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Abstract

The key issue pertaining with characterization of learnability is the most basic question of statistical learning
theory. A fundamental and long-standing answer, at least for the case of supervised classification and regression,
is that learnability is equivalent to uniform convergence of the empirical risk to the population risk, and that if a
problem is learnable, it is learnable via empirical risk minimization. In this paper, we consider the General
Learning Setting (introduced by Vapnik), which includes most statistical learning problems as special cases. We
show that in this setting, there are non-trivial learning problems where uniform convergence does not hold,
empirical risk minimization fails, and yet they are learnable using alternative mechanisms. Instead of uniform
convergence, we identify stability as the key necessary and sufficient condition forlearnability. More- over, we show
that the conditions for learnability in the general setting are significantly more complex than in supervised
classification and regression.
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1. Introduction efficiently, but only whether it is statistically

We consider the General Setting of Learning
introduced by Vapnik (1995) where we would
like to minimize a population risk functional
(stochastic objective)

F (h)=Ez.p [f(h; 2)] (1)

Over some hypothesis class H, where the
distribution D of Z is unknown, based on i.i.d.
sample z1,...,zn drawn from D (and full
knowledge of f and H). This General Setting
subsumes supervised classification and
regression, certain unsupervised learning
problems, density estimation and more. For
example, in super- vised learning z = (x,y) is an
instance-label pair, h is a predictor, and f(h ;(
x,y)) =loss (h(x),y) is the loss functional.

In the context of this general setting, we are
concerned with the question of statistical
“learnability”. That is, when can Equation (1) be
minimized to within arbitrary precision based
only on a finite sample z1,...,zm, as m ©? We are
not concerned here with computational
aspects of this problem, that is, whether this
approximate minimization can be carried out

possible to do so based only on the sample zj, ..
. Zm-

For supervised classification and regression
problems, it is well known that a problem is
learnable if and only if the empirical risks

m
FS(h) = %}‘TZ f(hr Z,-)

i=1
for all h H converge uniformly to the population
risk (Blumer et al., 1989; Alone tal.,, 1997). If
uniform convergence holds, then the empirical
risk minimizer (ERM) is consistent, that is, the
population risk of the ERM converges to the
optimal population risk, and the problem is
learnable using the ERM. We therefore have:

e A necessary and sufficient condition for
learnability, namely uniform convergence of
the empirical risks. Furthermore, this can be
shown to be equivalent to a combinatorial
condition: having finite VC-dimension in the
case of classification, and having finite fat-
shattering dimensions in the case of
regression.

e A complete understanding of how to learn:
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since  learnability is equivalent to
learnability by ERM, we can focus our
attention solely on empirical risk minimizers.

The situation, for supervised classification and
regression, can be depicted as follows:

Learnable
with ERM

Uniform

Learnable
Convergence

Other than uniform convergence, certain
notions of stability have also been suggested as
an explicit condition for learnability. Intuitively,
stability notions focus on particular algorithms,
or learning rules, and measure their sensitivity
to perturbations in the training set. In
particular, it is known that stability of the ERM
is sufficient for learnability. In Mukherjee et al.
(2006), it is argued that stability is also a
necessary for learnability. However, that
argument relied on the assumption that uniform
convergence is equivalent to learnability.
Therefore, stability was shown to characterize
learnability only in situations where uniform
convergence characterizes learnability anyway.

The equivalence of uniform convergence and
learnability was formally established only in the
supervised classification and regression setting.
In the more general setting, the “rightward”
implications in the diagram above still hold:
finite fat-shattering dimensions, uniform
convergence, as well as ERM stability, are
indeed sufficient conditions for learnability
using the ERM. As for the reverse implication,
Vapnik showed that a notion of “non-trivial” or
“strict” learnability with the ERM is indeed
equivalent to uniform convergence of the
empirical risks. This notion was meant to
exclude certain “trivial” learning problems,
which are learn- able without uniform
convergence. Even in such problems, learnability
is still possible by empirical risk minimization.
Thus, it would seem that in the General Learning
Setting, as in supervised classification and
regression, a problem is learnable if and only if
it is learnable by empirical risk minimization.

In this paper we show that the situation in the
General Learning Setting is actually much more
complex. In particular, in which we show an

example of a learning problem in the General
Learning Setting, which is learnable (using an
online algorithm and an online-to-batch
conversion), but which is not learnable using
empirical risk minimization. To the best of our
knowledge this s the first example shown of this
type. Furthermore, iwe show a modified
example which is learnable using empirical risk
mini- mization, but for which the empirical risks
of the hypotheses do not converge uniformly to
their expectations, not even locally for
hypotheses very close to the true hypothesis. We
argue that unlike the examples discussed. This
example is far from being “trivial”. We use this
example to discuss how Vapnik’s notion of
“strict” learnability with the ERM is too strict,
and precludes cases which are far from trivial
and in which learnability with empirical risk
minimization is not equivalent to uniform
convergence.

Having shown that learnability does not imply
learnability with the ERM, and learnability with
the ERM does not imply uniform convergence
(unlike supervised classification and regression),
we proceed in Section 5 to characterize
learnability in the General Learning Setting,
unveiling stability as a key notion.

In particular, we show that for learnable
problems, even when they are not learnable
with ERM, they are always learnable with some
learning rule which is “asymptotically ERM”.
Moreover, such an AERM must be stable (under
a suitable notion of stability). Namely, we have
the following characterization of learnability in
the General Learning Setting:

Learnable
with AERM

Exists Stable
AERM

e i

Note that this characterization holds even for
learnable problems with no uniform convergence.
In this sense, stability emerges as a strictly more
powerful notion than uniform convergence for
characterizing learnability. Other than this, we
also discuss several related results, which
above all imply that the conditions for
learnability in the General Learning Setting are
substantially different and more complex than
in supervised classification and regression.

Our results point not to a specific learning rule
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(such as an ERM), but rather to a class of
learning rules (AERM learning rules) as
possible candidates for learning. Also we
explore how our results can be strengthened if
we allow randomized learning rules. In particular,
randomization allows us to pinpoint not a
general class of learning rules, but rather a
specific (though highly impractical) learning
rule, which learns if and only if the problem is
learnable.

Throughout most of the paper we discuss
learning rates (as a function of the sample size),
but do not pay much attention to the confidence
at which the learning rule succeeds (i.e., the
dependence of the sample size on the allowed
probability of failure). This issue is addressed,
and again we show that in the General Learning
Setting, things can behave rather differently
than in supervised classification and regression.

In summary, this paper opens a door to the
complexity of learnability in the General
Learning Setting, and provides some
understanding of the situation, including
highlighting the importantrole of stability. Many
gaps in our understanding remain, and we hope
that future progress will close some of these
gaps, as well as connect the theoretical insights
gained to machine learning as used in practice.

This paper is partially based on the results
obtained in Shalev-Shwartz et al. (2009a) and
Shalev-Shwartz et al. (2009Db).

The General Learning Setting: Formal
Definition and Notation

In this paper we focus on the General Learning
Setting, which was introduced by Vapnik (1995)
as a unifying framework for the problem of
statistical learning from empirical data.

The General Learning Setting deals with
learning problems. Formally, a learning problem
is specified by a hypothesis class H, an instance
set Z (with a sigma-algebra), and an objective
function (e.g, “loss” or

“Cost”) f: H x Z = R. Throughout this paper we
assume the function is bounded by some
constant B, that is | f(h; z)| < Bforallh € H and
ZEL.

Given a distribution D on Z, the quality of each
hypothesis h €H is measured by its risk F(h),

which is defined as E.~p [f (h; z)]. While H, Zand
f(h; z) are known to the learner, we assume that
D is unknown. Ideally, we would like to pick h
H whose risk is as close as possible to infh, g F
(h). Since the underlying distribution D is
unknown, we cannot do this directly, but
instead need to rely on a finite empirical
training sample S ={z,...,Zn}. On this sample, we
apply a learning rule to pick a hypothesis.

Formally, a learning rule is a mapping A: U~

ZM - H from sequences of instances in Z to
hypotheses. Werefer tosequences S=z1,...,zn as
“sample sets”, but it is important to remember
that the order and multiplicity of instances may
be significant. A learning rule that does not
depend on the order of the instances in the
training sample is said to be symmetric. We will

generally consider samples S D™ of m i.i.d.
draws from D.

This framework is sufficiently general to include
a large portion of the statistical learning and
optimization problems we are aware of, such as:

o Binary Classification: Let Z = X x {0, 1}, let
H be a set of functions h: X»>— {0, 1}, and let f
(h;(xy)) = 1m 3. Here, (1) is simply the
0 -1 loss function, measuring whether the
binary hypothesis h (1) misclassified the
example (x,y).

o Regression: Let Z=X xY where X and Y are
bounded subsets of R and R respectively, let H

be a set of bounded functions h: X' R, and let f

(h;(x, ¥)) = (h(x) y)2 Here, f () is simply the
squared loss function.

Large Margin Classification in a Reproducing
Kernel Hilbert Space (RKHS): Let Z=X 0, 1,
where X is a bounded subset of an RKHS, let H
be another bounded subset of the RKHS, and let
f(h;(x,y))=max 0,1 yx, h.Here, f() is the well-
known hinge loss function, and our goal is to
perform margin-based linear classification in
the RKHS.

K-Means Clustering in Euclidean Space:
Let Z =R, let H be all of size k, and let subsets
of R f (h; z) = min cn ¢ z. Here, each h
represents a set of k centroids, and f ()
measures the Euclidean distance squared
between an instance z and its nearest centroid,
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according to the hypothesis h.

¢ Density Estimation: Let Z be a subset of R,
let H be a set of bounded probability
densities on Z, and let f(h;z) = -log (h (z)).
Here, f () is simply the negative log-
likelihood of an instance z according to the
hypothesis density h. Note that to ensure
boundedness of (), we need to assume that
h (z) is lower bounded by a positive
constant for all z €Z.

e Stochastic Convex Optimization in
Hilbert Spaces: Let Z be an arbitrary
measurable set, let H be a closed, convex
and bounded subset of a Hilbert space, and
let f (h; z) be Lipschitz-continuous and
convex w.rt. its first argument. Here, we
want to approximately minimize the
objective function E,-.p [f(h;z)], where the
distribution over Z is unknown, based on an
empirical sample zj,...,Zm.

Our overall goal in this setting is to pick a
hypothesis h H with approximately minimal
possible risk, based on a finite sample.
Generally, we expect the approximation to get
better with the sample size. Learning rules
which allow us to choose such hypotheses are
said to be consistent. Formally, we say a rule A
is consistent with rate € cns(m) under
distribution D if for all m,

Esmar [FAG)) —F] =2 (M), (5

Where we denote F* =infhey F (h) (here and
whenever talking about a “rate” & (m), we
require it to be monotone decreasing with cons

(m) ™" 0).

D is unknown, we cannot choose a learning rule
based on D stronger requirement, namely that
the rule is consistent with rate € cons (m) under
all distributions D over Z. This leads to the
following central definition:

Definition 1 A learning problem is learnable, if
there exist a learning rule A and a monotonically
decreasing sequence scons (m), such that ¢ cons

(m) M=¢0, and

WD, Es-om [FIA(S) — F*] = gconslm).

Alearning rule A for which this holds is denoted
as a universally consistent learning rule.

This definition of learnability, requiring a
uniform rate for all distributions, is the relevant 5oz
notion for studying learnability of a hypothesis
class. Itis adirect generalization of agnostic PAC-
learnability (Kearns et al, 1992) to Vapnik”s
General Setting of Learning as studied by
Haussler (1992) and others.

A possible approach to learning is to minimize
the empirical risk Fs(h) over a sample S, defined
as

Fslh) = 1T Fin; 2).

Mzes
1 Instance domain and a specific instance,
#h Hypothesis class and a specific hypothesis,
f(h, 2) Loss of hypothesis h on instance z
: suph,z [ fTh; 2l
D Underlying distribution on instance domain Z
5 Empirical sample z,, . . . , 2, sampled i.i.d. from ©
m Size of empirical sample §
AlS) Learning rule A applied on empirical sample 3
£elm) Rate of consistency for a Tearning rule
Fih) Risk of hypathesis h, E~a f(h; 2)]
F infhezF(h)
Fh) EITICal T1sK Of NYPOTNEsIs N O sample.s, * oeg] ; 2)
hs An ERM hypothesis, ;(hs) = infhear Fi(h)
Enlm) Rate of AERM for 2 learning rue
Stablelm) Rate of stability for a learning rule
() Rate of generalization for a Teamning rufe

Table 1: Table of Notation

We say that a rule A is an ERM (Empirical Risk
Minimizer) if it minimizes the empirical risk

Fs(A(S)) =F(hs)=inf F(h).
nEH

where we use Fs (hs) =infh g Fs(h) to refer risk.
But since there might be several hypotheses
minimizing the empirical risk, hS does not refer to
to the minimal empirical a specific hypotheses

and there might be many
rules which are all ERM.

We say that a rule A is an AERM (Asymptotic
Empirical Risk Minimizer) with rate B em(m)

@
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under distri- bution D if:

Es~pm EFS{A»{S}] - Fsl[hs}lE = Errn{m}

A learning rule is universally an AERM with rate
Berm (m), if it is an AERM with rate Berm (m)
under all

distributions D over Z. A learning rule is an
always AERM with rate Bem (mﬁ, if for an
sample S of size m, it holds that Fs(A(S)

FS(ﬁS) erm(m).

We say a rule A generalizes with rate Blgen (m)
under distribution D if for all m,

Es~pm [|FIA(S)) — FS(A(S]) |1 < gzn(m).

A rule universally generalizes with rate gen (m) if
it generalizes with rate g (m) under all
distributions D

over Z.

We note that other authors sometimes define
“consistent”, and thus also “learnable” as a
combination of our notions of “consistent” and
“generalizing”.

In the above definitions, we choose to use
convergence in expectation, and defined the
rates as rates on the expectation. Since the
objective f is bounded, convergence in
expectation is equivalent to convergence in

Probability. Furthermore, using Markov’s
inequality we can translate a rate of the form E
[IX ] < (m) to a “low confidence” guarantee P[|X

|<(m)/] <.

Background: Characterization of Learnability
Before presenting our results, we begin with a
review of the known connections between
learnability, stability, and uniform convergence,
highlighting the issues which will be of
importance lateron.

Learnability and Uniform Convergence

As discussed in the introduction, a central
notion for characterizing learnability is uniform
convergence. Formally, we say that uniform
convergence holds for a learning problem, if the
empirical risks of hypotheses in the hypothesis
class converges to their population risk
uniformly, with a distribution-independentrate:

sup Es om sup |A(h) — F)] ™ Fo.
@ hex

It is straightforward to show that if uniform
convergence holds, then a problem can be

learned with the ERM learning rule. 5032

For binary classification problems (where Z =X
0, 1, each hypothesis is a mapping from X to 0,
1, and f (h;(x, ¥)) = 1 nx=y ), Vapnik and
Chervonenkis (1971) showed that the
finiteness of a simple combinatorial measure
known as the VC-dimension implies uniform
convergence. Furthermore, it can be shown
that binary classification problems with infinite
VC-dimension are notlearnable in a distribution
-independent sense. This establishes the
condition of having finite VC-dimension, and
thus also uniform convergence, as a necessary
and sufficient condition for learnability.

Such a characterization can also be extended to
regression, such as regression with squared loss,
where h is now a real-valued function, and f
(h;(x, ¥)) = (h(x) y)2 The property of having
finite fat-shattering dimension at all finite scales
now replaces the property of having finite VC-
dimension, but the basic equivalence still holds:
a problem is learnable if and only if uniform
convergence holds (Alon et al, 1997, see also
Anthony and Bartlet, 1999, Chapter 19). These
results are usually based on clever reductions to
binary classification. However, the General
Learning Setting that we consider is much more
general than classification and regression, and
includes setting where a reduction to binary
classification is impossible.

To justify the necessity of uniform convergence
even in the General Learning Setting, Vapnik
attempted to show that in this setting,
learnability with the ERM learning rule is
equivalent to uniform convergence (Vapnik,
1998). Vapnik noted that this result does not
hold, due to “trivial” situations. In particular,
consider the case where we take an arbitrary
learning problem (with hypothesis class H), and
add to H a single Hypothesis h such that f(h,z) <
infh g f(hz)forallz Z (see figure 1 below).
This learning problem is now trivially learnable,
with the ERM learning rule which always picks
h.

Note that no assumptions Whatsoever are made
on H - in particular, it can be arbitrarily complex,
with no uniform convergence or any other
particular property. Note also that such a
phenomenon is not possible in the binary
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classification setting,

whatsoever are made on H - in particular, it can
be arbitrarily complex, with no uniform
convergence or any other particular property.
Note also that such a phenomenon is not possible
in the binary classification setting, where f(h; (X,
¥)) = Ly 43, Since on any (xy) we will have
hypotheses with f(h; (xy)) = f(h; (x,y)) and thus
if H is very complex (has infinite VC dimension)
then on every training set there will be many
hypotheses with zero empirical error.

To exclude such “trivial” cases, Vapnik
introduced a stronger notion of consistency,
termed as “strict consistency”, which in our
notation is defined as

infFlhl ™ inf FiR)
h:Flh)=c

Y= R
h:Fih)=¢c

where the convergence is in probability. The
intuition is that we require the empirical risk of
the ERM to converge to the lowest possible risk,
even after discarding all the “good” hypotheses
whose risk is smaller than some threshold.
Vapnik then showed that such strict consistency
of the ERM is in fact equivalent to (one-sided)
uniform convergence, of the form

sup (F(h) — F«(h)) ’Tm 0

—_—

heX

in probability. Note that this equivalence holds
for every distribution separately, and does not
rely on universal consistency of the ERM.

These results seem to imply that up to “trivial”
situations, a uniform convergence property
indeed char- acterizes learnability, at least using
the ERM learning rule. However, as we will see
later on, the situation is in fact not that simple.

flh; z)

Figure 1: An example of a “trivial” learning
situation. Each line represents some h H, and
shows the value of f(h,z) for all z Z. The
hypothesis h dominates any other hypothesis
(e.g., f(h;z) < f(h;z) uniformly for all z), and
thus the problem is learnable without uniform
convergence or any other

property of H.

Uniform Convergence
1. Mathematical Definitions

A power series,

flx) =

is an example of a sum over a series of
functions

b2
fx)=" gnlx),
n=0 (1)

where g, (x) = anx". It is useful to consider the
more general case. Let us considera sum of the
form given in eq. (1) and ask whether the sum
is convergent. If we consider each x separately,
then we can determine whether the sum
converges atthe point x. Suppose that the sum is
determined to converge for all points x € A4,
where A is some interval on the real axis.
Typical intervals are: the open interval a < x <
b, which we will denote by (a, b) and the closed
interval a < x < b, which we will denote by [a, b].
Of course, we could also consider half-open, half-
closed intervals, such as a < x < b, denoted by (q,
b] and a < x < b, denoted by [a, b). In this
notation, the parenthesis indicates that the
endpoint is not included in the interval,
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whereas the square bracket indicates that the
endpointisincluded in the Interval.

If £ (x) converges for all x € A, we say that the
sum given by eq. (1) is point wise convergent
over the interval x € A. In this case, 4 is called
the interval of convergence. A classic example
is the infinite geometric series,

1 b

X", x| < 1.

1-x"
@
The above sum converges point wise to the
function (1 - x)-! inside the open interval -1 <
x < 1. Using the standard procedures, it is easy
to see that the sum diverges for all |x| = 1.

Let us return to the general case of

=

fix) = gnlx), X = A,
=0

where A is the interval of convergence.
Suppose that the gn(x) are continuous
functions. Does this imply that f (x) is
continuous? The great mathematician
Augustin Louis Cauchy got the answer wrong.
In 1821, he claimed to prove that all infinite
sums of continuous functions are continuous.
It took over 30 years before the error was
properly corrected.

It is simple to provide a counterexample to
Cauchy’s claim. Consider the series:

= = x*
flxy= gnlx)=

n=1

peg (L)1 + (0 — 17

(3)
Although this series looks complicated, we
can simplify it using partial fractions. The

following is an algebraic identity:

X2 1 1

gnl) = Lrmdd+n- 1@ 1+(n-1p¢ 1+md (4)

The sum over the first N terms is a
telescoping series, which yields

b3 2 . . )
— =t = —= .
pet (14014 (n = 1) 1+ Tt 1128
1 1
+t —
T+(V -1 1+Nx
1 Nx?
ST N T T (5)
Thus,
C
fix) = lim _MC _ 1, forx /=0,
N—ow 14+ Nx 0, forx=0.

That s, f(x) is discontinuous at x = 0. Below,
I have plotted Nx2/ (1 + Nx2) for N=2,4,6,8
and 10. As N increases, the curves begin to
approach the functionf(x), which is equal to
1 for all x /= 0. Of course, f(0) = 0, so in
the limit & N — oo, the functions exhibits a
discontinuity.

> » Nx?
et (L+m)[L+(n— 1) 1+N2

fulx) =

Then for x /=0,

1
FE) = frix) = <o,
(6)
Which implies that
1-9p
N> —.
ox (7)

That is, given an ¢ no matter how small, one
can always find an N such that

e -l <e. This implies that for

D, lim = .
x N—*:ofN[x} Fx) Note that as x = 0,
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the required value of N grows arbitrarily
large.This means that the rate of convergence
is getting slower and slower the closer x is to
the origin. This is the source of the ultimate
discontinuity at x=0.

These observations motivate the following
definition.

F

Definition: Given f,(x) = ™1 f, (x)
and lim fy(x) = f(x), where x € A4, the
sum is uniformly convergent in the
interval x € A if given a positive error
bound ¢, there always exists a response
N such that for any n 2 N we have |f(x)

- f2(x)| < 9. The same N must work for all
vEA

The concept of uniform convergence is
illustrated in the above figure, taken from ref.
2. We see that the approximation f; to f lies
completely within an g-band over the entire
interval.

Figure 14.6. Uniform convergence on the whole interval.

By comparing the definition of wuniform
convergence with eqs. (6) and (7), it is clear
that the sum given in eq. (3) is point wise
convergent but is not uniformly convergent
over any interval that contains the point x = 0.
Indeed, uniform convergence is a more stringent
requirement than point wise convergence.
However, the advantage of uniform
convergence is that the properties of the
functions g, (x) (such as continuity) are
preserved by the infinite sum.

2 Theorems about
converging series
We quote a few key theorems without proofs
(for details, see e.g, refs. 1 and 2 given at the

uniformly

end of these notes).

=
Theorem 1: If f(x)= "= 97(X) converges
uniformly over the interval x € A,and if the
gn(x) are continuous at every point x € 4, then
f(x) is also continuous at every point x € A.

Since f(x) defined in eq. (3) is discontinuous at
x = 0, it follows that f (x) is notuniformly
convergent over any interval that includes
the point x = 0. However, the converse to
Theorem 1 is false. In particular, there are
many examples of non-uniformly convergent
sums that are continuous over the interval of
convergence.

=

Theorem 2: If f(x) ="=1 97(¥) converges
uniformly over the open interval x € 4, and
if the gn(x) are differentiable at every point
in A, then f(x) is also differentiable at every

point x €4, and f(x) ="=1 gn(x)

That is, it is legal to interchange the order of
summation and differentiation. While this
interchange is clearly valid for finite sums, it
requires proof if the sum is over an infinite
number of terms. For non-uniformly convergent
sums, interchanging the order of an infinite
summation and differentiation may fail. As an
example, consider

=
fx) =sinx " gn(x),
8

Where g, (x) is defined in eq. (4). Using eq.
(5), it follows that:

= Nx? sin x
frnix) = sinx gn(x) = EETT

n=1
Thus,

flx)=1lim fun(x) = sinx,
N o

Which holds for all real values of x
including the point x = 0. Because of the x2
in the numerator of eq. (4), it is clear that g
'(0) = 0 for all n. Thus,
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E x
gn (0) = 0.

n=1

However, since f(x) = sinx, we have f'(x) =
cosx, and f(0) = 1. Thus,
=

fo) ™97,

(9)

The reason for this odd behavior is that f(x) is
not uniformly convergent at x = 0.
=

Theorem 3: If f(x) = ™! 9"(*) converges
uniformly over the closed interval x € [aq, b],
and if the g, (x) are integrable over the
interval [a, b], then f(x) is also integrable over
the interval [a, b], and

J'b E.rb
Slx)dse =

a n=1 2

gn(x)dx .

That is, it is mathematically permissible to
interchange the order of summation and
integration. While this interchange is clearly
valid for finite sums, it requires proof if the sum
is over an infinite number of terms. For non-
uniformly convergent sums, interchanging the
order of an infinite summation and integration
may fail. As an example, consider

-
filx)= gn(x), —l<x=1,
n=1 (10)
Where
gnx) = x1-x) * (n- 1}1(11)

We recognize that the sum of the first N terms
of f(x) is a telescoping sum, whichis easily
computed:

fr(x) = = gn(x) = NZxN (1 — x).
n=1 12)

Thus, f(x) = limy-e fv (x) = 0 for |x| <1 and
f (1) =0 due to the factor ofl —x in the
gn(x). Hence,

I
flx)dx =0.
0 (13)
However, notice that
zj 1 | 1 F [ 1 .F1

grixdx=" dx  galx)=  fu(x)de=N  XN[1-x)dx
0 0 0 0

n=1 n=1

+ +

:N2 -

N+T N+t2  (N+LN+2)

(14)

Where we have used the fact that it is always
permissible to interchange the order of
integration and summation if the latter is a
sum over a finite number of terms.Taking the
limit of eq. (14) as N — oo yields

= I
gn(x)dx=1.
n=1 1

(15)

Comparing eq.
conclude that
' =
, dx  gnlx) E

n=1 n=1

(13) with eq. (15), we

> Iy
gn(x)dx.

(16)

Again, this behavior can be attributed to the
fact that the sum is not uniformly convergent
atx=1.

To understand what is happening, consider a
plot of fv (x) [eq. (12)] for various values of N.
Below, I have plotted fy (x) for N = 2, 5, 10, 25
and 50. As N increases, the hump in the graph of
fv (x) gets higher and narrower and is pushed
further to the right.
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As N - o, fy(x) —» 0 but in a very non-
uniform way, since the area under thegraph
of fyv(x) approaches 1 in the same limit!

3 A test for uniform convergence

The Weierstrass M-test: If fx) = Zgo "=10n(%), and if|
§u(%)| =M, for every n greater than orequal fo some some fixed

integer N, for all x € 4, and if nei M converges, then
Em

=1 g, (x) converges uniformly to f{x) over the intervalx 4,
Moreover, at every point x €4, the convergence is absolute,

This is the analog of the comparison test for
numerical series. The converse of the
Weierstrass M -test is false. Namely, it is possible
for a uniformly convergent series to fail the
Weierstrass M-test. An example of this is

= (-1
Fen

n=1

(17)

This sum is only conditionally convergent.
Thus, it cannot pass the Weierstrass M -test,
since any series that satisfies the Weierstrass M
-test must be absolutely convergent.
Nevertheless, one can prove that eq. (17) is also
uniformly convergent.

4. The uniform convergence of power
series
Finally, we can now understand why power
series are so nice. As a consequence of the
Weierstrass M-test, we have this important
result.

Theoram 4: If fix)= a0 9% g q power series
with a finite radius convergence R > 0, then for
any 0 < r < R, this power series converges
uniformly and absolutely over the closed
interval [-r, r].* If the radius of of convergence is
infinite, then the power series converges
uniformly over the closed interval [-r, r] for any
finite positive value of r.

Proof: For any |x| < r, we have |ax"| <
|an|rn. BUt: e 17117 converges absolutely (as
a consequence of the ratio test). Hence the

Weierstrass M-test applies.

As aresult, f(x) is continuous over any closed
interval [r, r] (for r < R), and one can
differentiate and integrate power series by

differentiating or integrating each term in the
series. Returning to the example of the infinite
geometric series,we conclude that eq. (2) is
uniformly convergent over any closed interval
[-r, r], where 0 < r < 1. However, it would be

incorrect to claim that eq. (2) is uniformly5037

Convergent over the open interval (-1, 1). The
problem here is that the rate of convergence is
infinitely slow as x — 1. This is not
surprising, since eq. (2) diverges at x = 1.

For the general power series /1= =09

with radius of convergence R, the series
converges for |x| < R and diverges for |x| >R.
However the convergence properties at x =
*R must be checked separately. The
following theoremis relevant.

Theoram 5: Given a power series F (x) =
za-a
n=0 %" with a finite radius of convergence R

>0 and an interval of convergence A. Then,

a. If A = [-R R], then the series converges
uniformly (but not necessarily absolutely)
over the closed interval [-R, R].

b. If A = (-R R], then the series converges
uniformly (but not necessarilyabsolutely)
over any closed interval [a, R] for all -R <
a<R.

c. If A = [-R R), then the series converges
uniformly (but not necessarilyabsolutely)
over any closed interval [-R, b] for all -R <
b <R.

d. If A = (=R, R), then the series converges
uniformly and absolutely over anyclosed
interval [a, b] for all —-R<a <b <R.

The infinite geometric series [eq. (2)] is an
example of case 4 of Theorem 5.
An example of case 2 is

= n+1xn
In {1+x) {(—1)} __,
n

= n=1

—l<x=1.

This sum is conditionally convergent at x =
1 and divergent at x = —1. Thus, we conclude
that the series converges uniformly on any
closed intervala < x <1 where -1 <a < 1. In
particular, the sum is uniformly
convergent atx=1.

Our final example is Euler’s dilogarithm,
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which is defined by its power series

Liz(x) = x| =1,

n=1

The radius of convergence of this power series
is 1, and the series converges uniformly and
absolutely at x = 1. In fact, one can show

that:

™ . |
Liz{(1) = —, Liz(—1})= ——.
6 12

This is an example of case 1 of Theorem 5.

Learnability and Stability

Instead of focusing on the hypothesis class, and
ensuring uniform convergence of the empirical
risks of hypothesis in this class, an alternative
approach is to directly control the variance of
the learning rule. Here, it is not the complexity
of the hypothesis class which matters, but
rather the way that the learning rule explores
this hypothesis class. This alternative approach
leads to the notion of stability in learning. It is
important to note that stability is a property of
a learning rule, not of the hypothesis class.

In the context of modern learning theory, " the
use of stability of Rogers and Wagner (1978),
which noted that the sensitivity of a learning
algorithm with regard to small changes in the
sample controls the variance of the leave-one-
out estimate. The authors used this observation
to obtain generalization bounds (w.r.t. the
leave-one-out estimate) for the k-nearest
neighbor algorithm. It is interesting to note
that a uniform convergence approach for
analyzing this algorithm simply cannot work,
because the “hypothesis class” in this case has
unbounded complexity. These results were
later extended to other “local” learning
algorithms (see Devroye et al, 1996 and
references therein). In addition, practical
methods have been developed to introduce
stability into learning algorithms, in particular
the Bagging technique introduced by Breiman
(1996).

Over the last decade, stability was studied as a
generic condition for learnability. Kearns and
Ron (1999) showed that an algorithm
operating on a hypothesis class with finite VC

dimension is also stable (under a certain
definition of stability). Bousquet and Elisseeff
(2002) introduced a strong notion of stability
(denoted as uniform stability) and showed that
it is a sufficient condition for learnability,
satisfied by popular learning algorithms such
as regularized linear classifiers and regressors
in Hilbert spaces (including several variants of
SVM). Kutin and Niyogi (2002) introduced
several weaker variants of stability, and
showed how they are sufficient to obtain
generalization bounds for algorithms stable in
their sense.

The papers above mainly considered stability
as a sufficient condition for learnability. A more
recent line of work (Rakhlin et al, 2005;
Mukherjee et al., 2006) studied stability as a
necessary condition for learnability. However,
the line of argument is specific to settings
where uniform convergence holds and is
necessary for learning. With this assumption, it
is possible to show that the ERM algorithm is
stable, and thus stability is also a necessary
condition for learning. However, as we will see
later on in our paper, uniform convergence is in
fact not necessary for learning in the General
Learning Setting, and stability plays there a key
role which has nothing to do with uniform
convergence.

Finally, it is important to note that the results
cited above make use of many different
definitions of stability, which unfortunately are
not always comparable. All of them measure
stability as the amount of change in the
algorithm’s output as a function of small
changes to the sample on which the algorithm
is run. However, “amount of change to the
output” and “small changes to the sample” can
be defined in many different ways. “Amount of
change to the output” can mean change in risk,
change in loss with respect to particular
examples, or supremum of change in loss over
all examples. “Small changes to the sample”
usually mean either deleting one example or
replacing it with another one (and even here,
one can talk about removing/replacing one
instance at random, or in some arbitrary
manner). Finally, this measure of change can be
measured with respect to any arbitrary sample,
in expectation over samples drawn from the
underlying distribution; or in high probability
over samples. High Confidence Learnability
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So far, we have presented all our results in
terms of expectation: namely, the rate at which
the expected risk converges to the lowest
possible risk. By Markov’s inequality, we can
always convert these bounds to bounds which
hold with probability 1 & over the sample, and
the bounds depend linearly on 1/3. However, in
supervised classification, if we have learnability
at all, then we have learnability at rates which
are logarithmicin 1/5 .

Moreover, we show that such conversions can
in fact be necessary: we give alearning problem
which is learnable with an ERM algorithm, and
the ERM is stable, but the dependence on the
confidence parameter & cannot be better than
linear. This shows that both learnability and
stability (under our definitions) of the ERM
learning rule are not sufficient to ensure
logarithmic dependence on 1/9. Also, this gives
a nice illustration to the fundamental
differences between the General Learning
Setting and supervised classification, where in
the latter case learnability implies logarithmic
dependence on 1/0.

Discussion and Conclusions

In the familiar setting of supervised classification
problems, the question of learnability is reduced
to that of uniform convergence of empirical risks
to their expectations. Therefore, for the purposes
of establishing learnability, there is no need to
look beyond the ERM.

In this paper, we showed that in the General
Learning Setting, which includes more general
problems, this equivalence does not hold, and
the situation is substantially more complex. ERM
might work without any uniform convergence,
and learnability might be possible only with a
non-ERM algorithm. We are therefore in need of
a new understanding of the question of
learnability, that applies more broadly than just
to supervised classification.

In studying learnability in the General Setting,
Vapnik (1995) focuses solely on empirical risk
minimiza/- tion, which we have seen to be
insufficient for understanding learnability.
Furthermore, for empirical risk minimization,
Vapnik establishes uniform convergence as a
necessary and sufficient condition not for ERM
consistency, but rather for strict consistency of

the ERM. We have seen that even in rather
nontrivial problems, where the ERM is
consistent and generalizes, strict consistency
does not hold. This perhaps gives an indication
that strict consistency might be too strict.

On the other hand, we have seen that stability is
both a sufficient and necessary condition for
learning, even in the General Learning Setting
where uniform convergence fails to characterize
learnability. A  previous stability-based
characterization (Mukherjee et al., 2006) relied
on uniform convergence and thus applied only
to  restricted setting. Extending the
characterization beyond these settings is
particularly interesting, since for supervised
classification the question of learnability is
already essentially solved.

In studying the question of learnability and its
relation to stability, we encountered several
differences be- tween this more general setting,
and settings such as supervised classification
where learnability is equivalent to uniform
convergence.
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