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Abstract

The intent of this paper is to introduce a new kind of set called nJ-wg - closed sets, n3-wg - closed sets are weaker
than wg-closed sets and stronger than Nwg-closed sets. We study few characterization and basic properties of n3J-
wg - closed sets. Also, we established and investigated new type of functions called n3-wg -continuous function, nJ-
wg - irresolute functions and nJI-wghomeomorphism. We prove the isomorphism between simple digraphs through

the nano continuity between them.
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Introduction

Kuratowski[12] introduced the ideal topological
spaces and the local functions in ideal topological
spaces. In 1945, Vaidhyanathaswany[30] have
investigated the topic of ideals in topological
spaces. Kuratowski closure operator cl* for the
topology t*(1, 7), called the * -topology, finer than
is defined by cl*(A) = A U A*(1, 7)[5]. When there is
no chance for confusion, we will simply write A* for
A*(I,7)and t* fort*(I, 7). If I is an ideal on X, then
(X,t,I) is called an ideal space. Jankovic and
Hamlett [10] continue this study to get the
properties of ideal topological spaces 1990. Abd El-
Monsef [1] investigated the notion of [-open sets
introduced by Jankovic etal. [11].

Many authors have introduced several open sets
and generalized open sets in ideal topological
spaces such as prel-open sets [24], semil-open sets
[4], a-I-open sets, ag-I-open sets and gp-I-open
sets [21]. In 2013, Lellis Thivagar and Carmel
Richard [14] established the field of nano
topological spaces. In 2012 Robert et. Al [26]
established the class of semi* -open sets and semi*
-closed sets in Topological Space. The notion of
nanosemi*-open sets and nanosemi*-closed sets in
terms of nano generalised closure and nano

generalised interior was introduced by Paulraj
Gnanachandra [3] in 2015. In 2020 [24], additional
properties of nanosemix-open sets were studied.
The space known as nano ideal topological spaces
was introduced by M. Parimala et al. [23]. In
2018[13], this author established the notion of
nanol-open sets and studied some of its properties,
also introduced nlg - open sets and nlg- closed sets
in Nano Ideal Topological Spaces.

Continuity of functions is one of the fundamental
concepts of topology. Lellis Thivagar and Richard
[15] introduced nano continuous functions. They
also introduced nano-open maps, nano closed maps
and nano  homeomorphisms and  their
representations in terms of nano closure and nano
interior. Lellis Thivagar et al. [16] defined the
concept of nano topological space via a direct
simple graph.

Nagaveni introduced a class of sets called weakly
generalized closed sets in general topology in
1999[29].Nagaveni et al. [22] introduced the
concept of weakly generalized closed sets in Nano
Topological spaces and studied some of its
properties.
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In this paper we introduce the nano-3J weakly
generalized closed sets in nano ideal topological

spaces. The characterization and some of its
properties are analysed. Throughout this
paper,(U,N,3) and(V,N',K)be a nano ideal

topological space.

Preliminaries

We take back the following definitions, which will
be utilized in this sequel.

Definition 1.1[25] Let U be a certain set called the
universe set and let R be an equivalence relation on
U. The pair (U, R) is called an approximation space.
Elements belonging to the same equivalence class
are said to be indiscernible with one another. Let
XcU

i. The lower approximation of X with respect to
R is the set of all object, which can be for
certain classified as X with respect to R and it
is denoted by Lp(X). That is Lp(X) =
Uxeu{Ry: R, € X}, where R, denotes to the
equivalence class determined by x.

ii. The upper approximation of X with respect to
R is the set of all objects, which can be possibly
classified as X with respect to R and it is
denoted by Ui(X). That is Up(X) =
Uxeu{Ry: Ry N X # @}, where R, denotes to the
equivalence class determined by x.

iii. The boundary region of X with respect to R is
the set of all objects, which can be classified
neither as X nor as not X with respect to R and
it is denoted by Bp(X). That is Bp(X) =

Up(X) — Lgr(X), where R, denotes the
equivalence class determined by x.
Definition 1.2 [14,15] Let U be a (finite

universe, X € U, R be an equivalence relation on U.
The  collection TtR(X) = {U, ¢, Ur(X), Lg(X),
BRX satisfies the following axioms.
i. Uetr(X)and o € tz(X).
ii. The union of the elements of any sub collection
of T (X) is in TR (X).
iii. The intersection of the elements of any finite
sub collection of tg (X) is inTg (X).
The collection TR (X) forms a topology on U called as
the Nano topology on U with respect to R. The pair
(U, tr(X))is called as the Nano topological space.
The elements of 1R (X) are called as Nano open sets.
The complement of Nano open sets is named as
Nano closed sets. The collection B = { U, Lz(X),
BRX is a basis for the Nano topology.
Definition 1.3[12] An ideal I on a set X is a
nonempty collection of subsets of X which satisfies
the conditions

i. A€eland B € Aimplies B €1,

ii. A€land B €l implies AUB €]

iii. The concept of a set operator ()*: P(X) —» P(X)
was introduced by Nasef in 1992, which is
called a local function of I with respect to .

Definition1.4[8] A subset A of space (U, N, J)is
said to be

i. nanoa-I-open (briely a —n3J open) if A € n-
int(n-cl*(n-int(4))),

ii. nano semi-l-open (briefly semi- nJ -open) if
A C n-cl*(n-int(A4)),

iii. nano pre-lI-open (briefly pre- n3 -open) Iif
A € n-int(n-cl*(4)),

iv. nanof -I-open (briely - nJ3 -open) if A € n-
cl*(n-int(n-cl* (4))).

Definition 1.6 A subset A of nano topological space
(U,7p(X)) is called nano wg-closed [7] if
N Cl(Nint(A)) €V, whenever A € V and V is nano
open.

Definition 1.7 [16] Let G(V, E) be a directed graph
and u,v € V(G), then

i. uisinvertex ofvifuv € E(G).

ii. uisoutvertexofvifvu € E(G)

iii. The neighborhood of v is denoted by
Nw) ={w}u{ueV(G):vi € E(G)}

Definition 1.8 [16] LetG (V, E) be a graph and H be
a subgraph of G, N(v) be the neighbourhood of V.
then

i. The Lower approximation L:P(V(G)) -
P(V,G) is Ly(V(H)) = Upere{(v:N(w)
VH;

ii. The wupper approximation U:P(V(G)) -~
PWV,G) is Uy(V(H)) = UperIN):V €
VH;

iii. The boundary is By(V(H)) = (UyV(H)) -
Ly(v(m)).

Let G be a graph, N(v) be a neighborhood of v in V
and H be a subgraph of G.
(V) =
V(6),0,Ly(V(H)),Uy(V(H)),By(V(H))} forms a
topology on V(G) called the nano topology on V(G)
with respect to V(H). V(G), 1y (V(H)) is a nano
topological space induced by a graph G.

Definition 1.9 [15] Let (U, (X)) and (V, (X))
be a nano topological space. Then a mapping
f: (U, TR (X)) - (V, TR (X)) is a nano continuous on
U if the inverse image of every nano-open setin V is
nano open in U.

Definition 1.10 [15] A function f:(U, (X)) -
(V, TR (X)) is a nano-open map if the image of every
nano-open set in U is nano open in V. The mapping f
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is said to be a nano closed map if the image of every
nano closed set in U is nano closed in V.

Definition 1.11 [15] A function f:(U, (X)) -
(V, Tr(X)) is said to be a nano homeomorphism if f
is bijective, nano continuous and nano open.
Definition 1.12[6] Two directed graphs G and H
are isomorphic if there is an isomorphism f
between their underlying graphs that preserves the
direction of each edge. That is e is directed from u
to vif and only if f(e) is directed from f(u) to f(v).
Definition 1.13 [6] Two directed graph C and D
are isomorphic if D can be obtained by relabelling
the vertices of C, that is, if there is a bijection
between the vertices of C and those of D, such that
the arcs joining each pair of vertices in D.

Nano Ideal Weakly Generalized Closed Sets

In this section, we will study some properties of
n3-wg - closed (open)set in ideal topological space.

Definition 3.1

A subset A of a nano ideal topological space
(U, NV,3) is said to be nano ideal weakly
generalized closed (n3J-wg-closed) set if
cly (Nint(c/l)) CV whereA €V and Vis Nano
open. A subset A of a nano ideal topological space
(U, NV,3) is said to be nano ideal weakly
generalized open (nJ3-wg -open) if U — A is nJ-
wg-closed.

(U, NV,3) be a nano ideal topological space and
A € U. The nanoJ-wg —interior of A is defined as
the union of all nano nJ-wg —open subsets of A
and it is denoted by n3-wg — int(A4). The nano J-
wg —closure of A is defined as the intersection of
all nJ3-wg —closed sets containing A and it is
denoted by n3-wg — cl(A4). For simplicity nano-
cl*(A) is denoted by cl;, (A)

Theorem 3.2 If a subset A of a nano ideal
topological space (U, IV, J) is n3-g-closed, then it is
nJ-wg-closed in (U, V', J) but not conversely.
Proof: suppose A isnJ-g-closed in (U, NV, 3J), let B
be an open set containing A in(U,N,3).Then B
contains cl;, now B 2 cl;(A) 2 cly (Nint(A)).
Thus A is n3-wg-closed in (U, NV, J)

Remarks 3.3 The converse of the above theorem
need not be true as shown in the following
example.

Example 3.4 Let U= {#A, Ay A3, Ay}U/R=
{1}, (A3}, (Ao, Ag}), X = {Ay, A} S UN =

{’U, @, {h’l}' {h’l' /l,z, /L4_}, {hz, /L4} } and ideal
3 ={p,{#1}}. Then the set A ={#A,} is nI-wg-
closed but not n3-g-closed.

Theorem3.5 If a subset A of a nano ideal
topological space is both nano open and n3-wg-
closed, then it is closed.

Proof

Suppose a subset A is both nJ -open and n3J-wg-
closed in (U, IV, ). Now A 2 A, (NInt(A)) 2 A;,.
That is A 2 A,,. Since A;, 2 A, we have A = A,,.
Thus A is nano closed in (U, NV, J).

Theorem 3.6 If a subset A of a nano ideal
topological space is both n3-wg-closed and semi-
nJ-open, then it is nJ-g- closed.

Proof

Suppose a subset A is both n3wg-closed and semi-
nl-open in (U,N,J). Let B be an open set
containing A. As A is n3J-wg-closed, B2
Ay (Nint(A)). Now B 2 A;;. Since A is semi-nS -
open. Thus A is gnl- closed in (U, V', J)..

Theorem 3.7 A subset AnJ-wg-closed if and only
if A; (Nint(A)) — A contains no nonempty nano
closed sets.

Proof

Suppose that F isa non-empty closed subset
ofA;, (Nint(A)).Now F € A (Nint(A)) — A.
Implies F < cly (NInt(A)) N AS, since
(Nint(A)) — A = A;(NInt(A)) N A°. Thus
F S A; (Nint(A)). Now F S A, implies A S F.
Here F¢ is open and A isnJ3-wg-closed, we have

A; (Nint(A)) € F€. Thus F € (cl;; (Nint(c/l)))c.

Hence F € A (NInt(A)) N (CA;; (Nint(o‘l)))c = g.
That is F = @ implies (Nint(A)) — A contains no
nonempty nano closed sets.

Conversely, let A € B, B is nano open. Suppose
that A;, (Nint(A)) & B, then A;, (Nint(A)) N BE is
a non-empty closed set of Aj;(Nint(A))N A,
which is a contradiction. Therefore
A, (NInt(A)) € B and hence A is nSwg-closed.
Theorem 3.8 If A is nIwg-closed andA € B <
cly (Nint(A)), then B is n3wg-closed set.

Proof Given that B < cl;(Nint(A)), then
cly (Wint(B)) < cl;,(Nint(A)).  cly(Nint(B)) —
B C cli (Nint(A)) — A, since ACSB. As A is
nIwg-closed, theorem 3.7 cl, (Nint(cﬂ)) —A
contains no nonempty closed set, cl;, (Nint(B)) - B
contains no empty closed set. Again, by the above
theorem,B is n3wg-closed.
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Theorem 3.9 if a subset A of a nano ideal
topological space(U, IV, J) is nowhere dense then it
is n3wg-closed but not conversely.

Proof Suppose A is nowhere dense then
Nint(cl;‘l (c/l)) = Q. It is clear that A < cl;;(A) and
Nint(A) € Nint(cl;, (A)). As A is nowhere dense,
int(AN) = @, which implies cl;(Nint(A)) = @.
Thus A is n3wg-closed in (U, N, J).

Remark 3.10 The converse of the above theorem
need not be true as shown in the following
example.

Example 3.11Let U = {£q, £y, #3, #4, #5},U/R =
{1}, (fey, #3}, {4} 53}, X = (£, £y} SUN =
{‘U, (D, {&4}, {kz, 'kg}, {kz, fkg, k4} } and ideal
I ={@,{#1}}. Then the set A ={£,} is nI-wg-
closed but not nowhere dense.

Remark 3.12 If a subset A and B of a nano ideal
topological space aren3wg-closed then their union
need not be nJwg-closed.
Example3.13 Let
{/Ll,ﬁz} c 'U,]\f =

{U 0,{A}, {#1, fi2, 24}, {Fi, A4} } and ideal
3 ={p,{#.}}. Let A ={A }and B = £, Then the
sets Aand B are nJ-wg-closed but their union
AU B = {#,,A,}is not nJ-wg-closed.

Remark 3.14 If a subset A and B aren3wg-closed
then their intersection need not be n3wg-closed.
Example3.15 Let U=1{91,92 93 94} X =
{81,823 € U N = {U,0,{9:1H{3d2, 94}, {91, 92, 44} }
and ideal 3JI={¢,{g,}}. Let A ={g1,g9,}and
B =1{41,93} Then the sets Aand B are nJ-wg-
closed but their intersection A NB = {g;} is not
nJ-wg-closed.

U= {hl"ﬁZ;h&hl}} ,X =

Theorem 3.16

If Ais a closed subset of a nano ideal topological
space (U, NV, J), then Ais nIwg-closed.

Proof
LetAand B are the open set in (U, NV, ), such that
A C B. Since Ais closed, cl;(A) = A.

Then Nint(A) € cl,(A) = A< B. Hence Ais
nJIwg-closed set.

Remark 3.17

The converse of the above theorem need not be
true as seen from the following example.

Example 3.18: LetU = {#1,%,,¥3,%4,¢5}, U/R =
({61, €23, (€3, 24}, {€53}, X = {£1,£3,£,3 S UN =
{‘U,(D,{ﬁl,fz},{1?3,1?4},{1?1,1?2,33,34}} and ideal
3 =@, {€3},{t1, 43}, {£2,€3H¥3, €4}, {3, €5}. Then

the set A ={#,} is n3-wg-closed but not nano
closed.

Theorem 3.19

Every pre- nJclosed sets in a nano
topological spaceis n3wg-closed set.

Proof:

Assume that A be a pre- nJ closed set in a nano
ideal topological space. Let Bbe a Nano open
subset in (U,N,3J),such that A S B.By
assumptioncl;';(Nint(afl)) C A.Then Nint(A) <
A S B. Thereforecl; (Nint(A)) € B. Hence A is
nIwg-closed set.

The converse of the above theorem need not be
true as shown in in the following example.
Example 3.20: Let U = {#1,%,,¥43,%4, {5}, U/R =
{01, £33, 10}, (£}, {51}, X = (81, £} SUN =
{U0,{4:}, {1, 43}, {1, %2, 43} } and ideal
3 ={p,{f;}}. Then the set A ={£,} is nI-wg-
closed but not pre- n3J closed.

ideal

Remark 3.21

Following example shows that semi-n3-closed sets
and nJ-wg-closed sets are independent.

Example 3.22:= {91, 92, 93 ¢4, 951 U/R =
{{91,93}.{923. {94} {953} X = (93,95} € U

N ={U0,{g5},{91,93},{91,93,95}} and ideal
3 ={¢,{gs}}. Then the set A ={g3} is nJI-wyg-
closed but not semi-nJ-closed.

Remark 3.23

Following example shows that f-n3J-closed sets
and nJ-wg-closed sets are independent.

Example 3.24: Let U = {#1,45,%43,€4, 5}, U/R =
{{£1, £33, {€3), {£43, (€53}, X = {1, £} SUN =
{‘U,(Z),{{’2},{51,{’3},{51,{’2,{’3}} and ideal
3 ={p,{¢;}}. Then the set A ={#,;} is nJI-wg-
closed but not f-nJ-closed in (U, NV, J).

Theorem 3.25

Every a-n3J- closed set in a nano ideal topological
spaceis n3-wg-closed set. The converse need not
be true.

Proof: Let Bbe a Nano open subset in
(U, v, 3)such that A < B. Since A is anJ -closed
set cly (Nint(cl;‘l (c/l))) € A. Then cl;, (Nint(c/l)) c
cly (Nint(cl;; (A))) € A € B.cl;(Nint(A)) € B.
Hence A is n3wg-closed set.

Remark 3.26
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The converse of above theorem need not be true as
seen from the following example.

Example 3.27 Let U= {hl,ﬁz,/lg,h‘l_} ,X =
A, 7} S UN =

{U,0,{A.1}, (A1, fp, 4}, { B, A4 }} and ideal
3 = {p,{#1}}. Then the set A ={A,} is nI-wg-
closed but not a-nJ- closed.

Some Different Types of Functions Via n3J-wg-
Closed Sets
Definition 4.1 The map ¢: (U, N,3J) » (V,N',K)
is called n3-wg -continuous on U if the inverse
image of every Nano closed(open) setin V is nJ3-wg
closed(open) in U.
Theorem 4.2: Let ¢: (U, N,3) » (V,N',K) be a
function then ¢ is n3J-wg-continuous on U if the
inverse image of every Nano open setin V is n3-wg
closed in U.
Proof: Let ¢: (U, N,3) » (V,N',K) be a nI-wg -
continuous function and A be a Nano open in V,
Then V — A is Nano closed. Since ¢ is n3-wg -
continuous V — A is nI-wg -closed. 1 (V — A) =
U—-¢1(A) is nI-wg-closed on U. Therefore
@~ 1(A) is nI-wg-open.
Conversely let the inverse image of every Nano
open set in V is n3-wg closed in ‘U. Let B be nano
closed in V. Then ¥V — B nano open in V. Then
@ 1(V —B) is Nano open in V. ¢ ' (V—-B) =U —
@~ 1(B) is Nano open in U. Therefore ¢~ 1(B) is
n3J-wg-closed in U. Thus, the inverse image of
every nano closed set in V is nJ3-wg-closed in U.
Therefore, ¢ is n3-wg continuous on U.
Proposition 4.3 A function ¢:(U,N,3J) -
(V, V', R)is nJ-wg -continuous function if and only
if one of the following is satisfied.
i. ¢ 1(B)enI-wgC(U) forallB € N’
ii. The inverse image of every member of the
basis B of N’ is n3-wg-open in U.
iii. n3-wg-cl(p™1(B)) <o (cl; (B)), for all
B c V.
iv. o Y (Nint (B)) S nJ-wg int (p~1(B)), for all
B c V.
Proof:(i) Necessity: let ¢ be nano n3-wg-
continuous and B € N'. That isV — B € N’'C. Since
@ is nano nJ-wg-continuous, ¢~ 1(V — B) € nJ-
wgO (U). That is, (U — ¢ (B)) € nS-
wgO (U).Therefore, 1 (B) € nI-wgC(U). Thus,
the inverse image of every nano closed set in V is
nJ-wg-closed in U, if ¢ is n3-wg-continuous on U.
Sufficiency: let ¢ '(B) € nS-wgC(U), for all
BeN'. Let BeN’', then isV—Be N and
@ 1(V — B) € nI-wgC(W).

That is, (U — ¢~ 1(B)) € nI-wgC(U)and therefore
¢ 1(B) € nS-wgO(U). Thus, the inverse image of
every nano-open set in V is nJ3-wg-open in U. That
is, ¢ is nano n3J-wg-continuous on U.

(ii) Necessity: let ¢ be nano nJ-wg-continuous on
U. Let BeB'. Then B e N'. Since ¢ isnI-wg-
continuous, ¢~ 1(B)nI-wgaO (U). That is, the
inverse image of every memberof BB’ is nJ-wg-
open set in ‘U. Sufficiency: Let the inverse image of
every member of B’ benJ-wg-open set in U. Let G
be a nano-open set in V. Then =U {B:B € B},
wereB; €B’ Then ¢ 1(G) = ¢ ' (U{B: BE€
B;}) =U{p 1 (B): BEB,}, where eachp 1(B) €
nJ-wgO0(U)and hence their union, which is¢~1(G)
is n3J-wg-open in U. Therefore ¢ is nJ-wg-
continuous on U.

(iii) Necessity: if f is nano nJ-wg-continuous and
B < V,cl;(B) € N'and from (i)

@~ 1(cl;(B)) € nI-wgC(U). Therefore, nI-wg-cl
(@~ (cln(B)) = ¢~ '(cly(B)). Since BEcl,(B),
o Y (B) € ¢ (cl;(B)). Therefore, nJ-wg-cl
(9~ (B))= nI-wg — cl(¢™ (97" (B)))
=p~1(cl}(B)). That is, nJI-wg —cl(p~1(B)) S
o (cl; (B)). Sufficiency: let n3J3-wg —
cl(p™Y(B)) € ¢~ (cl;(B)) for every B € V. Let
B e N', then cl;;(B) = B. By assumption, nJ-
wg —cl(p™'(B) € ¢ M (clh(B) = ¢~ '(B).
Thus, n3-wg — cl(p~1(B)) € ¢ 1(B).
Butgp 1 (B) € nI-wg — cl(¢~1(B)) .  Therefore,
nI-wg — cl(p™1(B)) = ¢ 1(B). Thatis,p 1 (B) is
n3-wg-closed in U for every nano closed set B in V.
Therefore, ¢ is n3-wgcontinuous on U.

(iv) Necessity: Let ¢ be n3J-wg-continuous and
B < V.Then Nint(B) € N'. Therefore,

@ L (Nint(B)) € nI-wgO0 (U). That is,
@ 1(Nint(B)) = nJI-wg — int(¢ ' (Nint(B)).
Also,Nint(B) € B implies  that n3J-wg —
int(p Y (Nint(B) € nI-wg — int(p 1 (B)).
Therefore @ 1(Nint(B)) = n3-
wg — int(p L (Nint(B))) S nI-wg-int(¢ ' (B)).
That is,p~! [Nint (B)] S nJ-wg int (¢~ 1(B))
Sufficiency: @~ ! [Nint (B)] S nS3-
wg int (¢~ 1(B))@ L (Nint(B))SnI-wg —
int(¢~1(B))for every subset Bof V.IfB € N',B =
NInt(B). Also,
¢ Y (B) = ¢ Y (Nint(B)), butp ' (Nint(B)) <
n3-wg int (¢ 1 (B)). That is, o 1(B) =
@ 1 (Nint(B)) € nI-wg int (p~1(B)).
Therefore,p ™! (B) = nJ-wg int (¢~ (B)).  Thus,
¢ 1(B) is nI-wg-open in U for every nano-open
set B in V. Therefore, ¢ is n3-wg-continuous.
Theorem 4.4: Every nano continuous function is
nJ-wg-continuous function.
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Proof: Let ¢:(U,N,3) - (V,N',K)be a Nano
continuous function. Let A be a Nano closed set in
the nano ideal topological space(V, N, &). Then the
inverse image of A under the map ¢ is Nano closed
in the nano ideal topological space(U, NV, 3). Since
every Nano closed set is n3-wg-closed set. Hence ¢
is n3-wg-continuous.

Theorem 4.5: Every nanoJa-continuous function
is n3-wg- continuous function.

Proof: The proof of the theorem follows from the
fact that every a-n3- closed set in a nano ideal
topological spaceis nJ3-wg-closed set.

Definition 4.6 The map ¢: (U, N, 3J) - (V, N, K)is
n3-wg- irresolute on U if the inverse image of nJ-
wg-closed setin V is n3-wg-closed set in U.
Theorem 4.7: Composition of two n3-wg-
irresolut functions is again a n3J-wg- irresolute
function

Proof: Let o:(U,N,3) » (V,N',K)and
Y:(V,N', &) > (W, N",8) are any two nJI-wg-
irresolute functions. Let A be a nJ3-wg-closed set in
W. Then Y~ 1(A) is nJ-wg-closed set in V. Since g
is n3-wg-irresolute function. ¢ (Y ~1(A)) is nJ-
wg-closed set in U. Since ¢ is nJ-wg-irresolute
function. Hence the composition ¥ o ¢: (U, N',J) —
(W, N", ) is n3-wg-irresolute function.
Proposition 4.8 A function ¢:(U,N,3J) -
(V,N',K) is nano nJ-wg-irresolute continuous
function if and only if one of the following is
satisfied.

i. ¢ 1(B)enI-wgC(U) for all B € nI-wgC (V)

ii. The inverse image of every member of the
basis B of n3-wg-open set of V isnJ3-wg-open
setin U.

iii. nS-wg-cl(¢~1(B)) S~ (nI-wg-cl(B)), for all
B cV.

iv. 971 (nS-wg -int (B)) S nJ-wg int (¢~ 1(B)),
forallB c V.

Proof
i. Necessity: let ¢ be nano n3-wg-
irresolutecontinuous and B € nJ-wgC (V).

That is, (V —B) € n3-wg0O(V). Since ¢ is
nano n3-wg -irresolute continuous,@~*(V —
B) € nI-wg0O(V).That is, (U - ¢ 1(B)ENI-
wgC (U), and therefore ¢ 1 (B) € nJ-wgC (U).
Thus, ¢~ 1(B) € nS-wgC(U), for all B € nS-
wgC(V), if ¢ 1is nano nJ-wg-irresolute
continuous on U.Sufficiency: let ¢~ (B)enS-
wgC(U), for all BenJI-wgC(V). Let
o 1(B)eEnI-wgC(U). Then (V —B) € nS-
wgC(V). Then, ¢ 1(V —B) € nI-wgo(V),
that is, (U - @ 1(B)eEnI-wgC(U).

il

iii.

iv.

Thereforeq ™! (B)enI-wgO0(U) for all B € nSJ-

wgO (V). That is,p is nJ-wg-irresolute
continuous on U.
Necessity: Let ¢ be n3-wg-irresolute

continuous on U. Let B € B". Then B € nJ-
wgO (U). Since ¢ is nJ-wg-irresolute
continuous, ¢~ !(B) € nI-wg0O(U). That is,
theinverse image of every member of B’ is nJ-
wgO(U). Sufficiency: Let the inverse image
ofevery member of B’ be n3-wg-open set in U.
Let G € n3-wgO(U). Then =U{B:BE€ By,
where B,€B. Then ¢ 1(G) = ¢~ (U{B:
BE€B;}) =U{p (B): BEB,}, where each
@ 1(B) € nI-wgO(1U) and hence their union,
which is ¢~1(G). Thus ¢ is nano nJ-wg -
irresolute continuous on U.

Necessity: If U is n3-wg -irresolute continuous

and B < V,n3-wg-cl(B) € n3-wgC(V)and
from (i) ¢ ! (nI-wg-cl(B))EnI-wgC(U).
Therefore, nI-wg-cl(o ™ (nI-wg-cl(B))=

@ 1 (nS-wg-cl(B)). Since B S nI-wg-cl(B),
o 1 (B)Sp™! (nI-wg-cl(B)). Therefore, nS-
wg-cl(p 1 (B))SnI-wg-cl (™! (nI-wg-
cl(B)) = ¢ 1 (nI-wg-cl(B)). That is, nI-wg-cl
(¢~ (B)) Sp ' (nI-wg-cl(B)).

Sufficiency: Let n3-wg-cl(¢~1(B)) € ¢~ (nSJ-
wg-cl(B)) for every BC V. Let B E€nJ-
wgC(V).Then n3-wg-cl(B) = B. By
assumption, nJ-wg-cl(p~1(B)) € ¢ 1 (nJ —
wg — cl(B)) = ¢ 1(B).ThusnI-wg-
cl(p™1(B)) € ¢ 1(B). Butp 1(B) & nJI-wg-
cl(¢p~1(B)). Therefore, nI-wg-cl(p~1(B)) =
@ Y(B) . That is, ¢~ 1(B)is nI-wg-closed in U
for every n3-wg-closed set B in V.Therefore, ¢
is n3-wg-irresolute continuous on U.
Necessity: Letgbe n3J-wg-irresolute and
B €V. Then n3J3-wg-int(B) € nI-wg0(U).
Therefore, (¢! (nJ-wg-int(B)) € nJ-
wgO(W). That isnI-wg-int(p~t(nI-wg-
int(B)) = ¢ !(nJ-wg-int(B)). Also, nI-wg-
int(B) € B implies that nJ-wg-int(p~ ' (nSJ-
wg-int(B)) € nJI-wg-int(p~1((B)).
Therefore @ 1 (nS-wg-int(B) =
int(p ' (nI-wg-int(B)) S nJI-wg-
int(p~((B)).That is,p "1 (nI-wg-
int(B) S nJ-wg-int(p~1((B)). Sufficiency:
Consider @ ' (nI-wg-int(B) € nI-wg-
int(p~'((B)) for every subset B of V. If
B € n3-wg0(V),B = n3-wg-
int((B))Also,p 1(B) = ¢ 1(nI-wg-int(B)
but, @ 1 (nI-wg-int(B) S nI-wg-
int(p~'((B)). That is, ¢ 1(B) =nJI-wg-
int(p~1((B)). Thus,¢ 1 (B) isnI-wg -open in

nJ-wg-
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‘U for every nJ3-wg -open set B in V. Therefore,
@ is nJ3-wg-irresolute continuous.
Theorem 4.9: If ¢: (U, N,3I) » (V,N',K)is nJ-
wg-irresolute function then ¢ is n3-wg-continuous
function.
Proof: Let A be a Nano-closed set in V then A is
n3-wg-closed set. Since every Nano closed set is
nJ-wg-closed set. Then ¢~ 1(A) is nJ-wg-closed
set in U, since ¢ is nJ-wg-irresolute function.
Hence ¢ is nJ3-wg-continuous function.
Definition 4.10 The map ¢: (U, N,3J) » (V,N', K)
be a function. ¢ is called n3-wg open [closed] map,
if p(A) € nI-wgO(V), for all A € N.[¢p(A) € nJ-
wgC V), for allA € N)].
Theorem 4.11 Every nano closed map is n3-wg-
closed map.

Proof

Let ¢: (U, NV, 3I) - (V,N',KR)be a nano closed map.
Let A be a nano closed set in (U, NV, 3J).Then the
image of A under the map ¢ is nano closed
(V, N, K). Since every nano closed set is nJ3-wg-
closed. ¢(A)is nJ-wg - closed. Hence ¢ is nJ-wg -
closed.

Theorem 4.12 Let ¢:(U,N,3J) - (V,N',K) be
function, if and only if for each subset A of ' and
for each nano open set B containing ¢! (A)there
is a n3-wg - open set Bof Vsuch that B €
V,¢~ (V) c U. B is an open set of Nsuch that
@ '(V) cU Then B=V — f(U — A) is a nI-wg-
open set containing B such that ¢ ™1 (B) c A.

Proof

Suppose ¢~ lis n3-wg - closed. Let B be a subset of
V and A is an open set of Usuch that ¢~ 1 (V) c U.
Then B= V —¢(U—A) is a nJ-wg - open set
containing B such that ¢ ~1(B) c A.

Conversely, suppose that Cis closed subset of V.
Then ¢ '(V) —¢@(€) cU—C and U — Cis nano
open. By hypothesis there is nJ3-wg- open set Bof
Vsuch that V —@(C)cB , ¢ Y(B)cU-C.
Therefore ¢ € U — ¢~ 1(B). HenceV — B c ¢(C) <
p(U—9 X (B))cV—-B  which implies that
=7V — B. SinceV — BnJ-wg- closed set, ¢ (C)is nJI-
wg-closed. Hence ¢ is n3-wg - closed.

Definition 4.13 Let ¢:(U,N,3J) » (V,N', K)is
bijective function, is said to be to be nJ-wg
homeomorphism if ¢ and ¢~! are both nJ-wg
continuous functions.

Remark 4.14. Let ¢: (U, N,3) » (V,N',K) be a
bijective function. ¢ is said to be n3-wg-

homeomorphism function if ¢ is both n3J-wg-
continuous and nJ-wg-open function.

Theorem 4.15 Every nano homeomorphism is n3-
wg- homeomorphism.

Proof

Let o: (UL,N,3) » (V,N',K)be a nano
homeomorphism. By the definition ¢@is one to one
and onto, nano continuous and nano open map.
Since every nano continuous is nJ3-wg- continuous
and every nano open map is n3-wg- open map. @ is
n3J-wg homeomorphism.

Remark 4.16 The converse of the above theorem
need not be true

Example 4.17 Consider the nano ideal topological
spaces (U, N,3) and (V,N',K). Such that Let
U= {hlthfh&hé}}'

ru/:R = {{hl}f {h3}, {h21h4}}1x = {4’)’/1:%2} c

UN ={UQO, {1}, {h1, 2,114}, {12, R4} } and
ideal 3 = ¢, {#}, and let V = {£&, £, £3,#4,},V/
R' = {{’kl}r {’kZ'&G}; {’kll}}l‘y = {kll’k3} SVN =
{'U, (Z), {kl}, {kz,kg,}, {kl,kz,&g} } and ideal
3 =@, {#,}. Define a function ¢:(U,N,3J) -

(V,N',®), such that @) =%, ¢0h,) =
o3, p(h3) = £y, @(Hy) = #4. The functiong is nJ-
wg- homeomorphism. But not nano
homeomorphism.

Application

In this section we find two directed graphs are
whether isomorphic or not by using nano
continuous, nano homeomorphism and n3-wg-
homeomorphism. That is, we are formalizing the
structural equivalence for the graphs and their
corresponding ideal nano topologies generated by
them. Nano homeomorphism between two nano
topological spaces is said to be topologically
equivalent. Here we are formalizing the structural
equivalence for the graphs and their corresponding
nano topologies and nano ideal topologies
generated by them.
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Figure 1 shows the simple directed graphs G,
where V(G) = {V;,V,,V3,V4,V5,Vs} and from the
Figure 1 N(Vl) = {Vl,VZ,V6},N(V2) =
V2, Vs, N(V3) = (o, V3, Wy, N(Vy) = {V, W},
N(V5) = {V4,V5} and N(V6) = {V3,VS,V6}. Let
X = {(V2}, then L(X) = {V}, UX) = {V2,V,, V5}
and

B(X) = (M, VshN =

V(©. 9,0}, (., V0, Vs}, (V. Vs}}, take I = {9, {,}}
Similarly from Figure 2
V(H) ={Uy, Uz, U3, Uy, Us, Us}, N(U1) = {Up, Uy },
N(Uz) = {Uz,Us}, N(Us3) = {U3, Uy, Us}, N(Us) =
{Uz, UsphN(Us) = {Up, U3 Us} and N(Us) =
{Ul, Uz, U6} Let y = {U1, U4}, then L(y) =
{U1 U(Y) = {U1, Uz, Us} and B(Y) = {Uz, Us},
w}llich mean that
N = {V(H), d,{U1},{Uy, Uy, Us{Up, Us}}- Take
= {0.{U:}}.

Define a function ¢:(U,N,3J) > (V,N',K)such
that (V1) =Us,o(V2) = U, 9(V3) =
Us, 9(Va) = Uz, 9(V5) = Uy and ¢(Ve) = Us.
Therefore, ¢ is nano continuousn3J-wg -
continuous and n3J-wg- irresolute, and this
function is nano open, and n3-wg -open also this
function is one to one and onto, therefore it is nano
homeomorphism and n3-wg -homeomorphism.
Therefore, the graph G and H are isomorphic in
structure.
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