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Body And Its Associated Stresses 
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Abstract 

Thermoelastic deformation of a finite length hollow cylinder is examined with effect of convective heat transfer 
boundaries on upper and lower faces beside assumed heat equation is of Caputo type with time fractional order 
derivative. The prescribed jump surface temperature is assumed on the upper face, while the lower face is kept at 
zero, also the curved surfaces are kept at zero temperature. The governing heat conduction problem is solved 
analytically by employing step by step finite Marchi-Fasulo, Hankel and Laplace transformation method. The 
obtained thermal results in terms of temperature and stresses are illustrated numerical and presented 
graphically by considering the material properties of pure aluminum metal. 
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1. Introduction 
Thermoelasticity based on Fractional theory 
involves the heat equation with fractional 
differential order derivatives. Whereas, 
differentiation of time-fractional order describes 
memory effects and the space-fractional 
differential operators deal with the long-range 
interaction. From last two decades fractional 
calculus successfully implemented in various 
other fields like physics, solid mechanics, 
geology, chemistry, rheology, engineering, 
bioengineering, robotics, etc. 
The Riemann–Liouville derivative of the 
fractional order   with its Laplace 
transformation was defined in [1, 2 and 3]. 
Classical heat equation successfully replaced by 
non-classical due to its utility and applications 
in various physical processes as shown in [4, 5 
and 7]. Fractional models used in linear theory 
of viscoelasticity and found in agreement with 
experimental studies as in Caputo [8, 9] and 
Caputo and Mainardi [10, 11]. Thermoelastic 
analysis in cylindrical coordinate system was 
analyzed by Povstenko [12, 13] by application 
of integral transformation method and  
 
 
 
 
 
 

obtained non-axisymmetric solutions. Also, in 
[14] he studied fractional heat equation in half 
space. Magneto-thermoelasticity and electro-
thermoelasticity modelling was constructed by  
Ezzat and Karamany [15, 16 and 17] with time-
fractional order derivatives and investigation is 
done for perfect conducting half-space 
elastic material. Also, Ezzat [18] determined 
thermoelasticity based on electromagnetic 
thermoelastic fluid with two-temperature 
model. 
Stress distribution along radial direction in 
case of thick hollow cylinder with internal heat 
under fractional derivatives was analyzed by 
Thakare and Warbhe [19]. Deflection in 
vibrating plate was successfully estimated 
under fractional derivatives by Mungle et al. 
[20]. Physical convective heat exchange 
boundaries impact under fractional order 
parameters are obtained by Kumar and Kamdi 
[21]. Also, investigation in nonhomogeneous 
cylindrical region is done by Thakare et al. [22] 
and obtained its thermal behaviour within the 
context of fractional calculus. Recently, Lamba 
[23] investigated Functionally Graded Cylinder  
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response under fractional derivatives and 
successfully obtained analytical results of 
temperature and stresses. 
The present article based on the thermoelastic 
analysis of finite length hollow cylinder with 
convective heat exchange boundaries on 
curved surfaces and subjected to jump heating 
on upper face, while keeping lower face at zero 
temperature. Method of integral transformation 
is used to evaluate the solution of problem 
analytically in terms of temperature, 
displacement and stresses. All the obtained 
results are plotted graphically and illustrated 
numerically by considering properties of pure 
aluminum metal.  
 
2. Modeling of the problem:  
Assume a finite length hollow cylinder having 
length 2h and occupying the dimension D: a  r 
 b, -h  z  h in the cylindrical coordinate 
system as shown in Fig. 1. 

 
Fig. 1.Geometry of the problem 

 
2.1 Transient heat conduction formulation  
The expression of heat equation for a finite 
hollow cylinder is as below 
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Where, 

 T  - Temperature function at a point ( )zr,  at a 

time t , 

  vck /=
 
- Coefficient of thermal diffusivity,  

vc
 
- Calorific capacity,  

  - Density, 

   - Coefficient of thermal conductivity,  

and  tT  /  is the Caputo fractional 
derivative, respectively. 
Caputo type nonlocal time fractional derivative 
of temperature function T w.r.t. t  of 

order i.e.  tT  / defined as [1, 2 and 3] 
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subject to the initial conditions  

  00 ==tT  for ,20     (4a) 

 

0}0{ ==



t

t

T   for  ,21          (4b) 

 
the boundary conditions  

0},,{},,{ ==== tzbrTtzarT    (4c) 

                         
( )








=












+

= 00

000

1
;)(

0;)(/

ttrfT

tttrftT

z

T
kT

hz

 (4d) 

 

02 =











+

−= hzz

T
kT  

 
in which 








=

0

0

;0

;1
)(

rta

btr
rf

     

(4e) 

                                                    
Where, 

 1k  and 2k  - radiation constants on the two 

plane surfaces, 
 k  - thermal diffusivity of the material of the 
cylinder.  
 
2.2 Displacement and stress field  
The relationship between thermoelastic 
displacement function Poisson’s ratio and 
temperature function as in 24 is  

Tat
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with   0; === brar   (6) 

 
where, 

2 -Laplacian operator,  

 - Poisson’s ratio and at - Poisson’s ratio. 
The radial and axial displacement U and W 
satisfying the uncoupled thermoelastic equations 
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as in 25  
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The stress functions are given by 
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Where, 
 p1 and p0 – uniform surface pressures over the 
boundaries of the cylinder.  
The stress in terms of displacement 
components using (11) and (12) are as: 
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Where, 

 21/2 −= G - lame’s constant,  
G - shear modulus  
U and W - displacement components. 
Above equations (1) to (16) constitutes the 
formulation of the problem mathematically. 
 
3. Solution for the Problem: 
3.1 Transient heat conduction analysis:   
In order to solve equation (1), we firstly define 
the Laplace transform of time fractional order 
derivative of order  over the variable t as [1, 

2 and 3] 
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Applying Laplace transform, Hankel transform 
and finite Marchi-Fasulo integral transform and 
their corresponding inversion formula stated in 
(17) to (27) under the assumed boundary 
conditions the temperature function is 
obtained as  
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3.2 Determination of Thermoelastic  
Displacement Function:  

Displacement potential ( )tzr ,, obtained by 

using ( )tzrT ,,  from equation (28) in equation 

(5) as below 
 

( )
( ) ( )

( ) ( ) ( )( )


=



= −+









−

+
=

1
2

0

2

0

22

00

2

1

2

03

00 )(

41

1
,,

m mmnm

mmm

n n

nt

hJaJa

hJaJzPr

tk

Tkr

v

v
tzr








  

( ) ( ) ( ) ( ) aYrJrYaJ mmmm  0000 −  

( )( ) ( ) ( )( )  





dtakEtS nm

t

−+−−−
−

 )(
22

,

1

0

(29) 

 
Using (29) in (9) and (10) one obtains the 
radial and axial displacement U and W as 
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3.3 Determination of Thermal Stresses:  
Using (30) and (31) in (13), (14), (15) and (16) 
the stress functions are obtained as 
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4. Numerical results and discussion  
For the purpose of numerical computation the 
following dimensionless values are introduce 
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The thermo-mechanical properties of  
Aluminum (pure) cylinder are as: 

Modulus of elasticity 
 

E = 70 GPa, 

Poisson’s ratio 
 

 = 0.35, 

Thermal expansion 
coefficient 

 = 2310-6/0C, 
 

Thermal diffusivity 
 

 = 84.1810-6 
m2s−1 

Thermal 
conductivity 

 

 = 204.2 Wm−1K−1 

 

The physical parameter is as: ma 1= , mb 2= , 

mh 05.0= , 05.00 =t  and CT 0

0 120=   

 
Mathematica software is used to analyze the 
jump heating response on the upper plane face 
while keeping zero temperature at lower face 
of cylinder with assumed boundary conditions 
under time fractional order derivative.   

 
Figure 2. Temperature distribution 

 
Figure 2 shows the variation of temperature 

function ( )tzrT ,, against radius for different 

fractional parameters 2,5.1,1,5.0=  . It is 

observed that temperature varies directly 
proportional to fractional parameters. 
Temperature is zero at both inner and outer 
surfaces which matches with assumed 
mathematical condition (4c). Also high 
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temperature distribution noted at upper plane 
surface due to the effect of prescribed jump 
heating on the upper face.  

 
Figure 3. Radial stress distribution 

 
Figure 3 represents the distribution of radial 

stress function rr  against radius for different 

fractional parameters 2,5.1,1,5.0= . Sinusoidal 

behaviour of radial stress obtained graphically 
as well as for high value of fractional parameter 
large stress variation is noted. Also effect of 
jump heating is observed at upper plane 
surface. 

 
Figure 4. Axial stress distribution 

 

 
Figure 5. Tangential stress distribution 
 

 
Figure 6. Shear stress distribution 

 
Figure 4, 5 and 6 represents the distribution of 
axial stress, tangential stress and shear stress 

zz ,   and zr against radius for different 

fractional parameters 2,5.1,1,5.0= . Axial 

stress distribution increases initial along radial 
direction attain maximum value at 2.1=r and 
then goes on decreasing towards outer radii. 
Tangential stress increases initially and 
reaches at peak at the mid of radius and 
decreases outward, while shear stress 
distribution is zero at inner and outer curved 
surface which matches the boundary condition 
(11). From the above plotting it noted that 
varies of stresses found directly proportional to 
fractional parameters .  
 
Conclusion 
In this problem, the Caputo fractional model is 
discussed for analyzing the thermoelastic 
response of a finite length hollow cylinder. The 
upper face of hollow cylinder is considered 
with impact of jump heating and lower face at 
zero temperature while boundaries of curved 
surfaces are thermally insulated. The theory of 
integral transformation is used to obtain the 
analytical solution for the Caputo fractional 
time derivative model. From the numerical 
investigations for the properties of pure 
aluminum metal the following results has been 
noted down: 
1. The temperature distribution and thermal 

stresses response are dependent on the 
values of fractional-order parameter along 
radial directions.  

2. Temperature variation is noted between the 
curved surfaces and at the inner and outer 
surfaces its zero. 

3. The maximum radial stress distribution is 
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noted at the mid of the cylinder along the 
radii which may be due to the supply of 
energy in terms of heating. 

4. The plotting of axial stress indicates that 
compressive forces are high in the middle 
part due to the availibity of jump heating. 

5. Tangential stress is initially tensile and then 
becomes compressive throughout the radial 
direction. 

6. The value of shear stress is zero at inner and 
outer curved surfaces and attains maximum 
value in the middle due to accumulation of 
heat energy. 

All the obtained results can be applied to the 
design of useful structures or machines and 
applicable in engineering applications. Also, 
such type of study is useful for researcher 
working in field of material sciences using 
fractional calculus.  
 
References 
Gorenflo, R.,Mainardi, F.: Fractional calculus: integral and 

differential equations of fractional order. In: 
Carpinetti, A., Mainardi, F. (eds.) Fractals and 
Fractional Calculus in Continuum Mechanics, pp. 223–
276. Springer, Wien (1997) 

Kilbas,A.A., Srivastava,H.M., Trujillo, J.J.: Theory 
andApplications of Fractional Differential Equations. 
Elsevier, Amsterdam (2006) 

Podlubny, I.: Fractional Differential Equations. Academic 
Press, San Diego (1999) 

Hilfer, R., Applications of Fractional Calculus in Physics, 
World Scientific Publishing, Singapore, 2000. 

Sherief, H., El-Sayed, A. M. A., Abd El-Latief, A. M., 
Fractional Order Theory of Thermoelasticity, 
International Journal of Solids Structure, 47(2), 2010, 
269–275. 

Tenreiro, J., Alexandra, M., Trujillo, J., Science Metrics on 
Fractional Calculus Development since 1966, Fract. 
Calc. Appl. Anal., 16, 2013, 479–500. 

Caputo, M., Linear Model of Dissipation whose Q is almost 
frequency independent-II, Geophys. J. Royal Astron. 
Soc., 13, 1967, 529–935. 

Caputo, M., Vibrations on an infinite viscoelastic Layer 
with a Dissipative Memory, J. Acoust. Soc. Am., 56, 
1974, 897–904. 

Caputo, M., Mainardi, F., A new Dissipation model based 
on Memory Mechanism,” Pure Appl. Geophys., 91, 
1971, 134–147. 

Caputo, M., Mainardi, F., Linear Model of Dissipation in an 
Elastic Solids, Rivista Del Nuovo Cimento, 1, 1971, 
161–198. 

Povstenko, Y. Z., Non-Axisymmetric Solutions to Time-
Fractional Diffusion-Wave Equation in an Infinite 
Cylinder, Fract. Calc. Appl. Anal., 14(3), 2011, 418–
435. 

Povstenko, Y. Z., Solutions to Time-Fractional Diffusion-
Wave Equation in Cylindrical Coordinates, Advances 
in Differential Equations, Article no. 930297, 2011. 

Povstenko, Y. Z., Non-Axisymmetric Solutions to Time-
Fractional Heat Conduction Equation in a Half-Space 
in Cylindrical Coordinates, Math. Methods Phys.-Mech. 
Fields, 54(1), 2011, 212–219. 

Ezzat, M. A., EL-Karamany, A. S., Fractional Order Theory 
of a perfect conducting Thermoelastic Medium, Can. J. 
Phys., 89, 2011, 311–318. 

Ezzat, M. A., EL-Karamany, A. S., Theory of Fractional 
Order in Electro - Thermoelasticity, Eur. J. Mech. 
A/Solids, 30, 2011, 491–500. 

Ezzat, M. A.,  EL-Karamany, A. S., Fractional Order Heat 
conduction law in Magneto-Thermoelasticity 
involving two Temperatures, Z. Angew. Math. Phys., 
62(5), 2011,  937–952. 

Ezzat, M. A., State Space approach to Thermoelectric Fluid 
with Fractional Order Heat Transfer,  Heat Mass 
Trans., 48, 2012, 71–82. 

Shivcharan Thakare, M S Warbhe. (2021) Time fractional 
heat transfer analysis in thermally sensitive 
functionally graded thick hollow cylinder with 
internal heat source and its thermal stresses. Journal 
of Physics: Conference Series 1913:1, pages 012112. 

Nischal P. Mungle, Nitin K. Mandavgade, Shailesh K. 
Mandavgade. (2021) Estimation of time fractional 
deflection in isosceles vibrating plate. Materials 
Today: Proceedings 47, pages 5869-5872. 

Navneet Kumar and D. B. Kamdi (2020) Thermal behavior 
of a finite hollow cylinder in context of fractional 
thermoelasticity with convection boundary 
conditions, Journal of Thermal Stresses, 43:9, 1189-
1204, DOI: 10.1080/01495739.2020.1776182 

Thakare, S., Warbhe, M. S. & Lamba, N. (2020). Time 
fractional heat transfer analysis in nonhomogeneous 
thick hollow cylinder with internal heat generation 
and its thermal stresses. International Journal of 
Thermodynamics, 23 (4) , 281-302 . DOI: 
10.5541/ijot.730617 

Navneet Kumar Lamba. (2022) Thermosensitive 
Response of a Functionally Graded Cylinder with 
Fractional Order Derivative. International Journal of 
Applied Mechanics and Engineering 27:1, pages 107-
124. 

Nowacki, W. Thermoelasticity Mass, Addition-Wesley 
Publ.Co.,Chap.I,1962. 

Sierakowski and  Sun.  An Exact Solution to the Elastic 
Deformation of a Finite Length Hollow Cylinder, 
Journal of the Franklin Institute 286(1968),pp.99-113. 

 

 

 

 

https://doi.org/10.1080/01495739.2020.1776182

