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Abstract 

In this paper, a generalization of distributive 𝑙 -filter for convex 𝑙 -subnear ring called distributive 
convex 𝑙-subnear ring is introduced. Many important properties of distributive 𝑙 -filter which are valid 
for distributive convex 𝑙 -subnear ring, Its relation with congruence class is also established. Also prove 
that first and second isomorphism theorems based on distributive convex 𝑙-subnear ring and 𝑙-filter of 
𝑙-near ring. 
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1. INTRODUCTION 

The theory of distributive lattices, being the 
major part in the present lattice theory, many 
mathematicians has introduced various types of 
elements satisfying certain distributive 
equations. Ore, O., in [11] has introduced and 
developed the concept of distributive elements 
in lattices, Gratzer, G., and Schmidt, E.T., in [10] 
have introduced and characterized standard 
elements in lattices and Birkhoff. G., in [3] has 
introduced neutral elements in lattices. Later, 
Birkhoff, G., Gratzer,G., Schmidt. E.T, Hashimoto, 
J., Kinugawa, S., and Iqbalunnisa have developed 
many equivalent conditions for an element of a 
lattice to be neutral. The concept of distributive 
ideal, standard ideal and neutral ideal are called 
distributive element, standard element and 
neutral element respectively in the ideal lattice 
I(L) of a lattice L have been introduced and 
studied by Hashimoto, J., Gratzer, G., Schmidt, 
E.T., Gratzer,G., in[9]has posed the problem 
"Generalize the concept of distributive, Standard 
and Neutral ideals to convexsublattices". Fried, 
E., Schmidt, E.T., in [8] have solved the problem 

for standard ideals to convex sublattices, 
Natarajan, R., in [12] has solved the problem for 
distributive ideals to convex sublattices and 
Chellappa, B., in [4] has solved the problem for 
neutral ideals to convex sublattices. The concept 
of distributive filter, standard filter and neutral 
filter are called distributive element, standard 
element and neutral element respectively in the 
filter lattice (L) of a lattice L have been 
introduced and studied by Dharmalingam, P., 
and Natarajan, R.,in [6], [5] and [7]. In the above 
situation, Gratzer's problem becomes 
"Generalize the concept of Distributive, Standard 
and Neutral filters to convex sublattices" which 
was solved by Dharmalingam, 𝑃.,. The concept of 
Standard 𝑙-filter in 𝑙-near ring have been 
introduced and studied by Ayyappan, M., in 
[2].The following theorems will be used in the 
sequel. 

Definition 1.1. [10] A non-empty set 𝐵 is called 
Browerian algebra if and only if 

(𝑖)(𝐵, ≤) is a lattice  

(ii) 𝐵 has a least element 
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(iii) To each 𝑎, 𝑏 in 𝐵, there exist a least element 
𝑥 = 𝑎 − 𝑏 in 𝐵 such that 𝑏 ∨ 𝑥 ≥ 𝑎. 

Theorem 1.2. [2] Let 𝐹 be 𝑙-filter of a 𝑙-near 
ring 𝑁. Then the following conditions are 
equivalent. (i) 𝐹 is Standard (ii) The binary 
relation 𝜃𝐹  on 𝐹(𝑁) defined by " 𝑋 ≡ 𝑌(𝜃𝐹) iff 
(𝑋 ∧ 𝑌) ∨ 𝐹1 = 𝑋 ∨ 𝑌, for some 𝐹1 ≤ 𝐹 " is a 
congruence relation 

(iii) 𝐹 is distributive and for all 𝑋, 𝑌 ∈ 𝐹(𝑁).  𝐹 ∧
𝑋 = 𝐹 ∧ 𝑌, 𝐹 ∨ 𝑋 = 𝐹 ∨ 𝑌 ⇒ 𝑋 = 𝑌 

Theorem 1.3. [1] Let 𝐹 be 𝑙-filter of a 𝑙-near 
ring 𝑁. Then the following conditions are 
equivalent. (i) 𝐹 is neutral (ii) 𝐹 is distributive, 𝐹 
is dually distributive and for all 𝑋, 𝑌 ∈ 𝐹(𝑁).𝐹 ∧
𝑋 = 𝐹 ∧ 𝑌 and 𝐹 ∨ 𝑋 = 𝐹 ∨ 𝑌 ⇒ 𝑋 = 𝑌 

2. MAIN THEOREMS 

Definition 2.1. 

 Let 𝐹 be a non empty subset of a 𝑙-near ring 𝑁. 
Then 𝐹 is called convex 𝑙-subnear ring if 

(i) 𝐹 is subnear ring  (ii) 𝐹 is a sublattice (iii) 
𝑎, 𝑏 ∈ 𝐹, 𝑥 ∈ 𝑁 and 𝑎 ≤ 𝑥 ≤ 𝑏 ⇒ 𝑥 ∈ 𝐹 

A convex 𝑙-sub near ring 𝐹 is called distributive 
if ⟨𝐹, 𝑋 ∧ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∧ ⟨𝐹, 𝑌⟩ 

⟨𝐹, 𝑋 ∨ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∨ ⟨𝐹, 𝑌⟩ ,⟨𝐹, 𝑋 + 𝑌⟩ = ⟨𝐹, 𝑋⟩ +
⟨𝐹, 𝑌⟩ hold for any pair of convex 𝑙-subnear ring 
𝑋, 𝑌 of 𝑁 whenever neither 𝐹 ∩ 𝑋 nor 𝐹 ∩ 𝑌 are 
empty. 

 

Theorem 2.2.  

For each 𝑓 in a Browerian Algebra 𝐴, {𝑓} is a 
distributive convex 𝑙-sub near ring of 𝐴. 

Proof: Take 𝐹 = {𝑓}. Then 𝐹 is a convex 𝑙-
subnear ring of 𝐴. 

𝐹 ∩ 𝑋 ≠ 𝜑 ⇒ 𝑓 ∈ 𝑋, 𝐹 ∩ 𝑌 ≠ 𝜑 ⇒ 𝑓 ∈ 𝑌. Therefore, ⟨𝐹, 𝑋⟩ = 𝑋 and 
⟨𝐹, 𝑌⟩ = 𝑌. 

Now 𝑓 ∈ 𝑋, 𝑓 ∈ 𝑌 ⇒ 𝑓 ∈ 𝑋 ∨ 𝑌 ,𝑓 ∈ 𝑋 ∧ 𝑌 , 𝑓 ∈ 𝑋 + 𝑌 

Therefore, ⟨𝐹, 𝑋 ∨ 𝑌⟩ = 𝑋 ∨ 𝑌,⟨𝐹, 𝑋 ∧ 𝑌⟩ = 𝑋 ∧ 𝑌,⟨𝐹, 𝑋 + 𝑌⟩ = 𝑋 + 𝑌 

So, ⟨𝐹, 𝑋 ∨ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∨ ⟨𝐹, 𝑌⟩ ,⟨𝐹, 𝑋 ∧ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∧ ⟨𝐹, 𝑌⟩ 

⟨𝐹, 𝑋 + 𝑌⟩ = ⟨𝐹, 𝑋⟩ + ⟨𝐹, 𝑌⟩ whenever 𝐹 ∩ 𝑋 ≠ 𝜑 and 𝐹 ∩ 𝑌 ≠ 𝜑. 
Hence 𝐹 = {𝑓} is a distributive convex 𝑙-sub near ring of 𝐴. 

Theorem 2.3 

A 𝑙-filter 𝐹 of a 𝑙-near ring 𝑁 is distributive iff it is a distributive 
convex 𝑙-subnear ring of   𝑁. 

Corollary 2.4 

If a 𝑙-filter 𝐹 of a 𝑙-near ring 𝑁 is standard, then it is a distributive 
convex 𝑙-subnear ring of 𝑁. 

Proof:  F is a standard l-filter. 

⇒ 𝐹 is a distributive 𝑙-filter, by characterization theorem for 
standard 𝑙-filter. 

⇒ 𝐹 is a distributive convex 𝑙 − subnear ring of 𝑁, by Theorem 2.3. 

Corollary 2.5. If a 𝑙-filter 𝐹 of a 𝑙-near ring 𝑁 is neutral, then it is a 
distributive convex 𝑙-subnear ring of 𝑁. 

Proof:  F is a neutral 𝑙-filter. 

⇒ 𝐹 is a distributive 𝑙-filter, by characterization theorem for 
neutral 𝑙-filter. 

⇒ 𝐹 is a distributive convex 𝑙 − subnear ring of 𝑁, by Theorem 2.3.  

Theorem 2.6 

 A dual 𝑙-filter 𝐹 of a 𝑙-near ring 𝑁 is distributive iff it is a 
distributive convex 𝑙-subnear ring of 𝑁. 

Proof: Follows dually. 

Theorem 2.7 

Let 𝐹 be a convex 𝑙-subnear ring of a 𝑙-near ring 𝑁. If 𝑥, 𝑦 in 𝑁 such 
that 𝑥 ∨ 𝑡 = 𝑦 ∨ 𝑡, 𝑥 ∧ 𝑠 = 𝑦 ∧ 𝑠 for some 𝑠, 𝑡 in 𝐹, then ⟨𝐹, {𝑥}⟩ =
⟨𝐹, {𝑦}⟩. 

 

Proof: 

Given 𝐹 is a convex 𝑙-subnear ring of 𝑁 and 𝑥 ∨ 𝑡 = 𝑦 ∨ 𝑡, 𝑥 ∧ 𝑠 =
𝑦 ∧ 𝑠 for some 𝑠, 𝑡 in 𝐹 and 𝑥, 𝑦 in 𝑁. To prove that ⟨𝐹, {𝑥}⟩ =
⟨𝐹, {𝑦}⟩ 

Let 𝑝 in ⟨𝐹, {𝑥}⟩ ⇒ 𝑠 ∧ 𝑥 ≤ 𝑝 ≤ 𝑡 ∨ 𝑥 for some 𝑠, 𝑡 in 𝐹 ⇒ 𝑥 ∧ 𝑠 ≤
𝑝 ≤ 𝑥 ∨ 𝑡 

⇒ 𝑦 ∧ 𝑠 ≤ 𝑝 ≤ 𝑦 ∨ 𝑡 

⇒ 𝑠 ∧ 𝑦 ≤ 𝑝 ≤ 𝑡 ∨ 𝑦 ⇒ 𝑝 ∈ ⟨𝐹, {𝑦}⟩ 

⇒ ⟨𝐹, {𝑥}⟩ ≤ ⟨𝐹, {𝑦}⟩ Similarly, we prove ⟨𝐹, {𝑦}⟩ ≤ ⟨𝐹, {𝑥}⟩ 

Thus ⟨𝐹, {𝑥}⟩ = ⟨𝐹, {𝑦}⟩. 

Theorem 2.8 

Let 𝑁 be a 𝑙-near ring and 𝐹, a distributive convex 𝑙-subnear ring of 
𝑁. If 𝐹 satisfies property (𝑃) where (𝑃) is ⟨𝐹, 𝑋 ∨ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∨
⟨𝐹, 𝑌⟩, ⟨𝐹, 𝑋 ∧ 𝑌⟩ = ⟨𝐹, 𝑋⟩ ∧ ⟨𝐹, 𝑌⟩ , ⟨𝐹, 𝑋 + 𝑌⟩ = ⟨𝐹, 𝑋⟩ + ⟨𝐹, 𝑌⟩ for 
all single element convex 𝑙-subnear ring 𝑋, 𝑌 of 𝑁, then the binary 
relation 𝜃𝐹 on 𝐿 defined by 𝑥 ≡ 𝑦(𝜃𝐹) iff 

(𝑥 ∧ 𝑦) ∧ 𝑠 = (𝑥 ∧ 𝑦) ∧ 𝑠,

(𝑥 ∧ 𝑦) ∨ 𝑡 = (𝑥 ∨ 𝑦) ∧ 𝑡

(𝑥 ∧ 𝑦) + 𝑢 = (𝑥 ∨ 𝑦) + 𝑢

 for suitable 𝑠, 𝑡, 𝑢 in 𝐹  is a 

congruence relation. 

Proof:  Assume that F is a distributive convex 𝑙-subnear ring of 𝑁.  

To prove that 𝜃𝐹 is a congruence relation.  It is enough to verify the 
following: 

(i) 𝑥 ≡ 𝑥(𝜃𝐹) 

(ii) 𝑥 ≡ 𝑦(𝜃𝐹) ⇒ 𝑦 ≡ 𝑥(𝜃𝐹) 

(iii) 𝑥 ≡ 𝑦(𝜃𝐹) iff 𝑥 ∧ 𝑦 ≡ (𝑥 ∨ 𝑦)(𝜃𝐹) 

(iv) 𝑥 ≤ 𝑦 ≤ 𝑧, 𝑥 ≡ 𝑦(𝜃𝐹) and 𝑦 ≡ 𝑧(𝜃𝐹) ⇒ 𝑥 ≡ 𝑧(𝜃𝐹) 

(v) 𝑥 ≤ 𝑦 and 𝑥 ≡ 𝑦(𝜃𝐹) ⇒ 𝑥 ∧ 𝑧 ≡ 𝑦 ∧ 𝑧(𝜃𝐹) 

                                                     𝑥 ∨ 𝑧 ≡ 𝑦 ∨ 𝑧(𝜃𝐹) 

                                           𝑥 + 𝑧 ≡ 𝑦 + 𝑧(𝜃𝐹), for every 𝑧 in 𝑁.  

(i) Let 𝑥 ∈ 𝑁 be arbitrary 

 Then (𝑥 ∧ 𝑥) ∧ 𝑠 = (𝑥 ∨ 𝑥) ∧ 𝑠

(𝑥 ∧ 𝑥) ∧ 𝑡 = (𝑥 ∨ 𝑥) ∨ 𝑡

(𝑥 ∧ 𝑥) + 𝑢 = (𝑥 ∨ 𝑥) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹

⇒ 𝑥 ≡ 𝑥(𝜃𝐹)

 

Thus 𝑥 ≡ 𝑥(𝜃𝐹), for all 𝑥 ∈ 𝑁. 
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(ii) Let 𝑥, 𝑦 ∈ 𝑁 be arbitrary. Suppose 𝑥 ≡ 𝑦(𝜃𝐹) 

Then (𝑥 ∧ 𝑦) ∧ 𝑠 = (𝑥 ∨ 𝑦) ∧ 𝑠 

(𝑥 ∧ 𝑦) ∨ 𝑡 = (𝑥 ∨ 𝑦) ∨ 𝑡

(𝑥 ∧ 𝑦) + 𝑢 = (𝑥 ∨ 𝑦) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹

⇒ (𝑦 ∧ 𝑥) ∧ 𝑠 = (𝑦 ∨ 𝑥) ∧ 𝑠

(𝑦 ∧ 𝑥) ∨ 𝑡 = (𝑦 ∨ 𝑥) ∨ 𝑡

(𝑦 ∧ 𝑥) + 𝑢 = (𝑦 ∨ 𝑥) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹

 

⇒ 𝑦 ≡ 𝑥(𝜃𝐹) 

Thus 𝑥 ≡ 𝑦(𝜃𝐹), 𝑦 ≡ 𝑥(𝜃𝐹) for all 𝑥, 𝑦 ∈ 𝑁. 

(iii) Let 𝑥, 𝑦 ∈ 𝑁 be arbitrary. 

Then 𝑥 ≡ 𝑦(𝜃𝐹)  

⇔ (𝑥 ∧ 𝑦) ∨ 𝑠 = (𝑥 ∨ 𝑦) ∧ 𝑠

(𝑥 ∧ 𝑦) ∨ 𝑡 = (𝑥 ∨ 𝑦) ∨ 𝑡

(𝑥 ∧ 𝑦) + 𝑢 = (𝑥 ∨ 𝑦) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹
⇔ [(𝑥 ∧ 𝑦) ∧ (𝑥 ∨ 𝑦)] ∧ 𝑠 = [(𝑥 ∧ 𝑦) ∨ (𝑥 ∨ 𝑦)] ∧ 𝑠

      [(𝑥 ∧ 𝑦) ∧ (𝑥 ∨ 𝑦)] ∨ 𝑡 = [(𝑥 ∧ 𝑦) ∨ (𝑥 ∨ 𝑦)] ∨ 𝑡

       [(𝑥 ∧ 𝑦) ∨ (𝑥 ∨ 𝑦)] + 𝑢 = [(𝑥 ∧ 𝑦) ∨ (𝑥 ∨ 𝑦)] + 𝑢

 

⇔ 𝑥 ∧ 𝑦 ≡ (𝑥 ∨ 𝑦)(𝜃𝐹), Thus 𝑥 ≡ 𝑦(𝜃𝐹) ⇔ 𝑥 ∧ 𝑦 ≡ (𝑥 ∨ 𝑦)(𝜃𝐹) for 
all 𝑥, 𝑦 ∈ 𝑁. 

(iv) Let 𝑥, 𝑦, 𝑧 ∈ 𝑁 be arbitrary. Suppose 𝑥 ≤ 𝑦 ≤ 𝑧, 𝑥 ≡ 𝑦(𝜃𝐹) and 
𝑦 ≡ 𝑧(𝜃𝐹) 

⇒ 𝑥 ≤ 𝑦 ≤ 𝑧, (𝑥 ∧ 𝑦) ∧ 𝑠 = (𝑥 ∨ 𝑦) ∧ 𝑠

(𝑥 ∧ 𝑦) ∨ 𝑡 = (𝑥 ∨ 𝑦) ∨ 𝑡

(𝑥 ∧ 𝑦) + 𝑢 = (𝑥 ∨ 𝑦) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹

 and (𝑦 ∧ 𝑧) ∧ 𝑠 = (𝑦 ∨ 𝑧) ∧ 𝑠

(𝑦 ∧ 𝑧) ∨ 𝑡 = (𝑦 ∨ 𝑧) ∧ 𝑡

(𝑦 ∧ 𝑧) + 𝑢 = (𝑦 ∨ 𝑧) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹

⇒ 𝑥 ∧ 𝑠1 = 𝑦 ∧ 𝑠1

 𝑥 ∨ 𝑡1 = 𝑦 ∨ 𝑡1

 

          𝑥 + 𝑢1 = 𝑦 + 𝑢1 for some 𝑠1, 𝑡1, 𝑢1 ∈ 𝐹 with 𝑠1 ≤ 𝑡1 ≤ 𝑢1

 and 𝑦 ∧ 𝑠2 = 𝑧 ∧ 𝑠2

          𝑦 ∨ 𝑡2 = 𝑧 ∨ 𝑡2

          𝑦 + 𝑢2 = 𝑧 + 𝑢2 for some 𝑠2, 𝑡2, 𝑢2 ∈ 𝐹 with 𝑠2 ≤ 𝑡2 ≤ 𝑢 2

⇒ 𝑥 ∧ 𝑠1 ∧ 𝑠2 = 𝑦 ∧ 𝑠1 ∧ 𝑠2 = 𝑧 ∧ 𝑠1 ∧ 𝑠2

        𝑥 ∨ 𝑡1 ∨ 𝑡2 = 𝑦 ∨ 𝑡1 ∨ 𝑡2 = 𝑧 ∨ 𝑡1 ∨ 𝑡2

        𝑥 + 𝑢1 + 𝑢2 = 𝑦 + 𝑢1 + 𝑢2 = 𝑧 + 𝑢1 + 𝑢2

⇒ 𝑥 ∧ 𝑠3 = 𝑧 ∧ 𝑠3

    𝑥 ∨ 𝑡3 = 𝑧 ∨ 𝑡3

𝑥 + 𝑢3 = 𝑧 + 𝑢3,

 where 𝑠1 ∧ 𝑠2 = 𝑠3, 𝑡1 ∨ 𝑡2 = 𝑡3, 𝑢1 + 𝑢2 = 𝑢3 ∈ 𝐹

 

                               ⇒ 𝑥 ≡ 𝑧(𝜃𝐹) 

Thus if 𝑥 ≤ 𝑦 ≤ 𝑧, 𝑥 ≡ 𝑦(𝜃𝐹) and 𝑦 ≡ 𝑧(𝜃𝐹), then 𝑥 ≡ 𝑧(𝜃𝐹), for all 
𝑥, 𝑦, 𝑧 in 𝑁. 

(𝑣) Let 𝑥, 𝑦 in 𝑁 be arbitrary. Suppose 𝑥 ≤ 𝑦 and 𝑥 ≡ 𝑦(𝜃𝐹) 

⇒ 𝑥 ≤ 𝑦, (𝑥 ∧ 𝑦) ∨ 𝑠 = (𝑥 ∨ 𝑦) ∧ 𝑠(𝑥 ∧ 𝑦) ∨ 𝑡 = (𝑥 ∨ 𝑦) ∨ 𝑡 

(𝑥 ∧ 𝑦) + 𝑢 = (𝑥 ∨ 𝑦) + 𝑢, where 𝑠, 𝑡, 𝑢 ∈ 𝐹
 

⇒ 𝑥 ∧ 𝑠 = 𝑦 ∧ 𝑠 

𝑥 ∨ 𝑡 = 𝑦 ∨ 𝑡 , 𝑥 + 𝑢 = 𝑦 + 𝑢, for some 𝑠, 𝑡, 𝑢 ∈ 𝐹 with 𝑠 ≤ 𝑡 ≤ 𝑢 

Let 𝑋 = {𝑥}, 𝑌 = {𝑦}, 𝑍 = {𝑧} ,𝑥 ≤ 𝑦 ⇒ 𝑥 ∧ 𝑧 ≤ 𝑦 ∧ 𝑧 

(𝑥 ∧ 𝑧) ∨ 𝑡 ∈ ⟨𝐹, 𝑋 ∧ 𝑍⟩ = ⟨𝐹, 𝑋⟩ ∧ ⟨𝐹, 𝑍⟩ 

                                             = ⟨𝐹, 𝑌⟩ ∧ ⟨𝐹, 𝑍⟩ 

                                              = ⟨𝐹, 𝑌 ∧ 𝑍⟩. 

Therefore (𝑥 ∧ 𝑧) ∨ 𝑡 ≤ (𝑦 ∧ 𝑧) ∨ 𝑡1 ,Similarly,(𝑦 ∧ 𝑧) ∨ 𝑡1 ≤ (𝑥 ∧
𝑧) ∨ 𝑡2 

                   ⇒ (𝑥 ∧ 𝑧) ∨ 𝑡3 = (𝑦 ∧ 𝑧) ∨ 𝑡3, where 𝑡3 = 𝑡 ∨ 𝑡1 ∨ 𝑡2 

(𝑥 ∧ 𝑧) ∧ 𝑠 = 𝑥 ∧ (𝑧 ∨ 𝑠)

= 𝑥 ∧ (𝑠 ∧ 𝑧)

= (𝑥 ∧ 𝑠) ∧ 𝑧

= (𝑦 ∧ 𝑠) ∧ 𝑧

= 𝑦 ∧ (𝑠 ∧ 𝑧)

= 𝑦 ∧ (𝑧 ∧ 𝑠)

= (𝑦 ∧ 𝑧) ∧ 𝑠

(𝑥 ∧ 𝑧) + 𝑢 = (𝑥 + 𝑢) ∧ (𝑧 + 𝑢)

= (𝑦 + 𝑢) ∧ (𝑧 + 𝑢)

= (𝑦 ∧ 𝑧) + 𝑢

⇒     [     (𝑥 ∧ 𝑦) ∧ (𝑦 ∧ 𝑧)] ∧ 𝑠 = [(𝑥 ∧ 𝑧) ∨ (𝑦 ∨ 𝑧)] ∧ 𝑠

 

[(𝑥 ∧ 𝑧) ∧ (𝑦 ∧ 𝑧)] ∨ 𝑡3 = [(𝑥 ∧ 𝑧) ∨ (𝑦 ∧ 𝑧)] ∨ 𝑡3

[(𝑥 ∧ 𝑧) ∧ (𝑦 ∧ 𝑧)] + 𝑢 = [(𝑥 ∧ 𝑧) ∨ (𝑦 ∧ 𝑧)] + 𝑢 with 𝑠, 𝑡3, 𝑢 ∈ 𝐹

⇒ 𝑥 ∧ 𝑧 ≡ (𝑦 ∧ 𝑧)(𝜃𝐹)

 

Thus 𝑥 ∧ 𝑧 ≡ (𝑦 ∧ 𝑧)(𝜃𝐹), for every 𝑧 ∈ 𝑁, 

 Now, (𝑥 ∨ 𝑧) ∨ 𝑡 = 𝑥 ∨ (𝑧 ∨ 𝑡)

= 𝑥 ∨ (𝑡 ∨ 𝑧)
= (𝑥 ∨ 𝑡) ∨ 𝑧

= (𝑦 ∨ 𝑡) ∨ 𝑧

= 𝑦 ∨ (𝑡 ∨ 𝑧)

                          = 𝑦 ∨ (𝑧 ∨ 𝑡) = (𝑦 ∨ 𝑧) ∨ 𝑡
(𝑥 ∨ 𝑧) ∧ 𝑠 ∈ ⟨𝐹, 𝑋 ∨ 𝑍⟩

= ⟨𝐹, 𝑋⟩ ∨ ⟨𝐹, 𝑍⟩
= ⟨𝐹, 𝑌⟩ ∨ ⟨𝐹, 𝑍⟩

= ⟨𝐹, 𝑌 ∨ 𝑍⟩

 

Therefore (𝑥 ∨ 𝑧) ∧ 𝑠 ≤ (𝑦 ∨ 𝑧) ∧ 𝑠1  ,Similarly, (𝑦 ∨ 𝑧) ∧ 𝑠1 ≤ (𝑥 ∨
𝑧) ∧ 𝑠2 

                  (𝑥 ∨ 𝑧) ∧ 𝑠3 = (𝑦 ∨ 𝑧) ∧ 𝑠3 , where 𝑠3 = 𝑠 ∧ 𝑠1 ∧ 𝑠2 

(𝑥 ∨ 𝑧) + 𝑢 = (𝑥 + 𝑢) ∨ (𝑧 + 𝑢)
                      = (𝑦 + 𝑢) ∨ (𝑧 + 𝑢)

           = (𝑦 ∨ 𝑧) + 𝑢
⇒ [(𝑥 ∨ 𝑧) ∧ (𝑦 ∨ 𝑧)] ∧ 𝑠3 = [(𝑥 ∨ 𝑧) ∨ (𝑦 ∨ 𝑧)] ∧ 𝑠3

[(𝑥 ∨ 𝑧) ∧ (𝑦 ∨ 𝑧)] ∨ 𝑡 = [(𝑥 ∨ 𝑧) ∨ (𝑦 ∨ 𝑧)] ∨ 𝑡
[(𝑥 ∨ 𝑧) ∧ (𝑦 ∨ 𝑧)] + 𝑢 = [(𝑥 ∨ 𝑧) ∨ (𝑦 ∨ 𝑧)] + 𝑢 with 𝑠3 , 𝑡, 𝑢 ∈ 𝐹.

 

⇒ 𝑥 ∨ 𝑧 ≡ (𝑦 ∨ 𝑧)(𝜃𝐹) for every 𝑧 ∈ 𝐿, Also (𝑥 + 𝑧) ∨ 𝑡 ∈ ⟨𝐹, 𝑋 + 𝑍⟩ 

= ⟨𝐹, 𝑋⟩ + ⟨𝐹, 𝑍⟩

= ⟨𝐹, 𝑌⟩ + ⟨𝐹, 𝑍⟩

= ⟨𝐹, 𝑌 + 𝑍⟩

 

⇒ (𝑥 + 𝑧) ∨ 𝑡 ≤ (𝑦 + 𝑧) ∨ 𝑡1,Similarly, (𝑦 + 𝑧) ∨ 𝑡1 ≤ (𝑥 + 𝑧) ∨ 𝑡2 

⇒ (𝑥 + 𝑧) ∨ 𝑡3 ≤ (𝑦 + 𝑧) ∨ 𝑡3 where 𝑡3 = 𝑡 ∨ 𝑡1 ∨ 𝑡2 

(𝑥 + 𝑧) + 𝑢 = 𝑥 + (𝑧 + 𝑢)

= 𝑥 + (𝑢 + 𝑧)

= (𝑥 + 𝑢) + 𝑧

= (𝑦 + 𝑢) + 𝑧

= 𝑦 + (𝑢 + 𝑧)

= 𝑦 + (𝑧 + 𝑢)

= (𝑦 + 𝑧) + 𝑢

 

(𝑥 + 𝑧) ∧ 𝑠 ∈ ⟨𝐹, 𝑋 + 𝑍⟩ = ⟨𝐹, 𝑋⟩ + ⟨𝐹, 𝑍⟩

= ⟨𝐹, 𝑌⟩ + ⟨𝐹, 𝑍⟩

= ⟨𝐹, 𝑌 + 𝑍⟩

 Therefore, (𝑥 + 𝑧) ∧ 𝑠 ≤ (𝑦 + 𝑧) ∧ 𝑠1

 Similarly, (𝑦 + 𝑧) ∧ 𝑠1 ≤ (𝑥 + 𝑧) ∧ 𝑠2

⇒ (𝑥 + 𝑧) ∧ 𝑠3 = (𝑦 + 𝑧) ∧ 𝑠3 where 𝑠3 = 𝑠 ∧ 𝑠1 ∧ 𝑠2

[(𝑥 + 𝑧) ∧ (𝑦 + 𝑧)] ∧ 𝑠3 = [(𝑥 + 𝑧) ∨ (𝑦 + 𝑧)] ∧ 𝑠3

[(𝑥 + 𝑧) ∧ (𝑦 + 𝑧)] ∨ 𝑡3 = [(𝑥 + 𝑧) ∨ (𝑦 + 𝑧)] ∨ 𝑡3

[(𝑥 + 𝑧) ∧ (𝑦 + 𝑧)] + 𝑢 = [(𝑥 + 𝑧) ∨ (𝑦 + 𝑧)] + 𝑢 with 𝑠3, 𝑡3, 𝑢 ∈ 𝐹

 

⇒ 𝑥 + 𝑧 ≡ (𝑦 + 𝑧)(𝜃𝐹) 

Hence 𝜃𝐹  is a congruence relation on 𝑁. 
Conversely, proved 
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Theorem 2.9 

 If 𝐹 is a convex 𝑙-subnear ring of 𝑁 such that the 
relation 𝜃𝐹  defined in the Theorem 2.8 is a 
congruence relation, then 𝐹 is a distributive 
convex 𝑙-sub near ring of 𝑁 

Proof: Given 𝐹 is a convex 𝑙-subnear ring of 𝑁 
such that 𝜃𝐹  is a congruence relation defined in 
Theorem 2.8.To prove that 𝐹 is distributive 
convex 𝑙-subnear ring of 𝑁.  

It is sufficient to verify that 
 (1) ⟨F, X ∨ Y⟩ = ⟨F, X⟩ ∨ ⟨F, Y⟩

 (2) ⟨F, X ∧ Y⟩ = ⟨F, X⟩ ∧ ⟨F, Y⟩

 (3) ⟨F, X + Y⟩ = ⟨F, X⟩ + ⟨F, Y⟩

 

whenever F ∩ X ≠ φ and F ∩ Y ≠ φ. 

Corollary 2.10 

 If F is a distributive convex l-subnear ring of N, 
then F is a congruence class by the congruence 
relation θF provided F satisfy (P). 

Proof: 

 Given 𝐹 is a distributive convex 𝑙-subnear ring 
of 𝑁.Then 𝜃𝐹  is a congruence relation on 𝑁.To 
Prove ,𝐹 is a congruence class by the congruence 
relation 𝜃𝐹 ,  let 𝑥 ≡ 𝑦(𝜃𝐹) and 𝑥 ≤ 𝑦 where 
𝑥, 𝑦 ∈ 𝑁. It is sufficient to prove that if one of 
these elements belongs to 𝐹, then both are in 𝐹. 

Case(i) Assume that 𝑦 ∈ 𝐹,By definition of 
𝜃𝐹 , 𝑥 ∧ 𝑠 = 𝑦 ∧ 𝑠 

𝑥 ∨ 𝑡 = 𝑦 ∨ 𝑡, 𝑥 + 𝑢 = 𝑦 + 𝑢, for some 𝑠, 𝑡, 𝑢 ∈ 𝐹, 
with 𝑠 ≤ 𝑡 ≤ 𝑢. 

Then 𝑥 = 𝑥 ∧ (𝑥 ∨ 𝑡) = 𝑥 ∧ (𝑦 ∨ 𝑡) = [𝑥 ∨ (𝑥 ∧
𝑠)] ∧ (𝑦 ∨ 𝑡) 

 = [𝑥 ∨ (𝑦 ∧ 𝑠)] ∧ (𝑦 ∨ 𝑡) 

≥ [𝑥 ∨ (𝑦 ∧ 𝑠)] ∧ 𝑦

≥ 𝑥 ∧ 𝑦 = 𝑥
⇒ = [𝑥 ∨ (𝑦 ∧ 𝑠)] ∧ 𝑦

 Now 𝑦 ∧ 𝑠 ≤ 𝑥 ∨ (𝑦 ∧ 𝑠) ≤ 𝑦 ∨ (𝑦 ∧ 𝑠) with 𝑦, 𝑦 ∧ 𝑠 ∈ 𝐹

⇒ 𝑥 ∨ (𝑦 ∧ 𝑠) ∈ 𝐹
⇒ [𝑥 ∨ (𝑦 ∧ 𝑠)] ∧ 𝑦 ∈ 𝐹
⇒ 𝑥 ∈ 𝐹

 

Case (ii) Assume that 𝑥 ∈ 𝐹 

Then 𝑦 = 𝑦 ∨ (𝑦 ∧ 𝑠) 

= 𝑦 ∨ (𝑥 ∧ 𝑠)

= [𝑦 ∧ (𝑦 ∨ 𝑡)] ∨ (𝑥 ∧ 𝑠)

= [𝑦 ∧ (𝑥 ∧ 𝑡)] ∨ (𝑥 ∧ 𝑠)

≤ [𝑦 ∧ (𝑥 ∨ 𝑡)] ∨ 𝑥

≤ 𝑦 ∧ 𝑥 = 𝑦

⇒ 𝑦 = [𝑦 ∧ (𝑥 ∨ 𝑡)] ∨ 𝑥

⇒ 𝑦 ∧ (𝑥 ∨ 𝑡) ∈ 𝐹

⇒ [𝑦 ∧ (𝑥 ∨ 𝑡)] ∨ 𝑥 ∈ 𝐹

⇒ 𝑦 ∈ 𝐹

 

Corollary 2.11 

If 𝐹1 and 𝐹2 are distributive convex𝑙 -subnear 
rings of 𝑁, satisfying the property (𝑃), then 𝐹1 ∩
𝐹2 is either a distributive convex 𝑙-subnear ring 
or it is empty. 

Theorem 2.12 Let 𝑔: 𝑥 → 𝑥′  is a 
homomorphism of 𝑙-near rings 𝑁 onto 𝑁′ and let 
𝐹 be a distributive convex 𝑙-subnear ring of 𝑁. 
Then the homomorphic image 𝐹′ of 𝐹 is a 
distributive convex 𝑙-subnear ring of 𝑁. Now we 
derive First isomorphism theorem and Second 
isomorphism theorem. 

Theorem 2.13 FIRST ISOMORPHISM  
THEOREM 

Let 𝑁 be a 𝑙-near ring, 𝐷, a distributive convex 𝑙-
subnear ring and 𝐹, a 𝑙-filter of 𝑁 such that 𝐷 ≤
𝐹. Then 𝐹 is a distributive convex 𝑙-subnear ring 

in 𝑁 if and only if 
𝐹

𝐷
 is a distributive convex 𝑙-

subnear ring in 
𝑁

𝐷
 and in this case the 

isomorphism 
𝑁

𝐹
≅

𝑁
𝐷

𝐷

 hold. 

Proof:  Given 𝑁 is a 𝑙-near ring, 𝐷, a distributive 
convex 𝑙-subnear ring and 𝐹, a 𝑙-filter of 𝑁 such 
that 𝐷 ≤ 𝐹. Suppose 𝐹 is a distributive convex 𝑙-

subnear ring of 𝑁. Then by Theorem 2.12, 
𝐹

𝐷
 is a 

distributive convex 𝑙-subnear ring of 
𝑁

𝐷
. 

Conversely, assume that 
𝐹

𝐷
 is a distributive 

convex 𝑙-subnear ring of 𝑁.To prove that 𝐹 is a 
distributive convex 𝑙-subnear ring of 𝑁.It is 
sufficient to prove that 𝑥 ≡ 𝑦(𝜃𝐹), 𝑥 ≤ 𝑦 ⇒ 𝑥 ∧
𝑧 ≡ 𝑦 ∧ 𝑧(𝜃𝐹) for all 𝑧. Let 𝑥‾, 𝑦‾, 𝑧‾ be the 
homomorphic image of 𝑥, 𝑦, 𝑧 respectively under 

the homomorphism of 𝑁 to 
𝑁

𝐷
. 

𝑥 ≡ 𝑦(𝜃𝐹), 𝑥 ≤ 𝑦 ⇔ 𝑥‾ ≡ 𝑦‾ (𝜃𝐹

𝐷

) , 𝑥‾ ≤ 𝑦‾  

⇔ 𝑥‾ ∧ 𝑧‾ ≡ 𝑦‾ ∧ 𝑧‾ (𝜃𝐹

𝐷

) , 𝑥‾ ∧ 𝑧‾ ≤ 𝑦‾ ∧ 𝑧‾ 
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⇔ (𝑥‾ ∧ 𝑧‾) ∧ 𝑠‾ = (𝑦‾ ∧ 𝑧‾) ∧ 𝑠‾ 

(𝑥‾ ∧ 𝑧‾) ∨ 𝑡‾ = (𝑦‾ ∧ 𝑧‾) ∨ 𝑡‾ 

(𝑥‾ ∧ 𝑧‾) + 𝑢‾ = (𝑦‾ ∧ 𝑧‾) + 𝑢‾  where 𝑠‾, 𝑡‾, 𝑢‾ ∈
𝐹

𝐷
 

⇔ (𝑥 ∧ 𝑧) ∧ 𝑠 = (𝑦 ∧ 𝑧) ∧ 𝑠 

(𝑥 ∧ 𝑧) ∨ 𝑡 = (𝑦 ∧ 𝑧) ∨ 𝑡 

(𝑥 ∧ 𝑧) + 𝑢 = (𝑦 ∧ 𝑧) + 𝑢 where 𝑠, 𝑡, 𝑢 ∈ 𝐹 

⇔ 𝑥 ∧ 𝑧 ≡ 𝑦 ∧ 𝑧(𝜃𝐹) 

Therefore 𝐹 is a distributive convex 𝑙-subnear 

ring in 𝑁.Next to prove 
𝑁

𝐹
≅

𝑁
𝑁

𝐷

 

Define 𝑓: 𝑁 →
𝑁

𝐷
𝐷

𝐷

 by 𝑓(𝑥) = [𝑥‾]𝜃𝐹
𝐷

 for all 𝑥 in 

𝑁.We claim that 𝑓 is well-defined onto 
homomorphism with Ker 𝑓 = 𝐹.𝑓 is well-
defined:  

Suppose 𝑥 = 𝑦 where 𝑥, 𝑦 in 𝐹 ⊂ 𝑁 

⇒ 𝑥‾ = 𝑦‾ in 
𝐹

𝐷
 ⇒ [𝑥‾]𝜃𝐹

𝐷

= [𝑦‾]𝜃𝐹
𝐷

 

⇒ 𝑓(𝑥) = 𝑓(𝑦) Therefore, 𝑓 is well defined. 

𝑓 is a homomorphism: 

Let 𝑥, 𝑦 in 𝑁 be arbitrary. Then 𝑓(𝑥 + 𝑦) = [𝑥 +
𝑦]𝜃𝐹

𝐷

 

= [𝑥‾ + 𝑦‾]𝐹

𝐷

= [𝑥‾]𝜃𝐹
𝐷

+ [𝑦‾]𝜃𝐹
𝐷

= 𝑓(𝑥) + 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑁

 

𝑓(𝑥 ∨ 𝑦) = [𝑥 ∨ 𝑦̅̅ ̅̅ ̅̅ ̅]𝜃𝐹

= [𝑥‾ ∨ 𝑦‾]𝜃𝐹
𝐷

= [𝑥‾]𝜃𝐹
𝐷

∨ [𝑦‾]𝜃𝐹
𝐷

= 𝑓(𝑥) ∨ 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑁

𝑓(𝑥 ∧ 𝑦) = [𝑥 ∧ 𝑦]𝜃 𝐹

= [𝑥‾ ∧ 𝑦‾]𝜃𝐹
𝐷

= [𝑥‾]𝜃𝐷‾
∧ [𝑦‾]𝜃𝐹

𝐷

= 𝑓(𝑥) ∧ 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑁

 

𝑓 is onto: Take any [𝑥‾]𝜃𝐹
𝐷

 in 
𝑁
𝑁

𝐷

, ⇒ 𝑥‾ ∈
𝑁

𝐷
 , ⇒ 𝑥 ∈

𝑁, ⇒ 𝑓(𝑥) = [𝑥‾]𝜃𝐹
𝐷

 

Hence 𝑓 is an onto homomorphism with Ker 𝑓 =
𝐹 

⇒
𝑁

𝐹
≅

𝑁
𝐷

𝐷

, by fundamental theorem of 

homomorphism. 

Theorem 2.14: SECOND ISOMORPHISM 
THEOREM 

Let 𝑁 be a 𝑙-near ring, 𝐷, a distributive convex 𝑙-
subnear ring and 𝐹, a 𝑙-filter of 𝑁 such that 𝐹 ∩
𝐷 ≠ 𝜑. Then 𝐹 ∩ 𝐷 is a distributive convex 𝑙-

subnear ring of 𝐹 and 
⟨𝐹,𝐷⟩

𝐷
≅

𝐹

𝐹∩𝐷
. 

Proof:  Given 𝐷 is a distributive convex 𝑙-
subnear ring and 𝐹 an arbitrary 

𝑙-filter of 𝑁 such that 𝐹 ∩ 𝐷 ≠ 𝜑.To prove 

(i) 𝐹 ∩ 𝐷 is a distributive convex 𝑙-subnear ring 
of 𝐹. 

(ii) 
⟨𝐹,𝐷⟩

𝐷
≅

𝐹

𝐹∩𝐷
 

(i) Clearly 𝐹 ∩ 𝐷 is a convex 𝑙-subnear ring of 𝑁. 
It is enough to prove 𝐹 ∩ 𝐷 is distributive. 

Let 𝑋, 𝑌 be two convex 𝑙-subnear ring of 𝐹.⇒
𝑋, 𝑌 are two convex 𝑙-subnear ring of 𝑁. 

Now (𝐷 ∩ 𝐹) ∩ 𝑋 = 𝐷 ∩ (𝐹 ∩ 𝑋) = 𝐷 ∩ 𝑋, since 
𝑋 ⊆ 𝐹 ≠ 𝜙 

(𝐷 ∩ 𝐹) ∩ 𝑌 = 𝐷 ∩ (𝐹 ∩ 𝑌) 

= 𝐷 ∩ 𝑌, since 𝑦 ⊆ 𝐹 ≠ 𝜙 

Then 〈𝐹 ∩ 𝐷, 𝑋 ∨ 𝑌〉 = 〈𝐹 ∩ 𝐷, 𝐹 ∩ (𝑋 ∨ 𝑌)〉 =
𝐹 ∩ 〈𝐷, 𝑋 ∨ 𝑌〉 = 𝐹 ∩ 〈𝐷, 𝑋〉 ∨ 〈𝐷, 𝑌〉 

= (𝐹 ∩ 〈𝐷, 𝑋〉) ∨ (𝐹 ∩ 〈𝐷, 𝑌〉) = 〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑋〉 ∨
〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑌〉 

= 〈𝐹 ∩ 𝐷, 𝑋〉 ∨ 〈𝐹 ∩ 𝐷, 𝑌〉 

〈𝐹 ∩ 𝐷, 𝑋 ∧ 𝑌〉 = 〈𝐹 ∩ 𝐷, 𝐹 ∩ (𝑋 ∧ 𝑌)〉 = 𝐹 ∩
〈𝐷, 𝑋 ∧ 𝑌〉 = 𝐹 ∩ 〈𝐷, 𝑋〉 ∧ 〈𝐷, 𝑌〉 

                                      = (𝐹 ∩ 〈𝐷, 𝑋〉) ∧ (𝐹 ∩ 〈𝐷, 𝑌〉) 
= 〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑋〉 ∧ 〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑌〉  

= 〈𝐹 ∩ 𝐷, 𝑋〉 ∧ 〈𝐹 ∩ 𝐷, 𝑌〉 

〈𝐹 ∩ 𝐷, 𝑋 + 𝑌〉 = 〈𝐹 ∩ 𝐷, 𝐹 ∩ (𝑋 + 𝑌)〉
= 𝐹 ∩ 〈𝐷, 𝑋 + 𝑌〉 

                          = 𝐹 ∩ 〈𝐷, 𝑋〉 + 〈𝐷, 𝑌〉 = (𝐹 ∩
〈𝐷, 𝑋〉) + (𝐹 ∩ 〈𝐷, 𝑌〉) 

= 〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑋〉 + 〈𝐹 ∩ 𝐷, 𝐹 ∩ 𝑌〉 

= 〈𝐹 ∩ 𝐷, 𝑋〉 + 〈𝐹 ∩ 𝐷, 𝑌〉 

Hence 𝐹 ∩ 𝐷 is a distributive convex 𝑙-subnear 
ring of 𝑁. 
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(ii) Let 𝑓: 𝐹 →
⟨𝐹,𝐷⟩

𝐷
 be defined by 𝑓(𝑥) = [𝑥]𝜃𝐷

 

for every 𝑥 in 𝐹. Then we claim that 𝑓 is well-
defined onto homomorphism with Ker 𝑓 = 𝐹 ∩
𝐷 

𝑓 is well-defined: Let 𝑥 = 𝑦 where 𝑥, 𝑦 ∈ 𝐹.⇒
[𝑥]𝜃𝐷

= [𝑦]𝜃𝐷
 

⇒ 𝑓(𝑥) = 𝑓(𝑦).Therefore, 𝑓 is well defined 

𝑓 is a homomorphism: 

Let 𝑥, 𝑦 ∈ 𝐹 be arbitrary.Then 𝑓(𝑥 + 𝑦) = [𝑥 +
𝑦]𝜃𝐷

= [𝑥]𝜃𝐷
+ [𝑦]𝜃𝐷

 

= 𝑓(𝑥) + 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝐹. 𝑓(𝑥 ∨ 𝑦) = [𝑥 ∨
𝑦]𝜃𝐷

= [𝑥]𝜃𝐷
∨ [𝑦]𝜃𝐷

 

= 𝑓(𝑥) ∨ 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝐹 

𝑓(𝑥 ∧ 𝑦) = [𝑥 ∧ 𝑦]𝜃𝐷
= [𝑥]𝜃𝐷

∧ [𝑦]𝜃𝐷

= 𝑓(𝑥) ∧ 𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝐹 

𝑓 is onto: Take any [𝑥]𝜃𝐷
 in 

⟨𝐹,𝐷⟩

𝐷
. ⇒ 𝑥 ∈ 𝐹 

⇒ 𝑓(𝑥) = [𝑥]𝜃𝐷
.Since 𝐹 ∩ 𝐷 ≠ 𝜑 and 𝐹 ∩ 𝐷 is a 

distributive convex 𝑙-subnear ring. 

⇒ Kerf = 𝐹 ∩ 𝐷.Hence 𝑓 is an onto 
homomorphism with Ker 𝑓 = 𝐹 ∩ 𝐷. 

⇒
⟨𝐹,𝐷⟩

𝐷
≅

𝐹

𝐹∩𝐷
, by the fundamental theorem of 

homomorphism. 
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