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Abstract

Various concepts of fuzzy graph theory will find applications in many different fields such as image capturing, image
segmentation, networking, data mining, planning (landscape connectivity, air lines connectivity etc.), scheduling,
clustering, artificial intelligence, decision making, multi agent system and auto meta theory. In this article, we
introduced the notion of order, size, free and busy vertices, etc. of m-bipolar fuzzy graphs (m-BPFGs) and showed
that isomorphic m-BPFGs have same degree, size and order. In addition we studied various properties of busy
vertices in isomorphism and weak isomorphism (w-isomorphism) of m-BPFGs. Comparative studies of operations

and complements on m-BPFGs has been carried out with suitable examples.
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Introduction

FSs have been used in different domains in order to
resolve issues associated with doubt and
uncertainty in day to day applications of living
conditions as shown by Zadeh [16] in 1965. The
constraints in earlier model can be overcomes with
the introduction of BFS idea in 1994 by Zhang [17].
Some concepts were later revamped by Chen et al.
[4] into m-PF set theory.

It is well known that, a “graph” is a collection of
points (known as vertices) and the lines between
those points (known as edges) which can be used to
characterize a physical situation comprising
discrete objects with a relationship. In a view of its
simplicity, the graph theory has various
applications  like analysing data, image
segmentation, networking, clustering, planning,
communication etc. But, in some cases, these
graphs are unable to accurately represent several
practical phenomena due to the ambiguity of
different attributes and vagueness of the systems.
This has led to define the FGs to over-come
efficiently most of the real-world problems. In
“FGs”, assigned values of vertices and edges
removes uncertainty in the physical problems.
Rosenfeld [13] paved the path for the idea of fuzzy
vertex, edges, path, subgraph and also complement

of a FG. The works of Akram [1, 2] played a

essential role in studying various major properties
of BFGs, interval-valued FGs. Samanta and Pal [15]
extended this FG theory technique to fuzzy planar
graphs in order to other complex problems related
to image segmentation using kernel contraction
method. Ghorai and Pal [5-9] introduced the
technique of generalized m-PFGs, planar graphs.
Talebi et al. [14] initiated edge regularity in m-
polar interval-intuitionistic FGs. Further, Bera and
Pal [3] studied about the statistical expressions like
irregularity, regularity and density on these graphs.
Mahapatra et al. [10, 11] investigated m-PF
threshold graphs as well as their application on
RPCS- resource power controlling system and
interval-valued m-PF planar graphs. Ramakrishna
et al.[12] gave the mark on the concept of m-BPFG,
edge regularity on m-BPFGs with suitable
examples. m-BPFGs and related definitions can
refer in [12].

Preliminaries

The dimension of a graph is represented by its
order and size. Generally, different operations are
defined for different FGs. The order and size of a m-
BPFG are defined below.
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Def 3.1. The order of the m-BPFG G= (V’ Q. R) is defined as

l+iP,, 0‘17;(61)—31"?&(‘1)

p=0(6)-3 T

qeV

1+ R oW (gr)-F o Wi (qr)

el-s(0)- T

qreE

The size of is defined as

Theorem 3.1. Two IMPC m-BPFGs ¥ = (V:Q> 1) gng G2 =(72:00sRo) (¢ GY g
and size.

Proof. Let P be an IMPS from G onto G, .

Then Bf 'LP; (q) :% .\PZ?Z ((D(q)), B’ .\Pél (Q):B, .\PéZ ((D(q)) forall 1€

B, o, (ar)=B,*¥}, (®(q)®(r)). B, o ¥y (ar) =B, « ¥y, ((q)0(r)),

1+ B oW, (¢)-B oW, (q)

6)-l-3

q¢<V

—

IR ACIO R ATACIH)

O(q)el, 2

s(@)-l5l= ¥ 1

Def 3.2. The busy value (BVL) of a vertex q< Vof an m-BPFG G is defined as

D(‘]):<[Ph OE(q),B, .F(q) J:1=1> where
e :Zmax{ﬂ'\{z(q)’[)h.%(%)};
G)=2.0(4,) 4, V"

Def 3.3. A vertex qEVof G

B eW,(q)> B ed(q)

}z °
is said to be a busy vertex (BV) if

h=1tom

for Or else, it is a free vertex (FV).

G*
2 have same order

n and

fora 7€V A=l tom

Zrmn{ o‘{” )ﬂo@é(qj)},

) are the neighbors of 4 . The BVL of G is defined as
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Rl min{ReWy(a) R e V()] B o, () x| R + ¥ (). B W ).
er o.4.

h=1tom

for 1111 € E, then it is called an effective edge of G-

Def3.5. Let 1€ 4 be a vertex of the m-BPFG G =£V’ Q.R) .

9 is said to be a partial FV if 4 is a FV of G and G .

9 is said to be a fully FV ifit ¢ isa FV of G and q_is a BV of G

9 is said to be a partial BV if 7 is a BV of G and ¢

9 is said to be a fully BV if 4 is a BV of G anditisaFV of G.

Ex 3.1. Consider two BPFG (V o, R) of G where V:{ }’ E:{qr,rs,sq},

Q={<[0.8,—0.3],[0.4,—0.6]> ([0.4,-0.3].[0.6,~0.8]) < 0.1],[0.6,—0.8]>}
and

b

q r s

R{([o.z,o.z],[os,o.s]} | ([0.3,~0.1].[0.5,-0.7]) | <[o.4,0.1],[0.3,0.2]>}
v " = Then Figure 1., we

D(q)=([1.2,-0.4].[0.8,-12]), D(r)=([0.8,~0.4].[1.0,-1.4]), D(s)=([1.2,-0.2],[1.0,~1.4]).

([0.8, —0.3], [0.4, —0.6]) (0.4, —0.3], [0.6, —0.8]

have

1 [0.2, —0.2], [0.3, —0.5])

o8]
N

¢0] ‘10— ‘g0l)

([0.4, —0.1], [0.3, —0.2]

Lo

([0.9, —0.1], [0.6, —0.8])

Figure.1. 2-BPFG G and BV of its vertices

_ _ d =d. (D
Theorem 3.2. Let Pbe an IMPS from G, _(VI’QI’RI) and G, _(VZ’QZ’RZ ) .Then, ¢ (6]) G ( (C[)) for
NESUS

B, e¥; (q) =B, ¥, (©(q)),

Proof. Here Qis an IMPS between Gi and G, , we get

P, o‘{’—’( )=PF, o‘P—éz(CD(q)) corall 9€7 and P, O‘P+ (qr) P O‘IT';Z(Q)(q)CD(I”)),

PY, (qr) P, O‘P—_(CD(q)CD(I”)) U V2 h=ltom.

Reds(g)= L ReYilo)= 3 R (0(q)0(r)) P (0(a).

q#r, 7:(1) r

rek; q) D E.
Therefore, rh ) (7)<,

Similarly, Fedg (6])= Fedg (CD(‘])) for 9 € Vl h=1to m.
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d (¢)=d;, (©(q))

=

Hence, for all

Theorem 3.3. If P is an IMPS between G onto G, and ¢ is aBV of G, , then @ (q) isa BV of G, .

Proof. Here QP is an IMPS between Gi and G, , we get fie¥ (q) .\P ( (q))
B oW,y (a)=Ro¥o (®(a)) gev,  Bo¥,(ar)=F ¥, (©(q)0(r)).
P, O‘P—;l(qr)zf;l O‘I’—}Z(CD(LI)(D(I’)) torall 47€ W h=1to m.

By (a)<Bed;(a) 4 Bo¥g(9)2F d5 (a).,

B oW, ((a))=R #¥, (a) <R od; (a) =P, o, (¥(a))

h=1 to m.

If 4 is BV of G then and

Then, by the above theorem 3.2,
B oW, (0(g)=B * ¥ (9) 28, 0dg () =B, *d;, (©(q)). . h=110 m.

Hence, (D(q> isaBVin G, .

Theorem 3.4. Let the two m-BPFGs Gy and G, be w-isomorphic. If q€h is a BV of Gy , then the image
of 4 under the w- IMPS is also BV in G,.

Proof. Let o - Vzbe a w- IMPS between G, and G, . Then 31 .LPEI (q) :% .\PEZ ((D(q)), 205

B ¥, (q)=F ¥, (©(q)) B oW, (ar)<B oW (@(q)®(r)),

o8]
w

forall 1€ 4 and
PeY¥, (qr)>P ¥, (CD(q)CD(r)) forall 97€ V. h=ltom.

Let 9V be a BV.
then, B *¥a(0)<B2d; (q). BoW, (0)2B 0dy (q) \ h=12,...m

Now, by the above for h=1to m, i .‘Péz (CI)(q)):Ph .\Pé (q)S 5, .dgl (q)
)

=Y BV (@) Y B oW, (®(q)0(r)=B ed;, (®(q)).
ireh 33533()2%2

B oWy, (®(4))=F,od, (@(a))

Similarly,
()
Hence, (Q) isaBVin G, .

4.Complement and IMPS in m-BPFGs
Some properties of w- IMPS, co w- IMPS and IMPS corresponding to complement are discussed in this

section.
Def 4.1. The union Gl UGZ :(leVZ’Q UQ2=Rl URZ)
GZ :(V25Q25R2) Of G*

I and

of 2 m- BPFGS (V 0, R )and

G, respectively and is defined as: for h=1t0m.
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B oY, (q)if gV, -V,
F, .\Pz—Qlqu)(ql’qZ): F, .\P—Q(Q)#quz_Vla

max B, e ¥, (4).5, ¢ ¥, (a)] i g ¥ 0V,

P”.T%é(‘I)Z'ff]eVl_V2
¥ o00)(400:)=1 B o ¥, ()i g€V, N,

min {7, oWy (q). R, oy, (0} g €V Vs

B e, (qr)if qr <E - E,

F, .LP;RIURZ)(qr): ly 'KPT(qr)ifquz_El

max{P O‘I“ (qr).P, Oﬂ(qr)},ifqr cE NE,

P, O‘F(qr)ifqr €E —E,

PhO‘P(_RluRZ)(qr)z P oY, (qr)zfqreE -E,

min{Ph ¥, (qr),Ph ¥, (qr)},ifqr eE NE,

O8]
[ee]
~

P oY/

(RUR,)

(gr)=0, B, .\P(RUR)( r)=0 if greV,xV, —E, UE,.
G1+G2:(V1UV2’Q1+Q2’R1+R2)onmBPFGs =(.0..R )and =(.0,.R )f
h=1tom

Def 4.2. The join
G

5

I and G, respectively and is defined as:

F ¥y, 0)(9)=F,*¥gu0)(4). B ¥g.0)(9)=F * ¥ g0, (9) if €V OV,

B1.T(R,+R2)(qr) =fe \P(RIUR)(CIF) e \P(_lez)(q’”):P T(_RluRz)(‘l”)ifqreEluEz.

B oW (ar)=min{ B, e Wy (9). 1,0 ¥, ()], B oWy (ar)=max |, o, (¢).P, 0¥, (1)

if greE where £ is the set of each and every one of the edges of the combination of the vertices of "

VinV,=¢.

and £ assuming that

Bo¥iiny (¢r)=0., *Viriny (qr):Oif qr €V, xV;} —E, UE, UE .
Def 4.3. The composition Gy [Gz] of 2 m- BPFGs =(n.01.R) and G, =(V2:0::R,) of G and @2

respectively and is defined as a triplet ( V2,020, R ) such that for h=ltom

P'\P( )(‘]1’Q2) mm{Ph.\PQ,(ql) P.\P ((]2)}
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P .lP(Ql Qz)(quqz):max{})h .\Pél (ql)’Ph .\Péz (qz)} for all (ql’CIZ)EVl XVz’

a(
Bf°qJ(RloRz)((‘1’92)(‘1”’2 )—max{P * ¥, (9).5, 0¥, (4 2)}forall qeVi,q,n €k,
B ¥y (4105) (o)) =min | B, o W3 (gin). B, o ¥, (s)]
Bo W oy (00:5) (5o9))=max {0 ¥ (0) B oW ()]s e,
F, "PZRIORZ)((QU%)
((41-4:)

(7)) =min{ B, # W5 (9,),5, 2, (1), B, o ¥, (907}
41:4:) (1)) =max | P, o Wo, (6), 1, 0 Wg, (1), By o W (4],

for all
((9:42)(rn))€E" =B, E=\(4.0)(0.12):q €V 573 €y} I|(41:5) (.5) 15 €V <
E° =EV{(q,,)(r.1) a1 €E,,q, %13}
P.\P(Rl Rz)((%aqz)( )) OP.LP(RI Rz)((‘]sz)(’/iarz)):O,

Def 4.4. An m-BPFG G=(V.0.R) of G is strong if for all qrEEand h=1to mholding
B oWy (ar)=min{ R, « ¥y (q). R« ¥y ()], B oW, (ar)=max| R oW, (q).B, ¥, (1),

and

for all (41,4,) (113 ) €V x V2 E°.

o8]
|3}

_ . G=(V,0,R
Def 4.5. Let G (V’ o, R)be an m-BPFG of G . Then the complement of an m-BPFG G is ( © )

G*:(V,ﬁ) — — (qr) < N (qr),P o“{’—L(qr) " >’
such that € =95 Risstated as [ ! . Jh:l

B oWy (ar)=| B o Wy (a) AR« ¥ (1) | =B ¥ (ar).

of

B oW (a)=|BoWo(a)V R oW (r)|-RoWala) 7 iom
for every and

Theorem 4.1. Let (V O R ) G, =(V2’Q2’R2) be 2 m-BPFGs of G, and G, f

G, is ISMP to G2’th G, is ISMP to G,.

Proof. Let G, is ISMP to G- "Then there is an IMPS S d® such that

P .\P+ (q):I)h .‘sz (q)(q))’ B’ .LPQl (q):B’ .lPQz ((D(q))for a]l q € Vl and

B, o ¥}, (ar) =P, * ¥}, ((q)0(r)), o ¥y (4r)=F o ¥y, (D(0) () qreVi

h=1tom
B oWy (q)=F o ¥, (¢)=F o ¥, (©(q)=F ¥ 5 (©(q))

Now, and

Bo ¥ (4)=F oWy (9)=F, o ¥, (P(q))=F, ¥ (2(9)) Z h=11t0m

forall 1€ . Also, for
B, oW (gr)=min{ B, ¥, (q), B, e W, (1)}~ B e W5, (a)

and

greVy

we have,
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—min{B, « 7, (©(0)).B, 0 ¥, (@(r)] -5 o ¥ (@(q) 0 (r))=E « ¥ (@() (7))

B oW, (qr)= B e ¥y (@(q)0(r))

G, to

Similarly, 2 o o
Hence, @ s an IMPS from G, ie. G, is ISMP to G,.

Remark 4.1. Assume that there is a w- IMPS between 2 m-BPFGs G and G, . Then there may not be a w-
IMPS between G and G, . This can be proved by the below Example 4.1.

Example 4.1. Consider the 2-BPFGs Gy =(Vl’Ql’Rl)of Gy =(VI’E1) where

Q{<[0.2,0.9],[o.7,o.9]> {[0.3,-0.8].[0.6,~0.8]) <[o.3,0.4],[0.5,o.4]>}

v, ={a,b,c}, E, ={ab,ac,bc},

>

9
a b c

3 b

R ={{[0.2,—0.3],[0.5,—0.3]} ([0.15,-0.3],[0.4,-0.3]) <[0.2,—0.3],[0.4,—0.3]}}’
@ “ e and
(

G,= stQz’Rz) of G;:(stEz) sz{%’”,s}, Ezz{qsaqrasr}5

where

3 3

{([0.2,0.9],[0.7,0.9]> ([0.3,~0.8],[0.6,—0.8]) <[0.3,0.4],[0.5,0.4]>}
q r S
R ={<[o.2,— 0.4],[0.5,-0.4]) | ([0.2,-0.4],[0.5,-0.4]) | ([0.3,-0.4].[0.5,- 0.4]}}
qr qs sr Then .
a:(Vl’Ql El)Where -
— |{[0.0,-0.5],[0.1,-0.5]) ([0.05,~0.1],[0.1,-0.1]) ([0.1,-0.1],[0.1,-0.1])
{ a ’ a ’ be }anda-(vz,gz,ni)

R_2{<[o.o,o.4]_,[o.1,o.4]>}
qr
@V, >V,

where

‘D_(a)=u,(l)(b)=v’q)(c)=w' Then, Pis a w- IMPS between G,

Let us characterize such that

onto G, . So, there is no w- IMPS between G, onto G, . (see Figure 3).

B, O‘P—;—z(uw=®(a)d)(c))SPh O‘P—é(ac), B, O‘I’—é—z(uwcq)(a)(b(c))z b, O‘P—é—l(ac)

Since and

P e¥o (m=0(b)®(c))< B o W5 (be), B o ¥ (vw=0(b)®(c))2 B, o W (bc).
Remark 4.2. In the same manner, we build an example to provithat ift_here is a co w- IMPS from 2 m-

BPFGs G and G, then there might not be a co w- IMPS from G, and G-

Theorem 4.2. Let G =(1.0. Rl)and G, =(V2:0:.R,) be 2 m-BPFGs of ¥t and 72 such that Vinb,=¢.
Then @1 +0.=G VG,
Proof. To prove that G +G, =G VG, , we show that there exists an IMPS between G +G, and

G,uG,.
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(0.2, 09, (0.7, 0.9)  {[0.3, -0.8], [0.6, ~0.8]) (02,
a
(02, -0, [0.5, -0.3])
T
<
S G
o (02, -03), [04, —0.3])
"
(03,

(0.3, —0.4], [0.5, ~0.4)) {

Figure 2. W-isomorphic 2-BPFG fuzzy graphs

(02, -09], [07, -08) (03, -0.8], [0.6, ~0.8]

a —— b
_/ (00, -03], [0, -03)) )

0.1])

[0.1,

G

—0.1],

([0.05,

(04, 0.1, [0, -0.1)

03,

(03, -0.4, [0, -04)

-0.9), [0.7, -0.9])

[0.5,

([0.2, —0.4],

(02, -09], [07, -09)

(0.3, -0.4], [0.5, ~0.4])

q )
(0.2, 0.4, [0.5, —0.4])

0.4])

(0.3, -0.4), [0.5, ~0.4])

r

0.8, [0.6, —0.8))

G1 and G2

(03, <04, 05, -04)

—0.4])

1 198

[O.

G2

o8]
~

—0.4],

(0.0,

I

~08), [0.6, ~0.8)

Figure 3. Example of w-isomorphic 2-BPFGs whose complement is not w-isomorphic

We shall prove that the identity map A O AE

-

is the necessary IMPS between them. For this, we

S —

P eV’ =P eV _ _ , P e¥_ =Pe¥Y_ _
shall prove the following: ' (@+0.) (q) ' (0v0:) (q) ' @2, (q) ' (@2, (q) for all
4V, g T ¥l )= 5o Wi (). B Wi (ar)= B ¥y (ar)

qre Vix Vi, h=1to m

Let qeV, V). Then
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Lo TQ1+Q2(q) Lo \P(Q,+Q2)(Q)
=Fbe \P(Qlqu)(‘])

¥, (q)if g€V -V,

B e¥, (q)if gV, -V,

B (9)if gtV
Q(Q)ifQEVz 4
=P, 'T(ngz)(q)
P eV P oY . _ 2
Similarly, ' (@+2.) (q) (Q]UQZ)(Q) Now for each h=1tom and greVixV, we have,
P lI]+R1+R2 (ql’ min { .T+Q+Qz)(q) P LP(Q‘*’Qz)( )} P LP(Rl*'Rz)(qr)

)=

min{Po\P(QUQ)(q) Be¥l, o (r )} P o¥), o (ar).if areE UL,
mm{P O‘P(J'QUQ)(q) P e lI‘(J’QIUQ)( )}—min{F; ¥, (9).P, ¥, (r)},ifqreE'
min{F;IO‘I’—;l q),PhO‘IT;l(r)} PO‘P (qr)zfqreE -k,

(
= min{ﬂ Oﬁ(q),Ph O‘I—“Qj(r)}—ﬂ og(qr)ifqr €E,—E,
(

W5, (9), P, 0¥y, ()| ~min{ B, e W, (q). B, o g, (r)}if qreE

B e (gr)if ar <E - E,

= F oY (qr)lfqreE -E,
0,if greE

LP(R R
Similarly, 1

*

1andG

Theorem 4.3. Let G, :(VI’QI’ Rl)and G, :(VZ’QZ’RZ) be two m-BPFGs of G 2 such that

MOV, = ppen GV Giis IMPC to G, +G,.

Proof. Take the identity function LV, OV, > h Vb,
G, VG, and G1+G2_

. Now we shall prove that / is the necessary IMPS
between

oY gog (0)=F %5 5 (9);

For this, we shall prove the subsequent:
P eV, =Pe¥V _ _ PO‘P r)=F e g r),
h (QIUQZ) (q) h (Q1+Q2) (q) for all QEV1 UVZ and (RIU 2) (q ) (R *Rz) (q )
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P o lP( ROR 2)(qr) P o T(E*E)(qr)’for all qre V1><V22, h=1tom
Let e . Then
])h .\P(QIqu) (q) P \P(QIUQZ) (q)

B e ¥, (9)if 9V, -V,
B e, (q)if geV,~V,

P o5 (q)if gV, -7,
- _+Q—' . _B’.\P(Qu@)(q)
P oY (q)if gV, -1
F eV, =P e¥ _ _
Similarly, " (QIUQA(‘]) h (Qlugz)(q) nd

Ee T(R,uRZ)(qV):mm{P"P(Q,ugn(‘l) P"PZQ,uQ»(V)} BoWiyony (a7)
min{ O‘P*( O‘I”( )} ﬂOﬁ(qr),ifqreEl—Ez

)-F,
= min{ O‘I” (q), 0‘{“ ( )} PO‘P (qr) if qreE,—E,
)-F,

min{ O‘I” (g O‘I” (7 )} 0if geV,,r eV,

o8]
o]
\O

P, OE(qr)ifqr ek -E,

= PO‘P (qr)lfqreE -k

rnin{Ph O‘P;l (q).B ¥, (r)}—O if qeV,,rev,,

B, OE(qr)#qr ek -E,

= PO‘P (qr)zfqreE -k

min{Ph O‘P;] (9).B, 0¥, (r)}—O if qrekE,

=F .T(E+E)(qr)'

Similarly, fie ‘P(_RIURZ) (qr) =fie lP(_Eﬁ k) (qr).

*

G, and G, respectively.

Theorem 4.4. If Gy = (Vl’ Q. R, ) and G, = (V2 00 Ry ) are two strong m-BPFGs of
G, 2 G,is IMPC to G, G,.
:I/I )(V

GoG,=(V XV,
Proof. Let 1°% (1X Z’QOQZ’RO&) be an m-BPFG of 2 and

E={(4:9:)(¢:13):a€V;.01 €E, |\ N(2) (1:1):1 €V, €E (61565 ) (113 ): 43 €E oy 215
G,°G, . 4G oG,

Then

G =(V’E)where

We prove the

identity map / is the required IMPS between the graphs
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LV <V, > Vi<V, .In such a way to prove that / is the necessary IMPS,

qre(leVz)z, h=1tom

Let us define the identity function

P, ¥ r)=P, PRVTas .
we prove that (RieR 2)(q ) (Rie Rz)(q )

This will be done in seven cases.
Case(i): Let f=(q,q2)(q,r2) where qEV a1 EEZ.Then =
h=1tom

for all

Since GioG, is strong m-BPFG, we have for each

BV (1)=0 B e (f)=min{7 0¥, ()5, (g3)| =0
an
P oW (q.r)=0 —
(Since G, is strong and 0.1 € B, we have " & (q2 2) for eachh_1 to m)
Case(ii): Let f=(q,q2)(q,r2) where 427 122421 2k, Then JeE
So, for each h=11tom
P ¥ (f)=0
(Rl RZ) (f) and
Bq'T(RIORZ)(f):min{P "P( )(Qa%) F, 'TZQIOQZ)(%’Q)}
—min{B, e Wy (4).5 ¥, (0.).F o ¥, (1)}
Again since 72" €E2 > therefore
b, o‘P(%l RQ)(f):min{Ph o‘P;l (q).P, W% (q2r2)}
—min{P, e Wy (4).5 ¢V, (0.).7 ¢ ¥y, (1) h=11t0m
for each

Case(iii):f:(ql’z)(rl’z) where i €L,z el Then JeE
P eV f)=0 _

' (R‘ORZ)( ) for each h=110 M 3sin case(i).

Pe¥Y_ _ (f)=0 _

Also, since 91" ek, therefore (7 RZ)( ) , for each h=1tom.

Case(iv): Letfz( q“z)(rl’z) where 41 2L,z €. Then JeE

Hence, i .\P(Rr’Rz) (f) =0 for each h=1tom
’31"1’(R10R2)(f)=min{P°‘P( oo (@52 ),a-wggogﬁ(;q,z)}

=min|F, o ¥y, (4)).5, 2 %5 (7). B oWy (2)]

P oW’ )(f):min{PhO‘P—;z( ). B e¥; (qlfi)}

(R Ry
:min{f)h.\}rél (q)’Ph.LP;l (rl)’f)h.\{]éz (Z)} (;1 .
( ! being strong).
Case(v): Letf =( ql’qz)(n’rz) where 711 €E,qy # 1. Then JeE

B oY’ f)=0
So, we have ! (R‘°R2)( )

for each h=1tom as in case (i).
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P oY f)(f)=0

(Rl Ry

h=1tom

. rek
Also, since 1% I we have for each

Case(vi): Letf:( 79> )(rl’rZ) where 71 €L, # 1. Then ngand hence for each h=l1om

Bv .lPZ-RloRz) (f) =0
i .\P(R Rz)(f):min{P °T( )(‘11"]2) P'LP:QIon)(’”l””z)}

= min{P, ¥ (4,). B, o ¥y (1), B e W5, (02).5 o W5, ()]

and since 911 € £,
BoWy o) (/) =min{ R oW, (¢:).B, 0¥y, (1), o W, (ars)|

= min {7, oW, (0), 5, e Wg (1) B e Wo, (62). 10 ¥ (1)}

Case(vii): Finally, let S=(4.4:)(5:m2) where 9171 ek, q,n ek,

Then ngand hence for each h=1to m

B o ¥yn (£)=0,

Bo Wi (f)=min| B o Wiy o (:.). B # W g (15)]-

Now, 9171 € Eiand 2="2=% then we have Case (iv).

Again, 91" €L and 92%"> then we have Case (vi).

BeWo— (qr)=b Y - (qr)
Thus, from above discussions we get that, ! (R‘°R2)( ) (e RZ)( )
Y r)=F, ¥ (qr M—
Similarly, RIORZ) (q ) (R RZ) (q )fOI' all qr€V1 XV229 hzlaza---am
Hence 01°0:=0G1°G,.
Remark 4.3. If G and G, are not strong m-BPFGs then G, ° G,is not IMPC to G G2 always. For

G

instance, consider 2-BPFGs ! and G, which are not strong as shown in figure 4.Then

G, o G,is not IMPC toG G,

2 are not isomorphic as shown in example 4.2.

(0.4, -0.6], [0.3, —0.6])  ([0.3, —0.6], [0.5, —0.6])  (j0.3, —0.6], [0.3, —0.6]) (02, -0.3], [0.3, —0.3])
' ' (0.2, -0.3], [0.3, -0.3]) 4

a ) (¢ (a, ¢)} ‘(z/. d)

(0.2, -0.3], [0.3, —0.3]) ‘

[0.3, —0.3])

[0.3, —0.5])

Gy0Gy
(;1 (,'2

([0.2, —0.3], [0.4, —0.3])
([0.3, —0.5], [0.3, —0.5])

([0.3, —0.5],
([0.2, —0.3],

\
" (0.2, -0.3], [0.3, =0.3]) ‘
(b \ d (b, c)——— (b, d)
, , ([0.2, -0.3), [0.4, -0.3))
([0.5, -0.6), [0.4, —0.6)) (02, 03], [0.6, —0.3))  ([0.3, =0.7], [0.4, —0.7]) (0.2, -0.3], [0.4, -0.3])
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([0.3, —0.6], 0.3, —0.6]) ([0:2, -0.3), 0.3, -0.3])

(a, c) (a, d)

[0.0, —0.1])

(0.0, —0.1],

(b, ¢) (b, d)

(03, -0.7), [0.4, —0.7)) (02, -0.3, [0.4, ~0.3])

Figure 4. G G, Gi°G, GoG,

Example 4.2. Consider the 2- BPFGS (V QR ) (Vl’El) where 4 :{a,b}, E, :{ab},

Ql{<[0.4, 0.6].[03,-0.6]) <[0.5, 0.6],[0.4,0.6]>} Rl{([0.3,0.5],[0.3,0.5]}},
and

a ’ b ab
G,=(V,,0,.R 2 =" Ey) here V2 =102} Ey={cd},
{ [0.3,-0. 6] [0 5,-0.6]) <[0.2,0.3],[O.6,0.3]>} . {([0.2,0.3],[0.4,0.3]>}
| d and «d Then 322

GoG=(VxV,000.RoR) VixV;={(ac).(a.d).(b.c).(bd)},

0.0 :{<[0.3,—0.6],[0.3,—0.6]> ([0.2,-0.3],[0.3,-0.3]) ([0.3,-0.7],[0.4,-0.7]) ([0.2,—0.3],[0.4,—0.3])}
b= (a,c) ’ (a,d) ’ (b,c) ’ (b,d) ’
KR :{<[0.2,—0.3],[0.3,—0.3]> ([0.2,-0.3],[0.3,-0.3]) ([0.2,-0.3].[0.4,-0.3])

o (@) ad)  (@d)bd)  (d)(bo)

([0.3,-0.5],[0.3,-0.5]) ([0.2,-03],[0.3,-0.3]) <[o.2,—0.3],[0.3,—0.3]>}

(b,c)(a,c) ’ (a,c)(b,d) ’ (a,d)(b,c)

{([o.o,—o.l],[o.o,—o.1]>}
RoR,=
GioG, = (Vl V00O Ky Rz) where (brc)(ac) shown in Figure 4.
— [{[0.1,-0.1],[0.0,-0.1])
G=(r.0.R,) k= ab G,=(V.0.R,)

From Figure 5. ! b , Where and ° e , Where
= {<[0.0,—0.0],[0.1,—0.0]>}

2: — - -

cd . Then G oG, = (Vl V2000 Ky o K, )’where

([0.0,-0.0].[0.1,-0.0]) ([0.1,-0.1],[0.0,-0.1]) ([0.0,—0.0].[0.1,—0.0])

R{ Goad) | @wamd) . (bd)bo)

|

b
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([0.1,-0.1].[0.0,-0.1]) ([0.1,-0.1],[0.0,-0.1]) ([0.1,-0.1],[0.0,-0.1])

b

(b.c)(axc)

(0.4, -0.6],

(a.c) (0.)

(0.3, -06])  ([0.3, -0.6], [0.5, ~0.6])

a c

0.0])

[0.1,

0.1]
0.0],

([0.1
([0.0,

b d

(05, -0.6], [0.4, —0.6)) (02, 03], [0.6, ~0.3))

Figure 5. Example of 2-BPFGs G

5. Conclusion

The FG theory concepts are played a vital position
in many fields with conclusion makings, computer
science and chemical sciences. An m-BPFG can be
useful to stand for real life problems which contain
multi-agents, multi-attributes, multi-index, multi-
objects, and mult-polar details with vagueness and
uncertainty. Without bipolarity, reasonably
measurable causality, mind-light-matter unity in
Al/QI would be impossible. In this article, order,
size, BV and FV in m-BPFGs are defined. In addition,
a comparative learning of complement and
operations has been finished under few conditions
and explained them through examples.
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