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ABSTRACT: 

One of the most basic and probably one of the simplest dimensionality reduction techniques called 
Principal component analysis. Dimensionality reduction basically, what it does is, if your data points lie 
in d dimensional space and if you want to transform your data points Xi’s , Xi  belongs to Rd . We have to 
reduce d dimensions to d’ dimensions such that d’<d, which is called as dimensionality reduction. For 
MNIST dataset, we have 784 dimensions; if we convert this data in to two dimensions then visualization 
is very easy. We will apply linear algebraic transformations to convert data from higher dimensions to 
lower dimension and which is much easier to interpret and understand. We collected MNIST dataset from 
Kaggle and Kaggle is the phenomenal repository of great datasets.   
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I. INTRODUCTION 

 If you have higher dimensional data which you 
want to visualize, our pair plots, scatter plots and 
all of them don’t work. We can always covert data 
into two or three dimensions and then visualize 
[1, 2]. This is certainly one of the most important 
applications. Principal component analysis is one 
of the simplest, very fundamental techniques 
which are extensively used in Data Science. This 
is one of the actual Data Science techniques which 
are often used for visualization. So we will see the 
geometric and mathematical interpretation of 
Principal component analysis. We can find 
applications of Principal component analysis in 

implementing many machine learning algorithms 
[3], noise filtering, feature engineering and also 
for feature extraction. It can be considered as 
non-parametric and un supervised statistical 
technique [4]. 

II.GEOMETRIC INTERPRETATION OF EIGEN 
VALUES AND EIGEN VECTORS 

It is easy to visualize data in two dimensions and 
three dimensions by using scatter plots and four 
dimensions, five dimensions, and six dimensions 
by using pairwise plots but in real-time situations 
[5], we mostly have data set more than ten 
dimensions. The solution to visualize higher 
dimensions can be achieved with dimensionality 
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reduction. Let’s take a simple dataset of two 
dimensions to understand the geometrical 
interpretation of Principal component analysis. 
Let me consider a data set with two dimensions 
for easy interpretation. The results of reducing 
from higher dimensions to lower dimensions 
work accurately for original dimensions also. 
Let’s assume I have collected some data and each 
cross here represents data point Xi and assume 
we have dataset of students with two features as 
height and age of the students and assume each 
feature represents one feature. Here two features 
corresponding to two dimensions of dataset.  
Let’s see the dataset below in the form of data 
matrix as well as two dimensional graphs[6,7]. 

  

                      Fig.1. Data Matrix 

 

           Fig.2. Two dimensional graph 

In Figure1, feature1 indicates age of students and 
feature2 indicates height of the students. If we 
compare spread of the age and height in a class 
room we can see that spread of height is more 
compare to spread of age and which can be seen 
in Figure2. From Figure2, it is easily interpretable 
that spread or information or variance on X axis is 
less than Y axis which means feature1 has less 
information compare to feature2. There may be 
situations where we have to represent this data 
set in one dimension, in such a case we can retain 
feature2 which holds maximum variance or 
spread or information. Suppose I want to convert 
into one dimensional, we would basically take 
feature f2  that means our dataset have feature1 
and feature2 and we have to create new dataset  
X’  which has to be one dimensional[8,9]. 

 

Figure 3. Reducing 2D dataset to 1D-dataset  

We would argue that, we just pick feature f2 and 
just skip whole feature f1 as the spread on 
feature1 is low which means variability.Figure3 
indicates that there is much more wide spread on 
Y axis ( feature2) than on the X axis( feature1). We 
can see that nx2 matrix is converted into nx1. So 
what we are doing here, we are preserving the 
direction with maximal spread or mathematically 
variance. Now, we will try to understand slightly 
more complex example. Let’s assume, I have two 
dimensional data. Assume that my dataset has 
been column standardized. Here X is a two 
dimensional data in column standardized format. 
Standardized means, 
mean{feature1}=mean{feature2}= zero. 

Similarly the variance on feature1 equals to 
variance on feature2 which is equal to 1. Let’s 
assume that my dataset looks like this and each 
circle represents our data point and feature1 is 
represented on X-axis and feature 2 is 
represented on Y-axis[10,11].  

 

  

                     Fig.4. Two dimensional data  

It is a two dimensional dataset and we want to 
transform it into one dimensional. The case which 
we saw in Fig.2 is very simple because the spread 
on feature1 and feature2 is very less[12,13]. Now, 
let’s go to slightly tricky case. If you take the data 
points, what is the spread on feature1, spread on 
feature1 and feature 2 is fairly wide. Now you 
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cannot drop either f1 or f2, because there is 
enough spread on feature1 and feature2. Let’s 
assume Principal component 1 as f1 and let’s take 
one direction which is perpendicular to this and 
lets call this as f2. Instead of dropping feature1 or 
feature2, our f1 and f2 are perpendicular; our 
spread on f2 is very less compare to spread on f1. 
We have to project all my points xi’s onto f1 on 
which variance is very high then I can successfully 
convert my two dimensional data into one 
dimensional data [15, 16]. 

 

III. MATHEMATICAL OBJECTIVE FUNCTION OF 
PCA 

For simplicity, let me call F1’ =u1, we know that 
we represent directions using unit vector. We 
can make u1 as unit vector. 

||𝑢1|| = 1    ---------------(1) 

Length of the unit vector is 1. 

Here u1 is direction on which we project each of 
our data point. Let’s assume, we have a point  

𝑥𝑖
′ = proj𝑢1

𝑥𝑖   -----------(2) 

and   
𝐷 = {𝑥𝑖}𝑖=1

𝑛  ---------------(3) 

after projection  
𝐷′ = {𝑥𝑖

′}𝑖=1
𝑛  ---------(4) 

Now let’s project xi’ 

𝑥𝑖
′ = proj𝑢1

𝑥𝑖 ----------(5) 

𝑥𝑖
′ =

𝑢1⋅𝑥𝑖

||𝑢1||
-------------(5) 

Now, we know that u1 is a unit vector, which 
means xi is nothing but  

𝑥𝑖
′ = 𝑢1

𝑇𝑥𝑖 ----(6) 

 𝑥𝑖
′ = proj𝑢1

𝑥𝑖
′ =

𝑢1⋅𝑥𝑖

||𝑢1||=1
-----(7) 

 

 

Figure 5: Data in two dimensions with unit 
vectors 

𝑥𝑖
′ = 𝑢1

𝑇𝑥𝑖  ----(8)   

This is how we represent our dot product and 
which can be treated as one of the important 
interpretation of dot product. To find the 
direction, we have to project the data points along 
the direction u1. All the points of xi are projected 
u1. So that after projected transformed points 
becomes xi’ and each of my xi’ is represented in 
equation 8[17]. 

So given any point xi, we can convert in the form 
equation8 using unit vector. 

𝑥 ′̅ = 𝑢1
𝑇𝑥̅   --------------(9)  

 

  

 

Figure 6: Representation of data points after 
applying transformation 

Find u1 such that  
𝑣𝑎𝑟{proj𝑢1

𝑥𝑖}𝑖=1
𝑛  -----(10) 
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We have to find u1 such that the variance or 
spread or information is high. 

𝑣𝑎𝑟{𝑢1
𝑇𝑥𝑖}𝑖=1

𝑛   -----------(11) 

proj𝑢1
𝑥𝑖   ----------------(12) 

Let’s go back and understand write it 
mathematically, what is the formula for variance, 
it is the average  
1

𝑛
∑𝑛
𝑖=1    dispersion of each of the points from the 

mean, that’s what variance is. 

𝑣𝑎𝑟{𝑢1
𝑇𝑥𝑖}𝑖=1

𝑛 =
1

𝑛
∑ (𝑢1

𝑇𝑛
𝑖=1 𝑥𝑖 − 𝑢1

𝑇)2-----------(13)  

This is simple formula for variance and here xi is 
a column vector. Our original dataset is column 
standardized, so what is column standardized 
means, it means my mean vector is  

𝑥̅ = [0,0,… . ,0,0] ---------(14) because for each 
column, if mean vector is at 0, then  equation 9 
becomes zero. Now what is variance? 

𝑣𝑎𝑟{𝑢1
𝑇𝑥𝑖}𝑖=1

𝑛 =
1

𝑛
∑ (𝑢1

𝑇𝑛
𝑖=1 𝑥𝑖 − 𝑢1

𝑇)2  ----------------

-----(15) 

It is average from i=1 to n and now we will write 
actual mathematical objective that we want to 
find, we want to maximize the variance  

𝑚𝑎𝑥𝑢1

1

𝑛
∑ (𝑢1

𝑇𝑛
𝑖=1 𝑥𝑖)

2----(16) 

We want to find u1, our xi’s are part of the data 
matrix and we have to find u1 such that equation 
(16) holds good. This is the problem that we have 
to solve  and there is one constraint here, u1 is a 
unit vector 

 

𝑢1
𝑇𝑢1 = 1 = ||𝑢1||

2
   -----(17) 

Equation 16 represents objective function and 
equation 17 represents constraints. This is an 
optimization problem[18].  

 

IV. MNIST DATASET 

Since this paper is about visualizing high 
dimensional data just like the way IRIS data set 
data for exploratory data analysis. Let’s take 
another dataset, of course IRIS dataset was a four 
dimensional dataset and which is not very 
exciting. Now we want to do data visualization of 
extremely high dimensions and dimensionality 
reduction. So the dataset that we will use is called 
MNIST dataset of characters. It is a large database 

of handwritten digits. So, each of this is basically 
a photograph of handwritten digits and so we 
have characters 0,1,2,…9. Size of each of these 
images is 28x28. 

   

  Figure 7: MNIST DATASET 

28 pixels are horizontally and 28 pixels are 
vertically. This is basically computer vision 
dataset in which we have 60,000 training images 
where we can have some data points for 5 or for 
some data points for 0,4 and 7 etc. We are given 
10,000 test data points. So we have to build a 
model using 60,00 training images and 10,000 
test images. Let’s just use a train dataset 60,000 
points where each Xi is basically an image which 
has 28 pixels horizontally and 28 pixels vertically 
and Yi could belongs to 0,1,2,3,4,5,6,7,8,9. 
Objective is the written character into one of the 
10 numeric characters. We will try to understand 
how to represent an image in the form of 
matrix[19]. 

 

    Figure8. Representation of Digit 1 image 
internally 

If it is fully dark, we will give value 1 and if it 
slightly gray, we will give value between 0 and 
1like 0.1 for light gray, 0.4 for dark gray, 0.7 still 
dark gray. 1 is fully black. If it is white, we can put 
a value of 0. We have an image which is converted 
into numerical matrix and size of matrix is 28x28. 
This matrix is not your data matrix. This is one 
data point, now the question is since we have 
converted an image into a data matrix. How do I 
go to a data vector or data point, this is not data 
matrix and this is just matrix representation of 
your image. Let’s see how we convert this matrix 
of pixels into a vector. Given that we have 28 
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pixels by 28 pixels and we do something called 
flattening. We convert each image into a data 
point by using roe flattening or column flattening 
and resultant column vector will have 784 rows 
and 1 column which mean we get 784x1 
dimensional vector for each data point. Each 
image or each data point is now 784 dimensional 
which means we have feature1, feature2, 
feature3,…, feature 784.Each pixel value can be 
considered as a feature. Each column vector is 
converted into row vector by taking transpose 
and this resultant row vector is the first row of 
data matrix. In this way all the training images are 
represented as rows of data matrix. Our training 
data matrix X is of order 60k by 784 and we have 
784 dimensional data set[20].  

V. LOADING MNIST DATASET 

We collected MNIST dataset from Kaggle and 
Kaggle is the phenomenal repository of great 
datasets. This dataset is called digit recognizer 
dataset on Kaggle and it has two datasets training 
and testing. We can download mnist_train.csv and 
mnist_test.csv from Kaggle website. We have to 
import standard libraries like numpy, pandas and 
matplotlib which are extensively used in Data 
Science. We can read CSV file in pandas and where 
pd is alias of pandas[21].  

 

 

 

We can see the pixels from 0 to 783 and also there 
is a label and total number of columns including 
label is 785, as we are using head command in 
python, it is showing that first five rows.  Dataset 
is like this in which first column is label which 
says what the digit is and all other columns 
represents pixel values. We have pixels from 
index 0 to index 783 and these 784 pixels are 

nothing but our 28x28 pixels. We created a vector 
of size 784 and total 784 pixels with the label. 
There is a value of each of these and we can 
represent this as single vector by going row wise, 
first it stores all of these rows. I have 10 classes 
here 0, 1, 2…9. Every row corresponding to label 
will be stored in a variable called l and we are 
creating a new variable called d, we are saying 
drop label and keep every other column that we 
have. So drop the label column and what we have 
here is your l stores all class labels and d stores all 
data. So corresponding to di , if I take the ith row of 
d, its corresponding label will be in l[i]. We just 
ensured that all my labels are in one variable and 
the data is in another variable. 

 

There are 42,000 data points and each data point 
has 784 dimensions corresponding to the 28x28 
pixels, our l is just the label and label is just one 
column. I just have 42,000 rows of data with only 
one column and this is basically sanity check to 
ensure   that everything is going well. Now I can 
plot a number and see if it makes sense, plot a 
number as its index 100. In d[100], I have 784 
pixel data, in the 100 index of my d. Similarly in 
l[100], I have what is the actual label. We want to 
visualize this data, not visualizing in the high 
dimensional and we just want to visualize 784 
dimensional data into a grid. We want to verify 
that whether the visualization that we noticed is 
same as the label  

 

We are using matplotlib and figure size should be 
7x7  and matplotlib has a function called imshow 
which shows images and we are saying the data 
for this image is the grid data of 28x28 pixels. The  
map is  C which stands for color map and the color 
map is gray because I want to draw a gray scale 
image. 

VI. CODING 

We pick first 15000 images of hand written digits 
to work on for time efficiency and also we 
displayed its shape. 
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Sklearn library is useful for data preprocessing 
which can standardize the data in which each 
attribute standard deviation 1 and mean is zero. 
Here we are importing Standard Scalar from 
sklearns preprocessing library. Fit 
transformation function is used for this purpose 
and also displayed shape of the data which 
remains same. 

 

After standardizing the data, we are storing it in a 
variable sample_data and covariance matrix can 
be calculated by multiplying sample_data.T with 
sample_data and The shape of variance matrix =  
(784, 784). 

 

We can import eigh from scipy.linalg which is 
useful to find eigen values and eigen vectors of 
covariance matrix. Shape of the eigen vector is 
784x2  and updated shape of the eigen vector is 
2x784. 

 

We can project the original data sample on the 
plane with the help of two principal eigen vectors 
by vector multiplication and here we are 
multiplying 2x784  vectors with sample_data.T, so 
that the resultant matrix is of order 2x15000. 

Append the labels to 2D projected data and new 
coordinates are created by vstack. Created a  new 
dataframe for plotting the labeled points with the 
help of pandas of python.   

 

Here sn is alias of seaborn and plt alias of 
matplotlib.pyplot. FacetGrid is used to display the 
data for which we gave label is the value of hue 
parameter. In scatter plot, first principal 
component is on X axis and second principal 
component is on Yaxis and also we used legend. 

 

 

This is the visualization of  

 

 

VII. VISUALIZATION 

We struggled even to visualize four dimensional 
dataset When we have four or five or six 
dimensional dataset, we can use things like pair 
plot but as soon as this dimensionality increases, 
even when it becomes 10 dimensional pair plots 
become almost useless. Now here is the most 
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interesting thing. How do we now visualize a 784 
dimensional dataset. 

 

Figure 9  Visualizing 784 dimensional data 

In figur10, each dot represents a data point. Each 
dot represents a 784 dimensional data point; of 
course we cannot visualize 784 dimensions and 
we are projecting it into two dimensions, X axis is 
dimension1 and Y axis dimension2. So what we 
have done we have taken a data with 784 
dimensions and converted this into two 
dimensions.  

From Fig.11, we can see that all the red points are 
zeros, all blue points are sixes, and dark green is 3 
and browns are 1. This is the dimensionality 
reduction where I am taking a data which is 
extremely high dimensional and we are 
converting into a very low dimensional space and 
when I visualize this data and when we color 
these points based on Yi, its looks very logical all 
our four are in one region, all zeros are in another 
region, all twos are in some other region. So this 
gives me lot of intuition on how the data in the 
784 dimensional space  

 

Figure10. Color code of digits with legend 

 

            

          Figure11. Color code of digits without 
legend 

VIII. CONCLUSION 
 
Linear Algebra is very fundamental area in 
mathematics but with respect to Data Science, we 
used to solve specific types of problems. Since we 
have understood eigen values and eigen vectors 
for Data Science applications and also seen how 
how eigen values and eigen vectors perform in 
understanding MNIST dataset  but in visualizing 
this dataset there is no clean separation between  
digit 6 and digit 0 which can be addressed by t-
SNE. Also if both top eigen values are equal, it is 
difficult reduce the dimension. Our Eigen values 
and Eigen vectors may not play crucial role when 
we apply clustered datasets. 
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