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1 Introduction

The proposed work is inspired by [1], where B. Hazarika developed the notion of
asymptotically I —equivalence of two non-negative sequences [x] = (x,) and [y] = (¥p).
We will frequently extend some definitions and result from [1] to intuitionistic fuzzy normed
spaces. In 2006, Saadati and Park [2] presented the idea of intuitionistic fuzzy normed space,
which is nothing more than a generalised study of the intuitionistic fuzzy set, which was initially
analyzed by Atanassov [3]. Many authors further examined the principles of [2] in their own
ways, such as the idea of statistical convergence of single sequences in intuitionistic fuzzy
normed spaces in [4], and for double sequences in [5]. In certain contexts, determining the
vector’s norm is impossible, hence the intuitionistic fuzzy norm is more appropriate in such
cases. The notion of the fuzzy norm has been employed in various literature [6, 7], to cope with
the inexactness of the norm in certain circumstances.

M.S.Marouf [8] presented literature on asymptotically equivalent sequences of real
numbers and asymptotic regular matrices. Later, R.F.Patterson [9] investigated the notion for
asymptotic statistically equivalent sequences and natural regularity requirements for
non-negative summability matrices. Since then, progress has been made on the concept
examined in [8].

The idea of statistical convergence evolved as a helpful tool in examining the
convergence of numerical sequences using the natural density concept. Fast[10, 11], and
Schoenberg were the first to investigate the concept. Fridy [12] later investigated the notion for
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the sequence space and expanded it to the summability theory. The natural density of set T, a
subset of the set N, is denoted by §(4) and defined by 6(T) = limp_)ooil{q <p:q € N},

where N signifies a set of positive integer. In 2001, Kostyrko [13] proposed the idea of ideal
convergence as a generalisation of statistical convergence. Later, in 2004, T. Salat, Tripathy, and
Ziman[14] examined various [ —convergence characteristics. In 2010, B.C Tripathy investigated
I — acceleration convergence of sequences[15]. In 2012, A. J. Dutta and B.C Tripathy further
extended the theory to I — acceleration convergence of sequence of fuzzy real numbers [16].

Anideal I on N isa collection of subsets of N that meet the requirements, (i) ¢ € I,
(i) X, Y el then X,UY; €1, (iii) X, €I and Y; € X; then Y; €1. Ideal I is called
non-trivial if N doesn’t lies in I. There is another family of subsets of set N, we denote it by [*
and termed a filter on N associated to ideal I, that meets the requirements, (i)¢ & I*, (ii)
X, Y €I" then X, nY, €I, (iii)X; €I" and Y; 2 X; then Y; €I". Some types of non
trivial admissible ideals (see [13]), defined as (i) Is ={k € N : §(A) =0} and (ii) I, ={k €
N : Yyea k71 < o0}, are frequently used in the work.

We now outline the proposed work in the article as follows. Section 1 is the introduction
part containing brief history and some concepts, section 2 contains the basic definitions and
results which are useful in the work, section 3 contains some new definitions with examples,
and section 4 is devoted to some new theorems and results that established the relationship
between studied notions in section 3.

Throughout the article R signifies collection of all real numbers, N stands for set of
positive integers, [x] = (x,) and [y] = (),,) are for the sequences of non-negative terms, U
and U? denotes the unit interval [0,1] and [0,1]?, respectively. The considered ideal I in
the study is an admissible ideal on N.

2 Background

Definition 1.[2] An intuitionistic fuzzy normed space (abbreviated as IFNS) is a five tuple object
of the form (Ez, ¢,0,0), where E is a linear space, o and o are t-norm and t-conorm,
respectively on E, ¥ and ¢ define fuzzy setson E X [E X (0,00) that fulfils the following
subsequent requirements. If V y,w,z € E and t,7 € (0, )

(i) 0<¥@1)+o(y1)=1
(ii). Y(y,1):(0,00) = (0,1] is a continuous function of 7

(i), 0<y(y1)<1

(iv). ¥Y(,1)=1 forall 7, iff y=0

(V). Yy, ar) = w(y,ﬁ) for non-zero scalar, «

(vi). Y(,t) o Yyw,t)< Yy +wt+1)

(vii). lim LY (y,7) =1 and lim_¥(y, 1) =0.

(viii). 0oy, 1) <1

(ix). ¢(y,1):(0,00) — [0,1) is a continuous function of t
(x). Yy, ar) = ¢y, ﬁ) for non-zero scalar, «

(xi). 0<¢yn)<1
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(xii). ¢(y,7) =0 forall 7, iff y=0
(xiii). o, t) o dw,r)=Pd(y+w, t+1)
(xiv). lim;Le@(y,7) =0 and lim_op(y,7) = 1.

The fuzzy norm on E is defined by the pair (y,¢). The degrees of belongings and
non-belongings of u to [E, with regard to t are defined by the functions ¥(u,7) and

o (u, 7).

Definition 2.[7] A binary operation o: U? — U, meeting the requirement.

(i). o is continuous.

(ii). o is commutative.

(iii). o is associative.

(iv) o is monotonically increasing, i.e. for all gi,92, 93 94 € [0,1] we have
91°92 < g3 °gs Whenever g; < g3 and g; < ga.

(v, geol=g forall g€[0,1]
is defined as continuous t —norm.

Definition 3.[7] A binary operation. o: U? = U, meeting the requirements. [(i)]

(i). ¢ is continuous.

(ii). o is commutative.

(iii). o is associative.

(iv). o is monotonically increasing, i.e. for all gi,92, 93, 94 € [0,1] we have
91°92 < g3 ° g4 Whenever g, < g3 and g; < ga.

(v, go0=g forall g €[0,1]
is defined as continuous t —conorm.

504

Remark 1.[17] On IFNS E, ¥(u,7) and ¢(u,t) are non-decreasing and non-increasing
functions of T, respectively.

Remark 2.[17] For any ¥4,y € (0,1) we can find 0 <y <1 such that (1 —y;)°(1—
y2) 21—y and y 0y, <.

Definition 4. [8] Two sequences [x] = (x,) and [y] = () of real numbers are defined as
asymptotically equivalent, if lim,_ ;—p = 1. Symbolically, we state the case as, [x] ~ [V].
14

Definition 5. [1] Assume [ is an admissible ideal on N. Two sequences [x] = (x,) and
[y] = (¥p) are called asymptotically I- equivalent of multiple A if for every g, > 0 the set

{p: ——/1| = eo} liesin I.

The two sequences are said to be simply asymptotic I — equivalent,if 1 =1

I
Symbolically, we state the case as, [x] ~ y].
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3 Main definitions

Definition 6. Two sequences [x] = (x,) and [y] = (3,,) of the elements of IFNS ([, ), ¢,0,9)
are known as asymptotically equivalent of multiple 4 with regard to IFN (¥, ¢) if for all
7 > 0, we have

hmlp(——l T)—>1 and llmqb(——l T>—>0

b—o0 p—

Symbolically, we denote the case as (Y, ¢) — [x] ~ [¥].

Definition 7. Two sequences [x] = (x,) and [y] = (3,) of the elements of IFNS ([, ), ¢,0,0)
are known as asymptotic /- equivalent of multiple 4 with regard to IFN (¥, ¢) if for all
7>0 andforevery 0 < € <1 theset,
{p : lp<x—p—l,1) <1l-—¢ or ¢>("—”—A,r>25} liesin I.
Yp Yp

I
Symbolically, we state the case as (¥, ¢) — [x] < [y].
The two sequences are called simply asymptotic I — equivalent with regard to IFN

W, ) if A=1.

Example 1. Assume [ ={B S N :§(B) = 0}(see [13]) is an ideal on N and sequences
[x] = (x,) and [y] = (3) onIFNS (R, ¢p,,¢) are defined as

r if r=p?% ; EN
() = b
otherwise

(yr)={\/F if r=p? ; peN
otherwise
[w|

WL then (,¢) - [x] ~ Y]

Define Y(w, 1) = T+T|W|

Proof. When, r = p? where p € N, then for T >0 and 0 <e<1 wehave,

11m1,l}(——2 T)_llm |;: 2|—;_r)£1”+|\/_ T <1l-c¢ (1)
or,
E-2| . W=z
r = = N el S
Nim ¢ —2,7) = Jim Sy = lim ST 2 e @)

we therefore, from equation (3.1) and (3.2) obtained,
: Xr_ — r _ — (=2 . —
{r : 1/)(% A,t)sl € or qb(yr A,t)Ze}—{r_p : p € N} = B(say).

We now have to prove that B € I for this requirement, it is suffice to prove §(B) = 0.

Now using the fact,

0<6(B) < lim¥ =0.= B €l Hence (¢,¢)—[x]1~2[y]

r->oo T

Definition 8. Two sequences [x] = (x,) and [y] = (3,,) of the elements of IFNS ([, ), ¢,°,0)
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are known as strongly asymptotic I- equivalent of multiple A with regard to IFN (¥, ¢) if V
7 > 0, we have

1 Xp 1 Xp
lim — Y{——A47|—>1 and lim— E p|l——-A7t)—>0
n-oon y n-on y

PEAn P PEAn p
1

N
for every A, € I. Symbolically, we state the case as (Y, ¢) — [x] N [y].
The two sequences are known as simply strongly asymptotic I — equivalent with
respectto IFN (y,¢) if A =1

Example 2. Assume I is an ideal on N and two sequences [x] = (x,) and [y] = () on
IFNS (R, , qb 0,0) are defined as [x] = (xp) =2p*+p and [y] = (y,) =p* and let

I

N3
Y(w, 1) = = [x] ~ [y].
Proof. Let A, €1 suchthat |A,| =n, then
L1 Xy .1 1 .1
rlll_l)go;ZrEAn Y (; - Z,T) = rlll_r)lc?O;ZreAn Y (2 +t-- Z.T) = %ggo;ZrEAn
(1 )_ lim 13 (3)
Y T —nlm r€Ap | |
Now there exist some 1; € A,, such thatforall r > r; we have, % ~ 0 which implies that
. l T T l
rlll_I)Tc}oaneAn T+|;| Alm ZreA | |+ llm Zr>rl ;TEAR | | rlll—>n.}on

(finite) + lim = (n — |{ry, 75, 75,..7}| = 0 + lim (1 — fmlte) =1
n—-oon n—-oo n

And
iﬂ%ZrEfln‘f’( 21)—1—11m rea, ¢(2+——21)_1—7111££105
Srea, ¥ (3,7) (4)

Now equations (3) and (4) yield, (¥, ¢) — [x] N~£ [y]-

Definition 9. Sequences [x] = (x,) and [y] = (¥,) are asymptotically I*- equivalent of
multiple A if thereexistaset T €1 suchthatfor K = N—T = {k4,k,,k3,...} we have,

Symbolically, we state the case as, [x] ~ [y].

Definition 10. Sequences [x] = (x,) and [y] = (3,,) of the elements of IFNS (E,, ¢,0,0)
are known as asymptotic [*- equivalent of multiple A1 with regard to IFN (Y, ¢) if there exist
aset T €1 suchthatfor K = N—T = {kq,k,, k3,...} we have,

hmlp(——/l T)—>1 or hmdb(——/'l T>—>0

p—oo ykp p—0o0 ykp

[¥].

I

Symbolically, we state the case as, (Y, ¢) — [x]
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The two sequences are known as simply asymptotic [* — equivalentif 1 =1

Example 3. Assume I ={ACS N :Y,c4 k™! < o}(see [13]) be an ideal on N, the two
sequences [x] = (xp) and [y] = (3p) onIFNS (R, ¢,0,0) are defined as

r if r=p% ; p€eN
3r2 42 otherwise

(x) = {

_(Vr ifr=p?* ; peN
)=, .
r otherwise ,
Define Y (w, 1) = T+T|W| and Yy(w,7) = TLTMI/l; then (Y, ¢) — [x] < [y]

Proof. For every >0 and 0 <& <1 there exist a set T = {p%:p € N } such that for
K= N - T ={kqky ks,...} wehave,

X
1imzp(ﬂ—3,r)= lim ———— = lim —— =1 (5)
p—oo Vip n-oo m_3‘ poo (2
p kp
And,
3k +2 3‘ 2
X 2 22
lim ¢ (ﬁ — 3,‘[> = ::2+2 = lim kp = 0. (6)
p—o© Ykp o+ %_3’ poo o kiz
p p
I*
the two equations (5) and (6) simultaneously yield, (i, ¢) — [x] 2 [v].

Definition 11. Two sequences [x] = (x,) and [y] = (¥p) of the elements of IFNS(E, ), ¢,°,0)
are known as strongly asymptotic I*- equivalent of multiple 1 with regard to IFM (Y, ¢) if
there existaset T € [ suchthatfor K = N —T = {ky,k,,k3,...} we have,

. 1 Xkp . 1 Xkp
gggo ra Dkpek, ¥ (yk,, A, T) -1 and gggo Kka,,EK,, ¢ (yk,, A, r) - 0,
where K, © K containing p elements of K.

Ny
Symbolically, we state the case as, (Y, ¢) — [x] 2 [v]-

For A =1, the two sequences are called simply strongly asymptotically I* — equivalent
4 Main theorems

Theorem 1 Let I be an ideal on N and the two sequences [x] = (xp) and [y] = () are
defined on IFNS (E,, ¢,0,0), if [x] and [y] are asymptotically equivalent of multiple A with

regardto (1, ) then (i, ) — [x] < [¥]

Proof. Forevery T>0 and 0 <& <1 wehave,
. Xy _ . Xr _
rh_)rgl,[) (y_r -1, T) =1 or rlgg)(ﬁ (yr A, T) =0 (7)

hence, there exist 1y € N such that forall v > r, we have
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1/)(?—/1,1)>1—£ or ¢(§—/1,T)<S (8)
which gives ' '
{k : 1p(ﬂ—/1,r)§1—g or gb(:]—l’i—/l,r)2£}={1,2,3...r0}61

Yk

I3
= @, ¢) = [x] ~ [yl.
Theorem 2. If I be an ideal on N and [x] = (x,) and [y] = (y,) are two sequences of
I

the elements of IFNS (E,1, §,0,0) then (P, ) — [x] ~ [y] = (. $) — [x] < [¥]

vl 508
Proof. Given [ is an ideal on N and (¥, ¢) — [x] 2 [y] then for A, €1 where |A,| =n

we have,

Iy

lim Sreq, ¥(Z- A7) > 1 and lim ~Sres, ¢ (2= 4,7) 0 )
Now for,
lim = %eq, {1-w (- A7)} =0 (10)

We decompose 4, = X(e) UY(¢) andforevery 0 <& <1 and 7> 0 we put.
X(e) = {k: 1—zp(;—’;—/1,r) >e} and Y(e) = {k:l—w,b(;—’;—/l,r) <e)
.suchthat X(¢)NnY(e) = ¢. Then
lim 2 %res, (1= (Z-2,7)) = lim 2 Brex {1 -9 (Z- A7)} +

nocon
lim %ZrEY(s) {1 -y (% -4 T)}

n—oo

(11)

The second limit in R.H.S is sufficiently small (= 0) and first limit force us to write X(¢) €]
(Since, X(g) € A,, € I). Now on continuing the same reasoning on

.1 .
TILEEOZZTEAn (0] (% -4 T) =0 (12)
Thus equations (11) and (12) simultaneously conclude the theorem,
i Xr_ — Xrr_
i.e {T.lp(; A,T)Sl g or qb(yr A,T)Ze}el

Theorem 3. If I be anidealon N and [x] = (x,) and [y] = (),,) are two sequences of the
I I
elements of IFNS (E,, ¢,0,0) then (,¢) — [x] ~ [y] = (), ¢) — [x] ~ [¥]
I*
Proof. Given that (Y, ¢) — [x] 2 [y], then there exist M €I such that for K= N—-M =
{kqi, ks, k3,...} we have,

hmzp("ﬁ—a,r)=1 or 1im¢(xﬁ—/1,r>=o. (13)

r—00 Yy r—00 Yir
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Which implies that for every 0 <& <1 and 7 >0 there exist k, € K such that for all
k, = k,, we have

w(’“ﬁ—a,r)n—e or qb(&—/l,z)q (14)
Viy Yier
which follows,
{kr :w(yﬂ—a,r) <1l—¢ or ¢(ﬁ—/1,r) > e} S MU{ky,kyks,...} (15)
kr ky
Since, M U {kq,ky,ks,...} € I. Therefore
{kr:zp(xﬁ—/l,r)sl—e or qb(xkr—/l,T)Ze}EI. (16)
Vir YVier
Thus theorem is established.

Theorem 4. If I be an admissible ideal on N and [x] = (x,) and [y] = (),,) are two
sequences of the elements of IFNS (E,, ¢,0,0) then following are equivalent.

M. ) [x] '? ]
(). (t/).¢)—[x]3la[y]
(i), () —=[x] < [¥]

Proof. We prove (i)=(ii). Forevery t >0 and 0 <& <1 we have

Xz{k:lpg—k—a/l,t)Sl—e or qb(

Xk
% ae) > e el
k Yk
Let us put,

Y={p:¢(;—;—l,t)£1—e or ¢(;—p—/1,t>25}

Yp
We now prove that Y C X, let qEY:gb(:Tq—/l,t) <1l-c¢
q

using the properties (v) of definition 1, we have

Xa _ — (% _ — (% _ <1—
Y (ayq A, t) Y (yq al, Ialt) Y (yq al, T) <1l-c¢
where 7 = |a|t

Similarly,

qb(i—q— a)l,r) >¢g,where T=|alt = q€X
q
Thuswe get Y € X moreover Y €1, since X € [.
Now, (ii)=(iii).
Let us put
1 1
—Xk —Xk
Z={k:1,l)<“——l,t)$1—£ or ¢<“——A,t>2£} (17)
Yk Yk
. Now it is suffice to prove that Z C Y. Let p € Z, then
1
—xp X
2 _Jt) = <—”_A,t)§1— 18
oz ne) vz -n) 1o n
Also,
lxp %p 3
o) =g (2 )2 1
¢ v ¢ . € (19)
From equations (18) and (19) wereach peY =>ZCY
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Now, (iii)=(i). For this, we have to prove that X € Z. Let k € X, and

Xk x k %xk
i — a - a © <1 —
¢(yk akt) 1/)<y A t|a|> ¢<yk /1,T> <1-c¢ (20)
because of (iii).
1
Similarly, we obtain ) <0;—xk -4 T) <1l-c¢ (212)
k

=>k€Z or XCSZ€el

Theorem 5. If I be an ideal on N and [x] = (x,) and [y] = (y,) are two sequences of
the elements of IFNS (E,, ¢,0,0) then for non-zero scalars a, A the following are equivalent.
I3

(i). @b, fl))-[ ]’g [v],
). w¢)-H~E
Proof is obvious by the results of theorem 4.

1

Theorem 6. If I an admissible ideal on N and the three sequences [x] = (x;), [v] = ()
I
and [z] = (z,) defined on IFNS (E,,¢,0,0) such that (Y, ) — [x] < [y] and (¥, ) —
I I
[z] < [y] then (¥, ) — [x] + [z] P [y], where A and u are scalars.

I I
Proof. We are given, (Y, ) — [x] N [y] and (¥, ¢) — [Z] < [y] then for every 0 < g,¢&, <
1 and t > 0 we have

={k:z/)(;—:—/1,t)ﬁl—sl or ¢(;—i—/1,t)282}el. (22)
and

Y={k:zp(§—’;—,u,r)$1—ez or ¢(;—i—y,r)2£2}el. (23)

Now let ge (X NY)  or qge ( N=X)U( N—=Y). Now for every 0 < &,&, <1 we can
find 0 < e <1 suchthat (1 —¢g)eo(1—¢&)>1—¢ and & ¢ & < &.(by remark 2), Now

¢(%—(A+M),t+r>Ztl)(;—z—)l,t)owc—:—u,T)2(1—81)0(1—62)>1—e (24)
and,
¢(%—(l+u),t+‘[)S(P(ii—:—l,t)oqf)(j—z—u,r)Sglogz <. (25)

Let
xq+Zq

{q 1,b<xq+zq (A+,u)t+r>>1—£ and ¢( (/1+u),t+r><e} (26)

Thus we reach that (X NY)¢ € Z. Which implies,

Xqtzg

{q ll)(xq+zq (/1+,u),t+r) 1—¢ or qb( (/1+/,¢),t+r>23}§XnY (27)
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Hence,

{q:¢(%—(l+u),t+r)§l—e or qb(

Thus theorem is established.

xq+zq

y—q—(/1+u),t+r>2€}61- (28)
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