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Fractional Heat Transfer Effect In Cylindrical
Body And Its Associated Stresses
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Abstract

Thermoelastic deformation of a finite length hollow cylinder is examined with effect of convective heat transfer
boundaries on upper and lower faces beside assumed heat equation is of Caputo type with time fractional order
derivative. The prescribed jump surface temperature is assumed on the upper face, while the lower face is kept at
zero, also the curved surfaces are kept at zero temperature. The governing heat conduction problem is solved
analytically by employing step by step finite Marchi-Fasulo, Hankel and Laplace transformation method. The
obtained thermal results in terms of temperature and stresses are illustrated numerical and presented
graphically by considering the material properties of pure aluminum metal.
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1. Introduction

Thermoelasticity based on Fractional theory
involves the heat equation with fractional
differential order derivatives. Whereas,
differentiation of time-fractional order describes
memory effects and the space-fractional
differential operators deal with the long-range
interaction. From last two decades fractional
calculus successfully implemented in various
other fields like physics, solid mechanics,

geology, chemistry, rheology, engineering,
bioengineering, robotics, etc.

The Riemann-Liouville derivative of the
fractional order « with its Laplace

transformation was defined in [1, 2 and 3].
Classical heat equation successfully replaced by
non-classical due to its utility and applications
in various physical processes as shown in [4, 5
and 7]. Fractional models used in linear theory
of viscoelasticity and found in agreement with
experimental studies as in Caputo [8, 9] and
Caputo and Mainardi [10, 11]. Thermoelastic
analysis in cylindrical coordinate system was
analyzed by Povstenko [12, 13] by application
of integral transformation method and

obtained non-axisymmetric solutions. Also, in
[14] he studied fractional heat equation in half
space. Magneto-thermoelasticity and electro-
thermoelasticity modelling was constructed by
Ezzat and Karamany [15, 16 and 17] with time-
fractional order derivatives and investigation is
done for perfect conducting half-space
elastic material. Also, Ezzat [18] determined
thermoelasticity based on electromagnetic
thermoelastic fluid with two-temperature
model.

Stress distribution along radial direction in
case of thick hollow cylinder with internal heat
under fractional derivatives was analyzed by
Thakare and Warbhe [19]. Deflection in
vibrating plate was successfully estimated
under fractional derivatives by Mungle et al.
[20]. Physical convective heat exchange
boundaries impact under fractional order
parameters are obtained by Kumar and Kamdi
[21]. Also, investigation in nonhomogeneous
cylindrical region is done by Thakare et al. [22]
and obtained its thermal behaviour within the
context of fractional calculus. Recently, Lamba
[23] investigated Functionally Graded Cylinder
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response under fractional derivatives and
successfully obtained analytical results of
temperature and stresses.

The present article based on the thermoelastic
analysis of finite length hollow cylinder with
convective heat exchange boundaries on
curved surfaces and subjected to jump heating
on upper face, while keeping lower face at zero
temperature. Method of integral transformation
is used to evaluate the solution of problem
analytically in terms of temperature,
displacement and stresses. All the obtained
results are plotted graphically and illustrated
numerically by considering properties of pure
aluminum metal.

2. Modeling of the problem:
Assume a finite length hollow cylinder having
length 2h and occupying the dimension D: a < r
< b, -h <z < h in the cylindrical coordinate
system as shown in Fig. 1.
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Fig. 1.Geometry of the problem

2.1 Transient heat conduction formulation

The expression of heat equation for a finite

hollow cylinder is as below
o7 +16T o7 _10°T

— a+02_k“t"’ a<r<b, -h<z<h
oc ror o i

(2)

Where,
T - Temperature function at a point (r, Z) ata

time t,

k =x/c, p - Coefficient of thermal diffusivity,
C, - Calorific capacity,

p - Density,

x - Coefficient of thermal conductivity,

and O0°T/ot* is the

derivative, respectively.
Caputo type nonlocal time fractional derivative
of temperature function T wrt. t of

order ¢ i.e. 0°T / 6t” defined as [1, 2 and 3]

! j‘(tfr)”"”’lwdr, n-1<a<n (3)

Caputo fractional

d°F(t) _JT(n-a)q dz"

subject to the initial conditions
T{=0/=0 for 0<a =<2, (4a)
T —0p=0 for 1<a<2, (4b)
ot

the boundary conditions
T{r=a,z,t}=T{r=b,z,t}=0 (4c)
[Hklm} _ (T, /t,) f(Nt ; 0<t<t, (4d)

o, |T,f(r ;>

[T +k, a—T} =0
oz z=-h

in which
. <t<
£(r)= 1;r,<t<hb (46)
0 ;ast<r,
Where,
k, and k, - radiation constants on the two
plane surfaces,

k - thermal diffusivity of the material of the
cylinder.

2.2 Displacement and stress field

The relationship between thermoelastic
displacement function Poisson’s ratio and
temperature function as in [24] is

2. @+v)
VT

al (5

with g{r=a;r=b}=0 (6)

where,
Vv? -Laplacian operator,

v - Poisson’s ratio and a; - Poisson’s ratio.
The radial and axial displacement U and W
satisfying the uncoupled thermoelastic equations
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as in [25]

vy - +(1 21128 _

L+v) _ oT
2 o~ 2a—an Mt ar (7)

,1@:2 (L+v) oT (8)
0z 1-2v) oz

VW + (L+2v)

where e = 9JU +U OW is the volume
or r oz

dilation and

~ar Y

w =22 (10
oz

The stress functions are given by
Trz (a,Z,t)=0 Trz (b,Z,t)zO Trz (r,O,t)=0 (11)

and

or@zt)=p, orbzt)=-pg, oz(r,ht)=0 (12)
Where,
p1and po - uniform surface pressures over the
boundaries of the cylinder.
The stress in terms of displacement
components using (11) and (12) are as:

o, =1+ 2G)aa—'“rJ + AI:H + @J (13)

r oz

o, =(/1+2G)8W+/1[5U+U} (14)
oz or r
=(1+ 2G)— AFU 6""} (15)
or oz

T, = G[% + £:| (16)
or oz

Where,

A =2Gv/1-2v-lame’s constant,

G - shear modulus

U and W - displacement components.

Above equations (1) to (16) constitutes the
formulation of the problem mathematically.

3. Solution for the Problem:

3.1 Transient heat conduction analysis:

In order to solve equation (1), we firstly define
the Laplace transform of time fractional order
derivative of order « over the variable ¢t as [1,

2 and 3]

a n-1
YIFOROL op 29- T E¥(0) ™, n-tca<n
dt* =

(17)

L{T(r,z,9)}=T7(r,z,5)

Secondly, we define Hankel transform and its
inversion of order m over the variable r as

0" (Bn.2.5) = [1'Ko(Br, 10" (r',2,5)dr’
7 as

0" (r,.2.) =3 Ko (B, 1) " (B,.2.5) (19

where,

Ko(ﬂm,r):% (20)

_ ‘]o(ﬂmvr) _ YO(ﬂm'r) 21
R(ﬁm'r)_kz/}mjé(ﬂm,b)wo(/}m,b) kzﬂmYO,(:Bm'b)+Y0(ﬂm'b)( :

bz{kh; } 2 (B )—az{kh; +1}R (5..a) (22)

[$]
[N
~

p,, are the positive roots of

-BkIs(B.a)+do(Bia) - pkYs(B.2)+Yo(B.a) _ (23)
k, BI5(B.b)+35(B.b)  k, BYy(B.0)+Y,(B.b)

Thirdly, the finite Marchi-Fasulo integral
transform for f (z)in range -h <z < h defined

below with its inversion of order m over the
variable r as

G(m=[a@P,@d 24

then at each point of (-h, h) at which f(z) is
continuous,
0=3%Mp ) ()

n=1 n

where
P.(z) = Q, cos(a,z) —W, sin(a,z)

Qn = an (al +0.’2)COS(anh) + (ﬂl _ﬁZ)Sin(anh)

W, = (B, + B,)cos(a,h) + (o, —a;)a, sin(a,h)
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Ay = thnZ(z)dz -hlo,? +W"2]+W[an “w]

n

The eigen values a, are the solutions of the

equation

[alacos(ah) + /1 sin(ah)]x [,82 cos(ah) + azasin(ah)]

= [apacos(ah) — 3, sin(ah)|x[B; cos(ah) — ayasin(ah)]
(26)

oy, oz, frand Bz are constants.
Moreover, satisfying the following property:

T@Zf(z)Pn(Z)d P(h){ﬂf() af(z)} P(h)[ﬁz() 26\‘(;)}

“h o* oz a,
- an F (n)
(27)

Applying Laplace transform, Hankel transform
and finite Marchi-Fasulo integral transform and
their corresponding inversion formula stated in
(17) to (27) under the assumed boundary
conditions the temperature function is
obtained as

kT & P@E 2 3,(4, a)Jo(ﬂu h)
ot 2 A S a 0 a)- 300

tO n=1 n m=1\""m ma
[‘]O(ﬂ“m )YO(/lm r) ‘]0( mr) O( ma)]
< [le-sE)l o E, kG +a) o Jar (28)

where,

t“'E,, (- k(2> +a,’) t"): Ll{

T(r,z,t)=

.
s’ +k(4,” +a,’)
Where,

m, n -positive integers,

Am - positive roots of the transcendental.
and

Jo(/lm a)Yo(/lm b)_‘]o(/lm b)Yo(/ﬁtm a):0

o h h 2
f(n)= [f(2)Ph(2)dz, 4n= Ith (z)dz
—h —

Pn (z) =Qn cos(apnz) —Wp sin(anp z)
Qn =an (a1 +a2)cos(anh) + (B — B2)sin(anh)
W, = (B, + B,) cos(a,h) + (a, — a;)a, sin(a,h)

and the eigen values a, are the solutions of the
equation

[a,acos(ah) + 3, sin(ah)|x[ 8, cos(ah) + a,asin(ah)]
=[a,acos(ah) — 4, sin(ah)]x [, cos(ah) — e, asin(ah)]

3.2 Determination of Thermoelastic
Displacement Function:

Displacement potential ¢S(I’, Z,t)obtained by
using T(r, Z,t) from equation (28) in equation
(5) as below

OkTO 2
¢(r,Z,t)=(1+Vjﬂ I Zr F;:(z)

: S NN )
1-v) 4 Kty o2 A ;(irzn +a§)(35(im a)-J:(4, h))
X [JO(/lm a) YO (lm r) ‘]O(lm r)YO(/lm a)]

[ -0 Bk (127 o) Jjd e (29)

Using (29) in (9) and (10) one obtains the
radial and axial displacement U and W as
1+v)e, kT, & P,(2) 2354y )34 (2, 1)
(1 vj 4 Kt Zl Za ;(ﬂfﬁaf)@é(im a)-3¢(4, h))
X [2 r( O(Am a) Yo(ﬂ’m r)_ ‘]O(ﬂ’m r) YO(/Im a))
+ 2, 12 (30 (4, @) Ye(A 1) = 35 (A4 1) Yo (4, @))]

< o=l =o€, [k G, ) ) Jar (30)

(1+vj kT, ran Z (4, )3,(2, h)

4 k t0 nl /1 ml(’lz )( (}” a) (’1 h)) ﬁ
x[30(2 @) Yo (2 1) =35 (2 1) Yo (2, @)]

x [ 50) -0y B, [k (2,0 +a,7) t—o) )Jaz (B1)

3.3 Determination of Thermal Stresses:
Using (30) and (31) in (13), (14), (15) and (16)
the stress functions are obtained as

0, = (24 20)(1”)“ Lk, 0y Ry T 3o )3 (2, h)

4 k ty j‘n m—l(’lﬁﬁaﬁ)(ﬁ(ima)—ﬁ(imh))

X[Z (‘]O(/im a) Yo(ﬂ“m r)_ ‘]O(ﬂ“m r)Yo(ﬂ“m a))
+4lmr(‘]0(ﬂm a) Y()'(ﬂ’m r)_‘](;(ﬂ'm r) Yo(ﬂ’m a))
+ 221364 ) Y (2 1) = 97 (2, 1) Yo (2, 0)
x [ s)) o) (—k(/l ?1a?) (t-c))jdr
1+v)a, & P, (2) & (4, 2)3,(4, h)
[ j4 = mz(/12+a )(J (2,a)-32(2, h))

x[2 (35(2n 8) Yo (2 1) = 35 (Z0 1) Yo (2, @)
+/1 r(‘]0(/1m a)Y (;L ) ‘](r)(ﬂ’m r)YO(ﬂ’m a))]
< [[e=s@)| -0y E, [k (4,2 +a) (o) )Jd

(1+v)ati r2p’( Z)i A2 3,4, a)d4(4, h)

44 2 mzl(/lm+a§)
(‘]O(ﬂ’m a) YO(ﬁ’m )_ ‘]O(ﬂ“m r-)Yo(ﬂ’m a)
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< [l -0 e,k (2 +a?) (o) )fde

(32)
Livie, LkTy & rPR(2)< n2)s(2 )
o, (ﬂ, 2G( ]7 k to ; ﬂ ;(AZ +a )(J (ﬂ, a) (/1," h))

< (30 (2 @) Yy (i 1) 35 (2 ) Yo (2 @)
< - s@) -0 E, [k (4,2 +a) t-0))}d=
L) S RO 5l alh)

1-v) 445 2 m_l(/12+a)( J2(2, a)-J2
x[2 (35(2y @) Yo (A 1) = 3o (20 1) ¥ (ﬂma
+44,r(3,(2, @)Y (4, r)-Ji(4

4220235 (A @) Y (A 1) = 32 (20 1) Yo (2, @)

< (o= s@) N -0 E, . [k (2,7 +a,”) (t-2))jdr

. 220+ a2 )0d (A a)- 32 i 1)
(33 2) Yol 1) 3ol 1) Ve )
nf (3o(Z ) o (A 1) =35 (2 1) Yo (4, )]

()N t-)"E, [k (2,2 +a?) (-0 )far  (33)

(1+vjal P(z)z(/12 22342, a)d, (2, h)
x[

2(J
+A

x [(r-s(

v, Lk, &P @) A1 )J (/1 h)
= (“20)(1 vj4 ki, z;z mzl(# al ol i)

< [2 (3 (2 @) Yo (A 1) - 3540 rmum a»
+ﬂ“mr(‘]o(ﬂVm a) Yo'(/im r)_ ‘Jo(ﬂvm I’) Yo (ﬂ’m a))]

< [ s@) -, [k (2,7 +a,) (o) )Jdr

1+v P (2)& 22 3,(4,a)3,(4, h)
”(1 vj4Z 2 mz-l( )(Jo(ﬂma—Jé(ﬂmh))
r)Yo(2, 2))

)

[2( o( )Yo(/im )_‘]O(ﬂ’m )Y
+ 42,7 (35 (A @) Yo (20 1) = 35(2, 7) Yo (4, a))
4 1230 8) Y9 (2 1) 34 (2 1) Yo (4, )

< [ SE) o) E,. [k (4,2 +a) o) )jde
14V, & PP (2) & 223,(4,a)J,(4, h)
e
o
x (z

m

4 A =l +a)i(,a)- 3502, h)
x(J A
- E,. [k (4,0 +a,7) (t-o))jdr (34)

0 8) Yo (A 1)=3o(2, 7) Yo (2, @))
[[e= ) -

1+v\e, KT z Jn2)35(4, h)
T”_G(l v)4 o t, Z:‘ 2 mz(z? )(J (/1 a)-32(1, 1))
x [Zr (‘]O(ﬂ’m a) Yo(lm r) Jo(ﬂ’m r) Y0(/’i’m a))
+ 2,2 (3o (A @) Yo (A 1) — 35 (A 1) Yo (4, @)
< [[e= S t-o)"E,. [k (2, +a,)) (t—o))far (35)

4. Numerical results and discussion
For the purpose of numerical computation the
following dimensionless values are introduce

=T r -h . okt - h - =W

[ LA t:’%, =" = v W= ,
Ty a a a a aTa  oqTa (46)
7 = Grr 7 UHH 7. = Uzz T = Urz
" ET Y ET, T g ET, T g ET,

The thermo-mechanical properties of
Aluminum (pure) cylinder are as:
Modulus of elasticity E =70 GPa,

Poisson’s ratio v=0.35,

Thermal expansion a=23x10-6/°C,

coefficient
Thermal diffusivity x=84.18x10-6
m2s-1
Thermal A =204.2 Wm-1K-1
conductivity

The physical parameter is as: a=1m,b =2m,
h=0.05m, t, =0.05 and T, =120°C

Mathematica software is used to analyze the 519

jump heating response on the upper plane face
while keeping zero temperature at lower face
of cylinder with assumed boundary conditions
under time fractional order derivative.

20 - .‘-" ‘.‘-l
15} P N
s 4 Vo] eeee- a=l.
= N K IREANTIE '
5t ! - S [ a=15
v . _'..__ - -~ ---.\“‘.\ ;.'.l.‘. ...... a=
0_____",_. e “3--
1.0 12 14 16 18 20
F

Figure 2. Temperature distribution

Figure 2 shows the variation of temperature
function T(I’,Z,t)against radius for different

fractional parametersa =0.5,1,1.5, 2 . It is

observed that temperature varies directly
proportional to fractional  parameters.
Temperature is zero at both inner and outer
surfaces which matches with assumed
mathematical condition (4c). Also high
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temperature distribution noted at upper plane
surface due to the effect of prescribed jump
heating on the upper face.

2 /N g
.r; \ y 4 \e
1t / /N
Jor “” '-‘.:‘\\
= 0 ..,pil . :\ lr". :|‘_\\'\- """ a=0.5
(s} R t\ 2, '
K ’ Al chE a=1
=1 . e e
. P N/ A R a=1.5
Lo A
-2t f ] e a=2
-3k . . R J
10 12 14 16 18 20
r

Figure 3. Radial stress distribution

Figure 3 represents the distribution of radial
stress function o, against radius for different
fractional parametersg =0.5,1, 1.5, 2 Sinusoidal
behaviour of radial stress obtained graphically
as well as for high value of fractional parameter
large stress variation is noted. Also effect of
jump heating is observed at upper plane
surface.

NO.6F J oo a=5
© b a=1
d ..I"'-...\‘::;'_L'_-._,_.a- ....... a=15
0.2} S ] e o=
0.0-,’. | ------- ]
10 12 14 16 18 20

r
Figure 4. Axial stress distribution

1.0F o
0.8} N
06f
8 g4l e N, ] a8
o 0.4 T, N ast
0.2 f/ o RRTITS a1k
028
1.0 12 14 16 18 20

Figure 5. Tangential stress distribution

0 . J; ..... az0.5

" ts | iy

- *‘ '. ....... a=15

20 ',‘- '.’ ..... =2
L
10 12 14 16 18 20

r

Figure 6. Shear stress distribution

Figure 4, 5 and 6 represents the distribution of
axial stress, tangential stress and shear stress

0,, 04 and 7, against radius for different

fractional parametersa =0.5,1, 1.5, 2. Axial

stress distribution increases initial along radial
direction attain maximum value at r =1.2 and
then goes on decreasing towards outer radii.
Tangential stress increases initially and
reaches at peak at the mid of radius and
decreases outward, while shear stress
distribution is zero at inner and outer curved
surface which matches the boundary condition

(11). From the above plotting it noted that —

varies of stresses found directly proportional to
fractional parameters « .

Conclusion
In this problem, the Caputo fractional model is
discussed for analyzing the thermoelastic
response of a finite length hollow cylinder. The
upper face of hollow cylinder is considered
with impact of jump heating and lower face at
zero temperature while boundaries of curved
surfaces are thermally insulated. The theory of
integral transformation is used to obtain the
analytical solution for the Caputo fractional
time derivative model. From the numerical
investigations for the properties of pure
aluminum metal the following results has been
noted down:

1. The temperature distribution and thermal
stresses response are dependent on the
values of fractional-order parameter along
radial directions.

2. Temperature variation is noted between the
curved surfaces and at the inner and outer
surfaces its zero.

3. The maximum radial stress distribution is
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noted at the mid of the cylinder along the
radii which may be due to the supply of
energy in terms of heating.

4. The plotting of axial stress indicates that
compressive forces are high in the middle
part due to the availibity of jump heating.

5. Tangential stress is initially tensile and then
becomes compressive throughout the radial
direction.

6. The value of shear stress is zero at inner and
outer curved surfaces and attains maximum
value in the middle due to accumulation of
heat energy.

All the obtained results can be applied to the
design of useful structures or machines and
applicable in engineering applications. Also,
such type of study is useful for researcher
working in field of material sciences using
fractional calculus.
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