qs in

front of subsystems Si1;, Si2, S3  S2,
Saarespectively where n1g, 11w > Ki, 021, N2n >
Ko,n3 > K ne>Kyns > Ks

In Steady state, Differential Difference
equation is

Steady-State

(M L+A1H +A2L+A2 g+u1HK1+u2 HK2+u3K

+u4K4+usKs)Py,,,
Niw,N2L,N2H,13,14,1]5
=A1LPT]1L—K1 ,N1H  ,N2L,N2H  ,N3,1N4,N5
+AHPni,n1-k1 JN2M2n N3N0
+A2LPn1,n1H N20-k2,720,113,N4,1]s T
A2HPy1,nm MN2L,N2H—KD MN3,N4,15

+UTHK1p12Pn1,n1m+1,020.M20 -2

M3nans YHIHK1P13Py1,n1m+1,020.020
Ma, + H2HK2P21Pni,n1n-rq
MNzrNza+103040s YH2HEK2D23Pn 1 ,n1u
MN2rNza+103—K NaNs YTHIKDP34Py 1, n1u
JN2L,N2H ,773+1,+:u3Kp35P771L,T]1H SN2L,12H
N3suNaNs-x5 THAKAPn ., n1n 020020

Ir]3—K
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MN3,N4+1,15 +USK5Pn, 01k

,1N3,N4,1N)5+1
(A1)

6 Steady-State Solution

To solve the steady state equations (41) to
(A128), introduce the generating functionand
its partial generating functions as follows:-

JN2L,N2H

G(Y1,Y2,Y3,Y4,Y5,Y6,Y7)=

1L 2H 2L 2H 3 4 5
Z;;HIL yl’l Z;TEH Yzﬂ Z;oZL Ys‘i Z;ZH Y; Z;ga Ys” Z:;lyﬁq Z;r”s Y;r PnlL.nlﬂ,nZL.nZHnB,M«nS (1)

Gan,r)lL‘nZH,nlm‘nS/YLEZ:lL qull. PnlL.annIL,nZH,r)]‘n4,n5 (2)
GaLpzttsnns(T1, PIEER A Y™ GrunpoLyotiganans(V1) 3)
Gzt nans (Y1, 12, Yﬁ:uyam GyoLn2Hnanans(Y1,Y2) (4)
Gz pans(Y1.2Y3, YAFT oy YA;MH Gpannaqans(Y1,Y2,Y3) (5)

Gy (FLI2 T3, ¥, FSFTiR Y Gpapans(VL,¥2,Y3,¥4) (
Gps(YLI2, Y3, V4, Y5, Y6)=E5, VI Gy s (Y1,Y2, Y3 Y4, Y5) (7
G (YLI2 T3, ¥4, V5, Vs, P1)-Eis ¥)° Gys(V1, Y2, Y3 ¥4 V5, V6) (

| T1H Y2H F3/= T4f= Y51 Y= ¥71=1

On solving, above equations by using partial
generating function technique, the
probability distribution function is in the
form

G (Y1, Y2, Y3, Y4, Y5, Y6, Y7) =

[wHK1 (1- pl?‘ YE2 — péa ¥ ) - LK1 (1—'3\1,5‘ yie —%Y}é ) o1+
[n2HK2(1 — pﬁ yit —ﬁ YE) - p2LK2(1 - pé; YKL —% Y& )J62 +
WILK1(1 — ﬁ YR — 913 YK )]G6 + p3K[1 — pég YRS — % YXS 1G3
+u2LK2(1 — "21 YEL ﬁ YEG7 + pdK4(1 — 5 )G4 + uSK5(1 — %) G5

AlL(l YKl ) FATH(L — Y ) + A2L(1 — Y2 )
+22H(1 — YX? ) + p1HK1(1 — p12 S — p13 YRy + p31<[1 - p‘?g YR _ p35

w2HK2(1 - P21y 7ﬁ YE) + pAKA(L — s ) + pSKS(L — )

(A)

On differentiating(A)according L’Hospital rule,
w.r.t to one-by-one variable and all the
variables approaches to 1 as limit of
differentiation. the total probability equal to 1

we get the results
-ML = -p1LG1 + p1LG6 + p2LK2p21G2 - p2Lk2p21G7  (9)

-A1H + p1H - p2HK2p21 = p1HG1 - p2HK2p21G2 (10)
-A2L = -pu2LG2 + p2LG7 + p1LK1p12G1 - n1LK1p12G6 (11)
-A2H + p2H - p1HK1p12 = -p1HK1p12G1 - p2HG2 (12)

-u1HK1p13 - u2HK2p23 + p3 = [-u1HK1p13 + p1LK1p13]G1 +
[-u2HK2p23 + p2LK2p23]G2 + p3G3 - plLK1p13G6 -

W2LK2p23G7 (13)
—u3Kp34 + p4 = —u3Kp34G3 + p4Ga (14)
~u3KG35 + p5 = —u3Kp35G3 + u5G5 (15)

Solving equation (9) to (15), we get

YKE ]

J2H+A1HK1p12
Gl=l-—— 16
u2H[1-Kip12Kep21] (16)
AH#A2HK2p21
Gl=1-— 2P (17)
WH[1-K1p12K2p21]
2H(2L+A1LK1p12)+p2L(A2H+A1HK1p12
7= 1 12 P12} pi2) (19)
M2HW2L[1-K1p12K2p21]
1H(AL+A2LK2p21) +p1LA1H+AzHK2p21
G6 = 1. M p21) il p21) (19)
WiHWIL[1-K1p12K2p21] =
G3 = 1. Kep23IAeL+MLKIp12)+ (AHALHK1p12)] Kipl3[(L+AZLK2p21) + (AH+AZHKZ21)] (20)
Wa[1-Kip12Kzp21] 2
Gh=1 Kp34] Kzp23[(A2L+A1LK1p12) +(A2H+A1HK1p12)]+K1p13[(ML+A2LK2p21)+ (A1 H+A2HK2p21)]] (7 1
\4[1-K1p12K2p21] a
G5=1- Kp35[ K2p23[(A2L+A1LK1p12)+(A2H+A1HK1p12)]+K1p13[(A1L+A2LK2p21)+(A1H+A2HK2p21)]] QZ)

LS[1-K1p12K2p21]

Also solution is
LIV 1 A 1. I LI T VA —w M1
annlm,nzﬂ,namqs L L R (1 wiJ(l ”z)(l Hs)(l M]

(L= L= )L -we)

Where
A1H+A2HK2p21
wy= P (23)
u1H[1-K1p12K2p21]
A2H+A1HK1p12
W= - (24)

u2H[1-K1p12K2p21]

_ K2p23[(A2L+A1LK1p12)+ (A2H+A1HK1p12)]+K1p13[(A1L+A2LK2p21)+(A1H+A2HK2p21)] (25)
- u3[1-K1p12K2p21]

_ Kp34[K2p23[(A2L+A1LK1p12)+(A2H+A1HK1p12)]+K1p13[(A1L+A2LK2p21)+(A1H+A2HK2p21)]]
- w4[1-K1p12K2p21]

(26)

_ Kp35[K2p23[(A2L+A1LK1p12)+(A2H+A1HK1p12)]+K1p13[(A1L+A2LK2p21) + (ALH+A2HK2p21)]]
- W5[1-K1p12K2p21]

(27

_ WIHQML+A2LK2p21)+u1L(AIH+A2HK2p21)
- WIHPIL[1-K1p12K2p21]

(28

u2H(A2L+A1LK1p12)+u2L(A2H+A1HK1p12)
7" n2HpzL[1-K1p12K2p21]

(29)

solution exist in steady state condition if
W1, Wy, W3, Wy, W, Wg, Wy < 1

Marginal Queue Length

We
Li=
1-wg
w
Lz = E
1—W1
w
L3= —Z
1—W7
w
Li= —=
1-w,
w
Ls=—23
1-wg
w.
L .
1—W4
Ws
L7:
1—W5

Average Queue Length
Lq—L1+L2+L3+L4+L5+L6+L7
w w: w: w; wi
1 7 + 7 _I_ 3 5
- 1—w6 1-wq 1-wy 1-wy 1-ws 1-wg
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w1, Wy, W3, W4, Ws, W, W7 < 1Average Waiting
time
E(W)=

average queue length _Lq
arrival rate T2

A=A +Au + Ao + Aoy

Variance
Var(niL + nig + Nz + Nap + N3 + N + Ns)
_ wl w2 w3 w4
Ta-w1? ' (1-w2)2 | (1-w3)2 | (1-w4)?
w5 wé w7

(1-w5)2  (1-w6)2 = (1-w7)?
Numerical Calculation

Table 1
arrival rate | service rate | batch size | probabilities

A1:=0.1 p1=10 K1=2 p12=0.2

A =0.2 =12 K>=3 p21=0.4

Aip=2 Hin=15 K=2 p13=0.8

Azp=1 H20=20 p23=0.6
H3=19 p34=0.6
Ha=24 p3s=0.4
HUs=25

Marginal Queue Length
L1 =.9069

L2=.6954
L3-.2682
L4-2091
Ls-17.1488
Le-8.7656
L7-1.3501
Mean Queue Length

Lq=L1+L2+L3+L4+L5+L6

+L7
Lq =29.3441

Average Waiting Time E(W) =% = 29.3441
=8.8921
A=A +Aig + A2 + Aoy = 3.3

V ariance

Var(nie + niu + N2r + N2n + 13 + N4 + 15)
wil

_ w2 w3 w4
T(1-w1)?2 | (1-w2)2 | (1-w3)Z  (1-w4)?
w5 w6 w7

(1-w5)2 ~ (1-w6)2  (1-w7)2

=1.7300+1.1794+.3401+.2529+311.2308+85.

6488+3.1740

arrival service batch probabiliti
rate rate size es

AlL=2 ,LLlL=14- K1=2 p12=0.1
A2L=2 ,UZL:15 K2=3 p21=0.2

A1H=3 ,u1H=18 =2 p13=0.9
A2H=4- M2H=20 p23=0.8
,LL3=50 p34:0.4
;14:40 p35=0.6

5=49

By using table 2, we get
Marginal Queue Length

L, =1.5041
L>=.5172
L3-.7956

L4=.3537

Ls-2.7537
Le=2.7537
L,-8.8328

Average Queue Length
Lq :L1+L2+L3+L4+L5+L6+L7

=1.5041+.5172+.7956+.3537+2.7537+2.753
7+8.8328

L, =17.5108
Average Waiting Time E(W) = 17'151108
=1.5918
A=A +A1g + A2, + A2p =11
V ariance

Var(niL + nig + 02 + N2u + N3+ Na + 1s)
=.7847+.4789+10.3469+10.3469+87.2135+
337678+1.4288

=114.36759

7 conclusion

A priority bi-series queue network design
with Erlang phase type service distribution is
investigated in this research. From
numerical calculation, it is clear that if we
increase the servicerate at server S3 and
subsystems S;1 & S22 then mean queue length
decreases. By changing the parameters
optimum utilization of server is possible. If
the concept of priority is not considered and
service in batches not given the model

=403.556 coincide with the work of [6].
Table 2
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