
 
 NeuroQuantology | December 2022 | Volume 20 | Issue 19 | Page 502-512 | doi: 10.48047/nq.2022.20.19.NQ99046 
Shailendra Pandit / ON ASYMPTOTICALLY I-EQUIVALENT SEQUENCES IN INTUITIONISTIC FUZZY NORMED SPACES 

 
 

 

 
ON ASYMPTOTICALLY I-EQUIVALENT SEQUENCES IN INTUITIONISTIC 

FUZZY NORMED SPACES 
Shailendra Pandit* and Ayaz Ahmad 

Department of mathematics, National institute of technology patna, 80005(India) 
e-mails:- shailendrap.phd19.ma@nitp.ac.in, ayaz@nitp.ac.in 

 
Corresponding author is Shailendra Pandit, email- shailendrap.phd19.ma@nitp.ac.in 

 

Abstract 
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non-negative sequences of some multiple  , where   is an ideal on  , in intuitionistic fuzzy 
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1  Introduction 
     The proposed work is inspired by [1], where B. Hazarika developed the notion of 
asymptotically   equivalence of two non-negative sequences          and         . 

We will frequently extend some definitions and result from [1] to intuitionistic fuzzy normed 
spaces. In 2006, Saadati and Park [2] presented the idea of intuitionistic fuzzy normed space, 
which is nothing more than a generalised study of the intuitionistic fuzzy set, which was initially 
analyzed by Atanassov [3]. Many authors further examined the principles of [2] in their own 
ways, such as the idea of statistical convergence of single sequences in intuitionistic fuzzy 
normed spaces in [4], and for double sequences in [5]. In certain contexts, determining the 
vector’s norm is impossible, hence the intuitionistic fuzzy norm is more appropriate in such 
cases. The notion of the fuzzy norm has been employed in various literature [6, 7], to cope with 
the inexactness of the norm in certain circumstances. 

M.S.Marouf [8] presented literature on asymptotically equivalent sequences of real 
numbers and asymptotic regular matrices. Later, R.F.Patterson [9] investigated the notion for 
asymptotic statistically equivalent sequences and natural regularity requirements for 
non-negative summability matrices. Since then, progress has been made on the concept 
examined in [8].  

The idea of statistical convergence evolved as a helpful tool in examining the 
convergence of numerical sequences using the natural density concept. Fast[10, 11], and 
Schoenberg were the first to investigate the concept. Fridy [12] later investigated the notion for 
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the sequence space and expanded it to the summability theory. The natural density of set  , a 

subset of the set  , is denoted by      and defined by            
 

 
            , 

where   signifies a set of positive integer. In 2001, Kostyrko [13] proposed the idea of ideal 
convergence as a generalisation of statistical convergence. Later, in 2004, T. Salat, Tripathy, and 
Ziman[14] examined various   convergence characteristics. In 2010, B.C Tripathy investigated 
   acceleration convergence of sequences[15].  In 2012, A. J. Dutta and B.C Tripathy further 
extended the theory to    acceleration convergence of sequence of fuzzy real numbers [16]. 

An ideal   on   is a collection of subsets of   that meet the requirements, (i)    , 
(ii)         then          (iii)      and       then     . Ideal   is called 
non-trivial if   doesn’t lies in I. There is another family of subsets of set  , we denote it by    
and termed a filter on   associated to ideal    that meets the requirements, (i)    , (ii) 
         then           (iii)      and       then      . Some types of non 
trivial admissible ideals (see [13]), defined as (i)          :         and (ii)        
  : ∑           , are frequently used in the work. 

We now outline the proposed work in the article as follows. Section 1 is the introduction 
part containing brief history and some concepts, section 2 contains the basic definitions and 
results which are useful in the work, section 3 contains some new definitions with examples, 
and section 4 is devoted to some new theorems and results that established the relationship 
between studied notions in section 3. 

Throughout the article   signifies collection of all real numbers,   stands for set of 
positive integers,          and          are for the sequences of non-negative terms,   

and    denotes the unit interval       and       , respectively. The considered ideal   in 
the study is an admissible ideal on  . 

  
2  Background 

 

Definition 1.[2] An intuitionistic fuzzy normed space (abbreviated as IFNS) is a five tuple object 
of the form   ,          where   is a linear space,   and   are t-norm and t-conorm, 
respectively on  ,   and   define fuzzy sets on              that fulfils the following 
subsequent requirements. If            and           

 

    (i).                     

    (ii).                     is a continuous function of    

    (iii).              

    (iv).           for all    iff       

    (v).                  
 

   
  for non-zero scalar,    

    (vi).                                            

    (vii).                 and                  

    (viii).              

    (ix).                         is a continuous function of    

    (x).                  
 

   
  for non-zero scalar,    

    (xi).                  
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    (xii).               for all    iff       

    (xiii).                                        

    (xiv).                 and                  

 

The fuzzy norm on   is defined by the pair      . The degrees of belongings and 
non-belongings of   to  , with regard to   are defined by the functions        and 
      . 

 

Definition 2.[7]  A binary operation       , meeting the requirement. 
    (i).   is continuous.  

    (ii).   is commutative.  

    (iii).   is associative.  

    (iv)   is monotonically increasing, i.e. for all                   we have 
            whenever       and      .  

    (v).        for all         
is defined as continuous   norm. 
 

Definition 3.[7]  A binary operation.       , meeting the requirements. [(i)]  

    (i).    is continuous.  

    (ii).    is commutative.  

    (iii).    is associative.  

    (iv).    is monotonically increasing, i.e. for all                   we have 
            whenever       and      .  

    (v).        for all         
is defined as continuous   conorm. 

 

Remark 1.[17] On IFNS  ,        and        are non-decreasing and non-increasing 
functions of  , respectively. 
  

Remark 2.[17]  For any             we can find       such that           
        and           
 

Definition 4. [8] Two sequences          and          of real numbers are defined as 

asymptotically equivalent, if       
  

  
  . Symbolically, we state the case as,           

 

Definition 5. [1] Assume   is an admissible ideal on  . Two sequences          and 

         are called asymptotically  - equivalent of multiple   if for every      the set  

 {  |
  

  
  |    }              

  

The two sequences are said to be simply asymptotic    equivalent, if     

Symbolically, we state the case as,     
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3  Main definitions 
 

Definition 6. Two sequences          and          of the elements of IFNS   ,         

are known as asymptotically equivalent of multiple   with regard to IFN       if for all 
   , we have  

    
   

 (
  

  
    )                 

   
 (

  

  
    )     

 Symbolically, we denote the case as                   
 
Definition 7. Two sequences          and          of the elements of IFNS   ,         

are known as asymptotic  - equivalent of multiple   with regard to IFN       if for all 
    and for every       the set,  

 {      (
  

  
    )                (

  

  
    )   }                   

Symbolically, we state the case as           
  

     
The two sequences are called simply asymptotic    equivalent with regard to IFN 

      if    . 
 

Example 1. Assume                 (see [13]) is an ideal on   and sequences 
         and          on IFNS   ,         are defined as 

 

        {
                          

                  
 

 

        {√                          

                 
 

Define        
 

     
 and        

   

     
  then           

  
      

 

Proof. When,      where     , then for     and       we have,  

    
   

  
  

  
         

   

 

   
  
  

   
    

   

 

   √    
     (1) 

 or, 

                         
   

  
  

  
         

   

 
  
  

   

   
  
  

   
    

   

 √    

   √    
    (2) 

 we therefore, from equation       and       obtained,  

{      (
  

  
    )                (

  

  
    )   }                       

 We now have to prove that     for this requirement, it is suffice to prove          
Now using the fact,  

           
   

√ 

 
                               

  
    

 

Definition 8. Two sequences          and          of the elements of IFNS   ,         
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are known as strongly asymptotic  - equivalent of multiple   with regard to IFN       if   
   , we have 

   
   

 

 
∑  

    

 (
  

  
    )                 

   

 

 
∑  

    

 (
  

  
    )    

 for every       Symbolically, we state the case as           
  

 

     
The two sequences are known as simply strongly asymptotic    equivalent with 

respect to IFN       if      

 

Example 2.  Assume   is an ideal on   and two sequences          and          on 

IFNS   ,          are defined as                and             and let 

       
 

     
. Define        

   

     
  then           

  
 

      

 

Proof.  Let      such that         then  

 

   
   

 

 
∑      

 (
  

  
    )     

   

 

 
∑      

 (  
 

 
    )     

   

 

 
∑      

 (
 

 
  )     

   

 

 
∑      

 

  |
 

 
|
 

 (3) 

Now there exist some       such that for all      we have, 
 

 
   which implies that  

 

   
   

 

 
∑      

 

  |
 

 
|
    

   

 

 
∑  

  
    

 

  |
 

 
|
    

   

 

 
∑           

 

  |
 

 
|
    

   

 

 

            
   

 

 
                          

   
(  

      

 
)   

 

 And  

 

   
   

 

 
∑      

 (
  

  
    )       

   

 

 
∑      

 (  
 

 
    )       

   

 

 

∑      
 (

 

 
  )

       

 (4) 

Now equations (3) and (4) yield,           
  

 

     
 

Definition 9. Sequences          and          are asymptotically   - equivalent of 

multiple   if there exist a set     such that for                       we have,  

    
   

   

   

   

 Symbolically, we state the case as,     
  
 

      
 

Definition 10. Sequences          and          of the elements of IFNS   ,         

are known as asymptotic   - equivalent of multiple   with regard to IFN       if there exist 
a set     such that for                       we have,  

    
   

 (
   

   

    )                
   

 (
   

   

    )    

 Symbolically, we state the case as,           
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The two sequences are known as simply asymptotic     equivalent if      

 

Example 3.  Assume          ∑           (see [13]) be an ideal on  , the two 
sequences          and          on IFNS   ,         are defined as 

 

        {
                          

                    
 

 

        {√                          

                 
 

Define        
 

     
 and        

   

     
  then           

  
      

 

 Proof.  For every     and       there exist a set              such that for 
     -                  we have,  

    
   

 (
   

   

    )     
   

 

  |
   

   

  
   |

    
   

 

  |
 

  
 |

   (5) 

 And,  

    
   

 (
   

   

    )  
|
   

   

  
   |

  |
   

   

  
   |

    
   

 

  
 

  |
 

  
 |

    (6) 

 the two equations (5) and (6) simultaneously yield,           
  
 

      
 

Definition 11. Two sequences          and          of the elements of IFNS  ,         

are known as strongly asymptotic   - equivalent of multiple   with regard to IFM       if 
there exist a set     such that for                       we have,  

    
   

 

  
∑       

 (
   

   

    )                 
   

 

  
∑       

 (
   

   

    )     

 where      containing   elements of     

Symbolically, we state the case as,           
  

  

     
 
For      the two sequences are called simply strongly asymptotically     equivalent  

 

4  Main theorems 
  

Theorem 1 Let   be an ideal on   and the two sequences          and          are 

defined on IFNS   ,          if     and     are asymptotically equivalent of multiple   with 

regard to       then           
  

     

 

Proof.  For every     and       we have,  

    
   

 (
  

  
    )                

   
 (

  

  
    )    (7) 

 hence, there exist       such that for all      we have 
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  (
  

  
    )                (

  

  
    )    (8) 

 which gives  

 {      (
  

  
    )                (

  

  
    )   }                 

           
  

      
 

Theorem 2.  If   be an ideal on   and          and          are two sequences of 

the elements of IFNS   ,         then           
  

 

              
  

     

 

Proof. Given   is an ideal on   and           
  

 

    then for      where        
we have,  

    
   

 

 
∑      

 (
  

  
    )                 

   

 

 
∑      

 (
  

  
    )    (9) 

 

Now for,  

    
   

 

 
∑      

{   (
  

  
    )}    (10) 

 

We decompose              and for every       and     we put.  

      {     (
  

  
    )   }                 {     (

  

  
    )   } 

. such that              Then  

 
   
   

 

 
∑      

{   (
  

  
    )}     

   

 

 
∑        {   (

  

  
    )}  

   
   

 

 
∑        {   (

  

  
    )}

 (11) 

 

The second limit in R.H.S is sufficiently small      and first limit force us to write        
(Since             Now on continuing the same reasoning on 

 

    
   

 

 
∑      

 (
  

  
    )    (12) 

 Thus equations      and      simultaneously conclude the theorem, 

 i.e  {   (
  

  
    )                (

  

  
    )   }    

 

Theorem 3. If   be an ideal on   and          and          are two sequences of the 

elements of IFNS   ,         then           
  
 

              
  

     

 

Proof. Given that           
  
 

     then there exist     such that for        
               we have, 

 

    
   

 (
   

   

    )                
   

 (
   

   

    )     (13) 
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 Which implies that for every       and     there exist       such that for all 

       we have  

  (
   

   

    )                (
   

   

    )    (14) 

 which follows,  

 {       (
   

   

    )                (
   

   

    )   }                   (15) 

 Since,                     Therefore  

 {    (
   

   

    )                (
   

   

    )   }     (16) 

 Thus theorem is established.  

 

Theorem 4. If   be an admissible ideal on   and          and          are two 

sequences of the elements of IFNS   ,         then following are equivalent.   

    (i).            
   

     

    (ii).            
  

      

    (iii).        
 

 
    

  
    

 

Proof.  We prove (i) (ii). For every     and       we have 
 

  {   (
  

  
     )                (

  

  
     )   }    

Let us put,        {   (
  

   
    )                (

  

   
    )   } 

We now prove that    , let        
  

   
          

 using the properties (v) of definition 1, we have 

  (
  

   
    )   (

  

  
        )   (

  

  
     )      

 where         Similarly,  

  (
  

  
     )                           

 Thus we get     moreover      since      
Now, (ii) (iii). 
Let us put  

   {    (
 

 
  

  
    )                (

 

 
  

  
    )   } (17) 

. Now it is suffice to prove that      Let      then  

  (
 

 
  

  
    )   (

  

   
    )      (18) 

 Also,  

  (
 

 
  

  
    )   (

  

   
    )     (19) 

 From equations      and      we reach         
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 Now, (iii) (i). For this, we have to prove that      Let      and  

  (
  

  
     )   (

 

 
  

  
       )   (

 

 
  

  
    )       (20) 

 

because of (iii).  

Similarly, we obtain              (
 

 
  

  
    )      (21) 

                    . 
  

Theorem 5.  If   be an ideal on   and          and          are two sequences of 
the elements of IFNS   ,         then for non-zero scalars  ,   the following are equivalent.  

    (i).            

  
 

   ,  

    (ii).        
   

 
 
    

 
,  

Proof is obvious by the results of theorem 4.  

 

Theorem 6.  If   an admissible ideal on   and the three sequences         ,          

and          defined on IFNS   ,         such that           
  

    and       

    
  

    then               
    

   , where   and   are scalars.  

 

Proof. We are given,           
  

    and           
  

    then for every         
  and     we have  

   {   (
  

  
    )                 (

  

  
    )    }     (22) 

 and  

       (
  

  
    )                 (

  

  
    )         (23) 

 

Now let          or                . Now for every           we can 
find       such that                   and         (by remark 2), Now 

 

 (
     

  
          )   (

  

  
    )   (

  

  
    )                    (24) 

 and,  

  (
     

  
          )   (

  

  
    )   (

  

  
    )           (25) 

 Let  

  {   (
     

  
          )                 (

     

  
          )   } (26) 

 

Thus we reach that           Which implies, 
 

{   (
     

  
          )                (

     

  
          )   }      (27) 
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 Hence,  

{   (
     

  
          )                (

     

  
          )   }     (28) 

Thus theorem is established.  

 
Data Availability   
No data has been used in this work.  
Conflict of Interest 
The authors declare that there is no conflict of interest 
Acknowledgement 
The authors are very thankful to refree and editorial team for regorous review of the article to 
improve the presentation of the work. 
 
References   

 

[1] Hazarika B, On asymptotically ideal equivalent sequences, Journal of the Egyptian 
Mathematical Society  2015; 23 (1): 67–72. 
 

[2]  Saadati R, Park J.H. On the intuitionistic fuzzy topological spaces, Chaos, Solitons & 
Fractals  2006; 27 (2) : 331–344. 
 

[3]  Atanassov K.  Intuitionistic fuzzy sets, Fuzzy Sets and System 1986; 20: 87–96. 
 

[4]  Karakus S, Demirci K, Duman O. Statistical convergence on intuitionistic fuzzy normed 
spaces, Chaos, Solitons & Fractals  2008; 35 (4) :763–769. 
 

[5]  Mursaleen M, Mohiuddine S. Statistical convergence of double sequences in intuitionistic 
fuzzy normed spaces, Chaos, Solitons & Fractals  2009; 41 (5) : 2414–2421. 
 

[6]  Fang J.-x. A note on the completions of fuzzy metric spaces and fuzzy normed spaces, 
Fuzzy Sets and Systems 2002; 131 (3) : 399–407. 
 

[7]  Schweizer B,  Sklar A, et al., Statistical metric spaces, Pacific Journal of Mathematics 
1960; 10 (1): 313–334. 
 

[8]  Marouf M.S. Asymptotic equivalence and summability, International Journal of 
Mathematics and Mathematical Sciences  1993; 16 (4)  755–762. 
 

[9]  Patterson R. F. On asymptotically statistical equivalent sequences, Demonstratio 
Mathematica  2003; 36 (1) : 149–154. 
 

[10]  Schoenberg I. The integrability of certain functions and related summability methods, 
The American mathematical monthly  1959; 66 (5) : 361–775. 
 

[11]  Fast H. Sur la convergence statistique, Colloquium mathematicae 1951; 2: 241–244. 

511



 
 NeuroQuantology | December 2022 | Volume 20 | Issue 19 | Page 502-512 | doi: 10.48047/nq.2022.20.19.NQ99046 
Shailendra Pandit / ON ASYMPTOTICALLY I-EQUIVALENT SEQUENCES IN INTUITIONISTIC FUZZY NORMED SPACES 

 
 

 

 

[12]  Fridy J. A. On statistical convergence, Analysis 1985; 5 (4) : 301–314. 
 

[13]  Kostyrko P,  Šalát T, Wilczyński W. I-convergence, Real analysis exchange 2000: 669–
685. 
 

[14]  Šalát T, Tripathy B.C, Ziman M. On some properties of i-convergence, Tatra Mountains 
Mathematical Publications  2004; 28 (2) :274–286. 
 

[15] Tripathy B.C, Mahanta S. On i-acceleration convergence of sequences, Journal of the 
Franklin Institute 2010; 347 (3) : 591–598. 
 

[16]  Dutta A.J, Tripathy B. C, On i-acceleration convergence of sequences of fuzzy real 
numbers, Mathematical Modelling and Analysis 2012; 17 (4) :549–557. 
 

[17]  Park J.H. Intuitionistic fuzzy metric spaces, Chaos, Solitons & Fractals  2004; 22 (5) : 
1039–1046. 

 

 

    

  

 

512


