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Abstract

In this paper, a generalization of distributive [ -filter for convex [ -subnear ring called distributive
convex [-subnear ring is introduced. Many important properties of distributive [ -filter which are valid
for distributive convex [ -subnear ring, Its relation with congruence class is also established. Also prove
that first and second isomorphism theorems based on distributive convex [-subnear ring and [-filter of

[-near ring.
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1. INTRODUCTION

The theory of distributive lattices, being the
major part in the present lattice theory, many
mathematicians has introduced various types of
elements  satisfying certain  distributive
equations. Ore, 0., in [11] has introduced and
developed the concept of distributive elements
in lattices, Gratzer, G., and Schmidt, E.T., in [10]
have introduced and characterized standard
elements in lattices and Birkhoff. G., in [3] has
introduced neutral elements in lattices. Later,
Birkhoff, G., Gratzer,G., Schmidt. E.T, Hashimoto,
], Kinugawa, S., and Igbalunnisa have developed
many equivalent conditions for an element of a
lattice to be neutral. The concept of distributive
ideal, standard ideal and neutral ideal are called
distributive element, standard element and
neutral element respectively in the ideal lattice
I(L) of a lattice L have been introduced and
studied by Hashimoto, J., Gratzer, G. Schmidt,
E.T., Gratzer,G. in[9]has posed the problem
"Generalize the concept of distributive, Standard
and Neutral ideals to convexsublattices". Fried,
E., Schmidt, E.T., in [8] have solved the problem

for standard ideals to convex sublattices,
Natarajan, R., in [12] has solved the problem for
distributive ideals to convex sublattices and
Chellappa, B., in [4] has solved the problem for
neutral ideals to convex sublattices. The concept
of distributive filter, standard filter and neutral
filter are called distributive element, standard
element and neutral element respectively in the
filter lattice (L) of a lattice L have been
introduced and studied by Dharmalingam, P.,
and Natarajan, R, in [6], [5] and [7]. In the above
situation, Gratzer's problem becomes
"Generalize the concept of Distributive, Standard
and Neutral filters to convex sublattices" which
was solved by Dharmalingam, P.,. The concept of
Standard [-filter in [l-near ring have been
introduced and studied by Ayyappan, M. in
[2].The following theorems will be used in the
sequel.

Definition 1.1. [10] A non-empty set B is called
Browerian algebra if and only if

(i)(B, <) is alattice

(ii) B has a least element
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(iii) To each a, b in B, there exist a least element
x =a—binBsuchthatbVvx > a.

Theorem 1.2. [2] Let F be [-filter of a l-near
ring N. Then the following conditions are
equivalent. (i) F is Standard (ii) The binary
relation 6 on F(N) defined by " X = Y (6y) iff
(XAY)VE,=XVY, for some F; <F " is a
congruence relation

(iii) F is distributive and for all X,Y € F(N). F A
X=FAY,FVX=FVvY=X=Y

Theorem 1.3. [1] Let F be [-filter of a [-near
ring N. Then the following conditions are
equivalent. (i) F is neutral (ii) F is distributive, F
is dually distributive and for all X,Y € F(N).F A
X=FAYandFVX=FVvY=>X=Y

2. MAIN THEOREMS
Definition 2.1.

Let F be a non empty subset of a [-near ring N.
Then F is called convex [-subnear ring if

(i) F is subnear ring (ii) F is a sublattice (iii)
abeEF,x€ENanda<x<b=>x€EF

A convex l-sub near ring F is called distributive
if(F,XAY)=(F,X)N(F,Y)
(F,XVY)=(F,X)V(F,Y) (F,X+Y)=(F,X)+
(F,Y) hold for any pair of convex [-subnear ring
X,Y of N whenever neither F N X nor FNY are
empty.

Theorem 2.2.

For each f in a Browerian Algebra A,{f} is a
distributive convex [-sub near ring of A.

Proof: Take F = {f}. Then F is a convex -
subnear ring of A.

FNnX#@p=f€eX,FNnY +#¢ = f €Y. Therefore, (F,X) =X and
(F,Y) =Y.

NowfEX,fEY>fEXVY fEXAY,fEX+Y
Therefore, (F,XVY) = XVY(F,XAY)=XAY(F,X+YV)=X+Y
So, (F,X VY) = (F,X)V(F,Y) (F,X AY) = (F,X) A(F,Y)

(F,X+Y)=(F,X)+(F,Y) whenever FNX # ¢ and FNY # ¢.
Hence F = {f} is a distributive convex [-sub near ring of A.

Theorem 2.3

A l-filter F of a l-near ring N is distributive iff it is a distributive
convex [-subnear ring of N.

Corollary 2.4

If a I-filter F of a [-near ring N is standard, then it is a distributive
convex [-subnear ring of N.

Proof: F is a standard I-filter.

= F is a distributive [-filter, by characterization theorem for
standard [-filter.

= F is a distributive convex [ — subnear ring of N, by Theorem 2.3.

Corollary 2.5. If a [-filter F of a [-near ring N is neutral, then it is a
distributive convex [-subnear ring of N.

Proof: F isa neutral [-filter.

= F is a distributive [-filter, by characterization theorem for
neutral [-filter.

= F is a distributive convex | — subnear ring of N, by Theorem 2.3.
Theorem 2.6

A dual [-filter F of a l-near ring N is distributive iff it is a
distributive convex [-subnear ring of N.

Proof: Follows dually.
Theorem 2.7

Let F be a convex [-subnear ring of a [-near ring N. If x,y in N such
that xVt =yVt,x As =y As for some s,t in F, then (F,{x}) =
(F,{y}).

Proof:

Given F is a convex [-subnear ring of Nand x Vt =y Vt,xAs =
y As for some s,t in F and x,y in N. To prove that (F,{x}) =
(F,{y}

Let p in (F,{x}) > sAx <p <tVx for some s,tin F = xAs<
p<xVt

SYASSp<yVt

SsAy<p<tVy=pE€(F,{y})

= (F,{x}) < (F,{y}) Similarly, we prove (F,{y}) < (F, {x})
Thus (F,{x}) = (F,{y}).

Theorem 2.8

Let N be a [-near ring and F, a distributive convex [-subnear ring of
N. If F satisfies property (P) where (P) is (F,XVY)=(F,X)V
(F.Y), (F,XAY)=(F,X)A(F,Y) (F,X+Y)=(F,X)+(F,Y) for
all single element convex [-subnear ring X,Y of N, then the binary
relation 0 on L  defined by x=y(6y) @ iff
(xAY)As=(xAYy)As,
(xAY)Vt=(xVY)AL
xAy)+u=(xVy)+u
congruence relation.

for suitable s,t,u in F is a

Proof: Assume that F is a distributive convex [-subnear ring of N.

To prove that 8 is a congruence relation. It is enough to verify the
following:

(1) x = x(6F)

(i) x = y(6p) = y = x(6p)

(iii) x = y(Op) iff x Ay = (x VY) ()

(iv)x <y <zx=y(0r)andy = z(0p) > x = z(6)

WMx<yandx =y(@p) =2 xAz=yAz(0)
xVz=yVz(0p)
x+z=1y+z(0g), forevery zin N.

(i) Let x € N be arbitrary

Then AX)As=(xVx)As
(xAX)ANt=(xVx)VL
(xAx)+u=(xVx)+u wheres,t,u € F
= x = x(6)

Thus x = x(6;), forall x € N.
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(ii) Let x, y € N be arbitrary. Suppose x = y(6)

Then (x Ay)As=(xVYy)As
(xAy)Vt=(xVy)Vt
(xAy)+u=(xVy)+u wheres,t,u €F
S WAX)AS=(YVX)AS
AX)VE=(yVx)Vt
yAx)+u=(yVx)+u wheres,t,u€F

=y =x(6F)
Thus x = y(0z),y = x(6) forall x,y € N.
(iii) Let x,y € N be arbitrary.
Then x = y(6y)
S (xXAYy)Vs=((xVy)As
(xAy)Vt=(xVy)Vt
(xAy)+u=(xVy)+u wheres,t,u€eF
S [xAAEVYAs=[(xAY)V(xVY)]As
[xAAEVYIVE=[XAY)V(XVY]VE
[(xAYV(ExVY)]+u=[xAy)VEVY]+u

S xANy=(xVy)(0r), Thusx =y(0;) @ xAy = (xVy)(0g) for
allx,y € N.

(iv) Let x, ¥,z € N be arbitrary. Suppose x <y < z,x = y(6) and
y = z(6F)
2x<y<z,(xAY)As=(xVY)As
(xAy)vt=(xVy)Vt
(xAy)+u=(xVy)+u wheres,t,u € F
and WAZ)As=(yVZ)As
AzZ)VEt=(yVzZ)AtL
yAz)+u=(yVz)+u wheres,t,u€F
SXAS; =YAS
XVt =yVt,
x +u; =y +u, forsome sy, ty,u; € Fwiths; <t <uy
andyAs, =zAs,
yVt,=zVt,
y +u, =z + u, forsome s,,t,,u, € Fwiths, <t, <u:

SXANSAS; =YAS;AS, =ZAS;AS,
XVEVE, =yVH Vi, =2Vt Vi,
xtutu,=y+uytu,=z+u +u,

SXNS3 =2ZAS3
XVt;=2zVit,

X +uz =z+us,
where s; As; = 83,6, Vi, =t3,u; +u, =uz €F

= x = z(6p)

Thusifx <y < z,x =y(0) and y = z(0p), then x = z(05), for all
x,y,Zin N,

(v) Let x, y in N be arbitrary. Suppose x < y and x = y(6)

Sx<Ly,(xAY)Vs=(xVY)As(xAy)Vt=(xVy)Vt

(xAy)+u=(xVy)+u wheres,t,u € F
SXAS=YAS
xVt=yVt,x+u=y+u,forsomes,t,u € Fwiths<t<u
LetX={},Y={y},Z={z} x<y=2>xAz<yAz
(xAzZ)VtE(F,XNZ)=(F,X)N(F,Z)
=(F,Y)A(F,Z)
=(F,YNAZ).

Therefore (x Az) Vt < (y Az) Vit ,Similarly,(yAz)Vit; < (x A
zZ)Vt,

=2 (X AZ)Vt;=(yAz) Vi, wheret; =tV Ve,

(xAz)As =xA(zVs)
xAN(SAz)
(xAs)Az

=(WAS)Nz

=yA(SAZ)

=yA(zAS)

= AZ)As 3405

xAZ)+u =Ex+u)A(z+u)

=@+uA(z+u)

=WAz)+u
=> [ (xAy) A@ADAs=[(xAz)Vv(yV2Z)]As
[(FADAGADIVE = [(xADV G AD]V L
[xA2D)AYAZD]+u=[(xA2)V (yAz)]+uwiths, t;u € F
S>xAz=(yAz)(6F)

Thusx Az = (y Az)(05), forevery z € N,

Now, (x Vz)Vt=xV (zVt)
=xV(tVz)
xvt)vz
yvt)yvz
=yVv(tvz)
=yv@Vvt)=(@Vvz)Vt
(xVz)As€E(F,XVZ)
=(F,X)V(F,Z)
=(F,Y)V(F,Z)
=(F,YVZ)

Therefore (x Vz) As < (yVz) Asy ,Similarly, y Vz)As, < (xV
Z) NS,
(xVz)As3; =(yVz)As;, wheres; =sSAs; AS,
xvz)+u=x+uw)Vviz+u)
=@+uwVvEz+u)
=(yVvz)+u
S [xVZ)AYV2IAsS; =[(xVZ)V(YVZ)As;3
[xvz)A(yV2)]Vvt=[(xVz)V(yVz)]Vt
[(xv2)A(yVv2)]+u=[(xV2z)V(yVz)]+uwiths; t,u€F.
=>xVz=(yVvz)(@p)foreveryz € L,Also (x +z)Vt € (F, X + Z)

= (F,X) +(F,Z)
= (F,Y)+(F,2)
=(F,Y+2Z)

2> x+z)vt < (y+2z)Vvi,Similarly, y +2) vVt < (x+2) Vi,
2> (x+2z)Vt; < (y+z)Vitswheret; =tV Ve,

x+z2)+u =x+(z+uw)
=x+u+2z)
=(x+u)+z
=(+u+z
=y+@u+z)
=y+(z+u)
=tz +u
(x+2z)ANs€E(F,X+Z)= (F,X)+(F,Z)
=(F,Y)+(F,Z)
=(F,Y+Z)
Therefore, (x +zZ)As < (y+2z)As;
Similarly, (y + 2) As; S (x +2) As,
= (x+2z)As; =(y+2z)As;wheres; =sSAs; AS,
[(x+2)AY+2D]As3 = [(x+2)V(y+2)]As;
[(x+2D)AY+D]VE3=[(x+2) V(I +2)]Vi;
[(x+2)A@+2)]+u=[(x+2)V(y+2z)]+uwiths;, t3; u € F

>x+z=(y+2)(6F)

Hence O is a congruence relation on N.
Conversely, proved
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Theorem 2.9

If F is a convex [-subnear ring of N such that the
relation Oy defined in the Theorem 2.8 is a
congruence relation, then F is a distributive
convex l-sub near ring of N

Proof: Given F is a convex [-subnear ring of N
such that 8y is a congruence relation defined in
Theorem 2.8.To prove that F is distributive
convex l-subnear ring of N.

It is sufficient to
(D (F,XVY) =(F,X)V(FY)
(2)(F,XAY) = (F,X) A(F,Y)
(3)(F,X+Y)=(FX)+(FY)
whenever FN X #= @and FNY # o.
Corollary 2.10

If F is a distributive convex l-subnear ring of N,
then F is a congruence class by the congruence
relation O provided F satisfy (P).

verify that

Proof:

Given F is a distributive convex [-subnear ring
of N.Then Oy is a congruence relation on N.To
Prove ,F is a congruence class by the congruence
relation 6y, let x =y(6r) and x <y where
x,y € N. It is sufficient to prove that if one of
these elements belongs to F, then both are in F.

Case(i) Assume that y € F,By definition of
O, x N\S=YyAsS

xVt=yVt,x+u=y+u, for some s, t,u €F,
withs <t < u.

Then x =xA(xVt) =xA(yVt) =[xV(xA
NV

=xvOAIAG VD

> [xVAS)|Ay
=ZXANy=x
= =[xV@AS)|Ay
Now yAs<xV(YAs)<yV@As)withy,yAs€EF
= xV((yAS)EF
= [xV(@AS)]AYEF
= Xx€F

Case (ii) Assume thatx € F
Theny =yV (yAs)

=yV(xASs)
=[yAlyVvOIV(xAs)
=[yAXA)]V(XAS)
<[yA(xvt)]vx
SYyAx=Yy
2>y=[yA(xVt)]Vx
>yA(xVt)EF
> [yA(xVt)]VXEF
>y€eF

Corollary 2.11

If F; and F, are distributive convex! -subnear
rings of N, satisfying the property (P), then F; N
F, is either a distributive convex [-subnear ring
or it is empty.

Theorem 2.12 Let g:x->x' is a
homomorphism of [-near rings N onto N’ and let
F be a distributive convex [-subnear ring of N.
Then the homomorphic image F' of F is a
distributive convex [-subnear ring of N. Now we
derive First isomorphism theorem and Second
isomorphism theorem.

Theorem 2.13 FIRST ISOMORPHISM

THEOREM

Let N be a l-near ring, D, a distributive convex [-
subnear ring and F, a [-filter of N such that D <
F.Then F is a distributive convex [-subnear ring

in N if and only if g is a distributive convex [-

. . N . .
subnear ring in — and in this case the

D
isomorphism % = % hold.

D
Proof: Given N is a l-near ring, D, a distributive
convex [-subnear ring and F, a [-filter of N such
that D < F. Suppose F is a distributive convex [-

subnear ring of N. Then by Theorem 2.12, g isa

. N
[-subnear ring of >

F . s
Conversely, assume that 5 Is a distributive

distributive convex

convex l-subnear ring of N.To prove that F is a
distributive convex [-subnear ring of N.It is
sufficient to prove that x = y(0g),x <y =>x A
z=yAz(0p) for all z Let x,y,Z be the
homomorphic image of x, y, z respectively under

the homomorphism of N to %.

xEy(BF),xSyﬁny(H ),JESY

_’)7/\2_(95),
D

Lil
D

Ny

ANZZ YA

&

SXNZ

<A
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S EANZD)AS=([FAZ)AS
xEAD)VE=FAD)VLE

(EAZ)+1 = (FAZ)+1 where §,E,7 €~
S (xAZ)As=YAZ)As
(xAz)Vt=(yAz)Vt
(xANz)+u=((yAz)+uwheres,t,u € F
S xNz=yAz(>0F)

Therefore F is a distributive convex [-subnear
. . N N
ring in N.Next to prove - =5
D

N

Define f:N —» & by f(x) = [%]g, for all x in
) D

N.We claim that f is well-defined onto

homomorphism with Kerf =F.f is well-

defined:

Suppose x = y where x,yin F ¢ N

_ _. F _ —
=X =yin>= [X]lg; = [V]or
D D

= f(x) = f(y) Therefore, f is well defined.
f is a homomorphism:

Let x,y in N be arbitrary. Then f(x +y) = [x +
y]@p‘

D
=[x+ y]r
D

= [E]QE + [}7]95

=f(x)+ f(y)forallx,y e N
f@vy) = EVile,

=[xV Ylop
= [f]gi v [)7]95

=f(x)V f(y)forallx,y e N
fxAy)=[xAylop
=[x AYlop

= [X]g; A [V]ep

= f(x) /\f(y)L;or allx,y eN

. . . N __ __N
f is onto: Take any [¥]g, in 7, > X € ,=>x €

N FOO) = [He,

D

Hence f is an onto homomorphism with Ker f =
F

ﬁgz% by fundamental theorem of
D

homomorphism.

Theorem 2.14: SECOND ISOMORPHISM

THEOREM

Let N be a l-near ring, D, a distributive convex [-
subnear ring and F, a [-filter of N such that F n

D # ¢@. Then FND is a distributive convex [-

. F,D F
subnear ring of F and ED) o~ F
D FND

Proof: Given D is a distributive convex [-
subnear ring and F an arbitrary

[-filter of N such that F N D # ¢.To prove

(i) F n D is a distributive convex [-subnear ring
of F.

. (FD) _ F
(i) —~—=—
D FND

(i) Clearly F n D is a convex l-subnear ring of N.
It is enough to prove F N D is distributive.

Let X,Y be two convex [-subnear ring of F.=
X,Y are two convex [-subnear ring of N.

Now DNF)NX=DnNn((FNnX) =DnNX, since
X CF+¢

DNnEF)NY=DnNn(FNY)
=DNY,sincey S F #¢

Then (FND,XVY)=(FND,FN(XVY)) =
FN(D,XVY)=Fn(D,X)V(D,Y)

= (Fn(D,X)V(FN(D,Y)) =(FND,FNX)V
(FAD,FNY)

=(FND,X)V(FND,Y)

(FAD,XAY)=(FND,FN(XAY))=Fn
(D,XAYYy=Fn(D,X)A(D,Y)

= (FN(D, X)) A(FNn(D,Y))
=(FND,FNX)A(FND,FNY)

=(FND,X)A(FND,Y)

(FAD,X+Y)=(FND,Fn(X+Y))
=Fn(D,X+7Y)

=Fn(D,X)+(D,Y)
(D, X)) + (Fn(D,Y))

=(FND,FNX)+(FND,FNY)
=(FND,X)+(FND,Y)

Hence F N D is a distributive convex [-subnear
ring of N.

= (Fn

eISSN 1303-5150

@

www.neuroguantology.com

3407



Neuro Quantology | September 2022 | Volume 20 | Issue 9 | Page 3403-3408 | doi: 10.14704/nq.2022.20.9.NQ44390
Dr.M.Ayyappan,Dr.S.Anukumar Kathirvel,Dr.M.Venkatachalapathy, T.Pitchaimani/ DISTRIBUTIVE [-FILTERS TO CONVEX [-SUBNEAR RING

(i) Let f:F -2 be defined by f(x) = [x]g,

for every x in F. Then we claim that f is well-
defined onto homomorphism with Ker f = F n
D

f is well-defined: Let x =y where x,y € F.=
[x]e, = [¥]6p

= f(x) = f(y).Therefore, f is well defined

f is a homomorphism:

Let x,y € F be arbitrary.Then f(x +y) =[x+
Yle, = [xle, + [V]e,

=f(xX)+f() forallx,y eF.f(xVy)=[xV
Yle, = [Xle, V [V]e,

=f(x)Vf(y) foralx,y€F

fxAy) =[x Ayle, = [x]o, AY]e,
=f(x)Af(y)forallx,y €F

f is onto: Take any [x]g, in (F;fm. >x€F
= f(x) = [x]g,-Since FND # ¢ and FND is a

distributive convex [-subnear ring.

> Kerf=FNDHence f is an
homomorphism with Ker f = F n D.

ED) ~ L, by the fundamental theorem of
D FND

homomorphism.

onto
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