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Abstract 

Multi-broadcasting is the process of disseminating information in a network by placing a series of calls over the 
nodes in the network. Each call requires one unit of time and a node is allowed to call at most k of its adjacent 
nodes simultaneously. Following these constraints, at most (k + 1)t vertices can be informed in t time steps. 
Alternatively, the time taken to complete a k-broadcast on n vertices is ⌈log(k+1)n⌉. Multi-broadcasting has been 

extensively studied and some lower bounds for Bk(n), the number of edges in a minimum k-broadcast graph (k-
mbg) with n vertices, for k = 2, 3 & 4 have been presented for small n. We present some more values for B2(n) for 
13 ≤ n ≤ 16 with proofs of optimality and 2-broadcast schemes with different vertices as originators.  
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1. Introduction 
A graph G = (V, E) can be used to represent a 
communication network where the vertices 
represent communicating stations and edges 
represent connections between them. Here we 
consider G as a finite undirected simple 
connected graph. The Broadcasting problem, as 
introduced in one of the earliest papers by 
Farley [1], is a process of delivering information 
from an originator vertex to all the nodes in the 
network. This is done by placing a series of calls 
by the vertices in G. The calling process follows 
the constraints that each call requires one time 
unit, and, each vertex is allowed to call only one 
of its connected neighbors in one call. A 
broadcast graph is one in which broadcasting 
can be completed in ⌈𝑙𝑜𝑔2𝑛⌉  time steps in the 
graph, regardless of the originator vertex. 
Construction of broadcast graphs having 
minimum number of edges, Minimum 
broadcast graphs (mbgs), and sparse broadcast 
networks has been the interest of many 
researchers [1-16]. The problem has been  
extensively studied where mbgs for some small 
values of n, the number of nodes in a network, 
have been determined and construction 
methods for larger n have been proposed. The 
broadcasting problem was extended by Konig 

and Lazard [17,18], wherein, each vertex is 
enabled to call more than one, say k, of its 
neighbors simultaneously. This model was 
defined as k-broadcasting or multi-
broadcasting. k-broadcasting is defined as 
information dispersal in a graph where a 
message originated at one vertex is to be 
distributed to the entire network. This message 
transmission follows the constraints that each 
call requires one discrete time step and a vertex 
is allowed to call at most k of its neighbors 
simultaneously in each call. All informed 
vertices aid the originator in spreading the 
message. Following this scheme, we can see that 
at any time step, the number of vertices 
receiving the message increases by a factor of 
k+1. Thus, the number of vertices informed in t 
time steps is at most (k+1)t. Or, in other words, 
the time required to inform n vertices is 
⌈𝑙𝑜𝑔(𝑘+1)𝑛⌉ time units.  

 
A k-broadcast graph is one in which a message 
originating at any vertex can be distributed to 
the entire network in ⌈𝑙𝑜𝑔(𝑘+1)𝑛⌉ time steps. A 

Minimum k-broadcast Graph (k-mbg) is a k-
broadcast graph having the minimum number 
of edges. Construction of k-mbgs for arbitrary n 
has been extensively researched. Farley [1] 
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speculated that determination of B(n), number 
of edges in a minimum broadcast graph, is NP-
Complete. It is natural to infer that determining 
𝐵𝑘(n), number of edges in a minimum k-
broadcast graph, is NP-Complete as well. 
 
From an application perspective, k-mbgs 
represent the most economical multi-broadcast 
networks in which information can be 
transmitted in the fastest possible way. k-broad 
casting finds applications in parallel and 
distributed computing. Certain organizations 
such as military, government, business, can be 
modeled as a distributed network in which a 
general order or an alert message is to be 
communicated from an originator to the rest of 
the network in minimum time using minimum 
number of connections. The process of k-
broadcasting is also likened to the spread of a 
contagion or influence spreading in a social 
network. 
 
It can be understood that there is no known 
method for constructing k-mbgs and 
determining exact values of 𝐵𝑘(n) and is 
extremely difficult. Lazard [18] presented 2-
mbgs for n ≤ 12, 3-mbs and 4-mbgs for n ≤ 8. In 
[24], Lee et.al presented 3-mbgs for n = 9, 10 
and 4-mbgs for n = 9, 10, 11. Sparse broadcast 
graphs for larger n can be constructed by 
compounding known k-mbgs for small n. For 
this reason, designing of k-mbgs for small n 
becomes important.  
 
In this paper, we present values of 𝐵2(n) for 13 
≤ n ≤ 16, and the corresponding k-mbgs for each 
case. We support our results with extensive 
proofs of optimality and illustrate the k-
broadcast protocols with figures.  
 
The paper is organized into four sections. In 
Section 2, we review some of the work 
presented in extant literature. Section 3 
contains our main results for values of 𝐵2(n) for 
13 ≤ n ≤ 16 with proofs and the corresponding 
k-mbgs. In Section 4, we conclude our study and 
suggest directions for future work in this area. 
 
2. Related Work 
Determination of exact values of B(n), the 
number of edges in a minimum broadcast 
graph, has caused much intrigue and a number 
of researchers have worked towards 
construction of broadcast graphs with 

minimum number of edges. The first mbgs 
appeared in [2] for n ≤ 15. Mbgs for n = 17, 18, 
19 were presented in [3, 4]. Maheo [5] gave the 
values of B(n) for n = 20, 21, 22. For n = 26, 27, 
28, 58, 61, the mbgs were presented in [6], and 
for n = 30, 31 in [5]. Labahn [7] constructed the 
mbg on 63 vertices, and Harutyunyan [8] for n 
= 127. Bin Shao [9] presented the mbgs for n = 
1023, 4095. Chau and Liestman [13] proposed 
methods for constructing broadcast graphs 
with very few edges using split construction 
and compounding methods. These methods use 
fewest possible edges to connect smaller mbgs 
to obtain sparse broadcast graphs for large n. In 
[14], Averbuch et al. proposed a new 
construction method using binomial trees and 
hypercubes, giving improved upper bound for 
B(n) for some values of n. In another study, 
Harutyunyan et. al [15], presented a 
construction method that combines knödel 
graphs, instead of hypercubes, with binomial 
trees. In [16] the authors discussed 
construction methods involving vertex addition 
to knödel graphs.  
 
The multi-broadcasting problem was 
introduced by Grigni and Peleg [11] as a model 
for placing conference calls of a certain limited 
size, where each communicating station in the 
network is enabled to inform at most k of its 
adjacent nodes in one call. A broadcast scheme, 
or protocol, is a sequence of vertices informed 
by the originator at each time step. This 
determines a spanning tree of the vertices of the 
graph. In [19, 20], k-broadcasting in trees was 
explored to compute the size of a tree in which 
k-broadcasting can be accomplished in t time 
steps. Bin Shao [9, 21], researched k-
broadcasting in graphs and in trees. He 
presented algorithms for finding the k-
broadcast center of a tree, where k-broadcast 
center is the set of vertices with the smallest k-
broadcast time. 
In a recent study [22], the authors delve on the 
problem of communicating information to a 
group of robots in the fastest and most 
economical manner. The problem is a direct 
application of the broadcasting model where 
the robots are represented by vertices edges 
represent the connections between them. They 
suggest different heuristics to construct an 
optimal route from a given originator to the rest 
of the network by exploring the shortest path 
between vertices. Harutyunyan et.al [23] 
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presented a heuristic algorithm for finding the 
minimum broadcast time for a broadcast 
originating at a central vertex in k-cycle graphs. 
 
Some 2-mbgs for n ≤ 12, 3-mbs for n ≤ 8, and 4-
mbgs for n ≤ 8, were presented by Lazard in 
[18]. This research was extended by Lee et.al 
[24], where 3-mbgs for n = 9, 10 and 4-mbgs for 
n = 9, 10, 11 were presented. They also 
proposed a network compounding algorithm 
for constructing sparse k-mbgs of larger order 
by connecting copies of known k-mbgs for 
smaller n. In this study, we present some more 
2-mbgs for n = 13, 14, 15 and 16. 
 
3. Main Results 
Our main results are summarized in Theorem 1. 
In this section, we present values of 𝐵2(n) for 13 
≤ n ≤ 16, and 2-mbgs for each case. To get an 
upper bound, say l, on 𝐵2(n), the number of 
edges in a minimum 2-broadcast graph on n 
vertices, we construct a 2-broadcast graph 
having n vertices and l edges. For obtaining a 
lower bound we make use of some graph 
properties, such as minimum possible degree of 
a vertex, number of vertices having the 
minimum degree, and arrive at lower bound 
value for 𝐵2(n). When the upper and lower 
bounds match, we have an optimal result. 
 
Theorem 1. The values of  𝐵2(𝑛) for 13 ≤ n ≤ 16, 
are as given in Table 1. 
 
Table 1. Number of edges in 2-mbg for 13≤n ≤ 16. 

 
 
 
3.1. Basic Methodology Used for Proof of 

Optimality 
Optimality of each result is proven in two parts. 
Part I explores graph properties and topology, 
establishing a lower bound on 𝐵2(n), whereas, 
whereas, Part II shows the 2-mbg having the 
lower-bound number of edges. We make the 
following observations: 
 
Proposition 1. If G is a k-mbg on n vertices, then 
G can have a vertex of degree 1 only when n = 
1 + (𝑘 + 1)𝑡−1, where t = ⌈𝑙𝑜𝑔(𝑘+1)𝑛⌉. 

 
Proof: Let u be a vertex of degree 1 in a k-
broadcast graph. In the first time step, u informs 

vertex v. Now, in the remaining (t-1) time steps, 
v can pass the message to at most (𝑘 + 1)𝑡−1 
vertices (including v), as shown in Figure 1. This 
makes a total of (𝑘 + 1)𝑡−1 +1 informed vertices 
in t time steps (including u). 
 

 
Figure 1. G having a vertex of degree 1. 

 
Proposition 2. For n > 1 + (𝑘 + 1)𝑡−1,  t = 
⌈𝑙𝑜𝑔(𝑘+1)𝑛⌉, the minimum degree of a vertex can 

be 2, however, G can have at most 2*k vertices 
of degree 2. 
 
Proof: Let u 𝜖 G be a vertex of minimum degree 
2, (𝑘 + 1)𝑡−1 < n ≤  (𝑘 + 1)𝑡. If u is the originator 
of the message, in the first time step u can call k 
vertices, which will inform 1 more vertex each, 
in the second time step. As the degree has to 
kept 2, each of the k vertices informed in the 
second time step will relay the message to 1 
more each in the final step. This way at most k*t 
vertices will be informed and the number of 
vertices of degree 2 will be at most 2*k. This 
situation is illustrated in Figure 2 for k = 2, k = 3 
and (𝑘 + 1)2 < n ≤  (𝑘 + 1)3. 
 

 
k = 2 

                                        

 
k = 3 

Figure 2. G having vertices with minimum degree 2, for k 
= 2, 3. 

 
Proposition 3. When G has 2*k vertices of 
degree 2, the maximum number of informed 
vertices can be (𝑘 + 1)𝑡−1 + k*t. 
 
Proof: As explained above, the originator, u, 
informs k vertices in the first time step and 
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continues to call (𝑘 + 1)𝑡−1 vertices in the 
remaining time steps. In order to maintain 
minimum degree 2, these k vertices call only 1 
vertex each, in the next time step. These k, 
newly informed vertices, further call 1 vertex 
each in the final step.  This way we have 
(𝑘 + 1)𝑡−1 + k*t total vertices informed. 
 
The proof of optimality for values of 𝐵2(𝑛) are 
presented in the following subsections. In Part I 
we establish a lower bound |E(G)| as: 
 
|E (G)| ≥ (degree sum of all the minimum degree 
of each vertex in G)/2, since we are considering 
minimum degree that a vertex may have here. 
Let this value of |E(G)| be l. 
 
A 2-broadcast graph having n vertices and l 
edges is presented in Part II, indicating that 
𝐵2(𝑛) ≤ l. Part I and Part II together establish 
that 𝐵2(𝑛) = l. 
 
3.2.  n = 13, 𝑩𝟐(𝟏𝟑) = 18. 
The proof includes two parts, Part I and Part II. 
In Part I we analyze the graph to obtain 𝐵2(13)  
≥ 18. In Part II, n2-mbg on 13 vertices and 18 
edges is presented, implying that 𝐵2(13)  ≤ 18. 
These two parts complete the proof, 𝐵2(13)  = 
18. 
 
Part I: Lower bound for𝐵2(13).  
 
Let G be a 2-mbg on 13 vertices. According to 
Proposition 1, 2 and 3, we make the following 
observations: 
 
1. G cannot have a vertex of degree 1. 
2. G can have at most 2*2 = 4 vertices of degree 

2. 
3. A vertex of degree 2 must be adjacent to a 

vertex of degree at least 3. 
 
We note that the 2-regular graph on 13 vertices, 
𝐶13, is not a 2-mbg. Therefore, a degree 2 must 
be connected to at least one vertex having 
degree at least 3. Thus, G will have at most 4 
vertices of degree 2, some vertices of degree 3, 
and some other vertices of degree 4 or more. Let 
the number of vertices having degree 4 or more 
be p. Let U be a subset of V, containing these p 
vertices. 
 

It follows that  ∑ deg 𝑢𝑢𝜖𝑈   ≥ 4*p.   (1) 

Also, each of the remaining 13-p vertices of 
degree 2 and 3, must be connected to a vertex of 
degree at least 4.  
 

Therefore, ∑ deg 𝑢𝑢𝜖𝑈   ≥ 13 – p. (2)                                                                                                                            
1. If 4*p ≥ 13 – p, then p > 2. 
And, |E (G)| ≥ [4*p   + (13 – 4 – p)*3 + 4*2] / 2 ≥ 

37/2 ≥ ⌊ 18.5⌋ ≥ 18. 
 

2. If 13 – p ≥ 4*p, then p < 3, and ∑ deg 𝑢𝑢𝜖𝑈   
≥ 10|E (G)| ≥ [(13 – p) + (13 – 4 – p)*3 + 4*2] 
/ 2 ≥ 36/2 ≥ 18 

 
Therefore, we get, 𝐵2(13) ≥ 18. 
Part II. A 2-minimum broadcast graph on 13 
vertices with 18 edges and broadcasting 
schemes. 
 
We present a 2-mbg on 13 vertices with 18 
edges. From the 2-mbg in Figure 3, we have 
𝐵2(13) ≤ 18, thus completing the proof that 
𝐵2(13) = 18.              
 

 
Figure 3. A 2-MBG on 13 vertices. 

 

Figure 4 depicts some 2-broadcast schemes, 
with different vertices as the originator. Other 
schemes can be obtained by the symmetry of 
the graph. In a scheme, the vertex labeled as ‘+’ 
indicates the originator vertex. The label beside 
other vertices signifies the time step at which 
they get informed. 
 

                
        (a)                    (b)          (c)                 (d)   

 

         
         (e)                  (f)                          (g)                         (h)                             

Figure 4. 2-Broadcasting schemes for 2-mbg on 13 
vertices with different vertices as originator. 
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3.3. n = 14, 𝑩𝟐(𝟏𝟒)  = 20. 
Proof: Part I - 𝐵2(14) ≥ 20 
Let G be a 2-mbg on 14 vertices. From 
proposition 1, 2 and 3, we make the following 
observations about G: 
1. Minimum degree of a vertex can be 2. 
2. There can be at most 4 vertices of degree 2. 
3. As the broadcast is to be completed in 

⌈𝑙𝑜𝑔314⌉ = 3 time steps, a degree 2 vertex 
must be adjacent to a vertex having degree at 
least 3. 

 
Let the number of vertices having degree 4 or 
more, be p. We collect these p vertices in a 
subset U ⊆ V. The remaining (14 – 4 – p) vertices 
will be having degree 3. 
 

It follows that   ∑ deg 𝑢𝑢𝜖𝑈   ≥ 4*p     (3) 
 
Again, each member of U must be adjacent with 
at least one of the other (14 – p) vertices.  

Therefore,   ∑ deg 𝑢𝑢𝜖𝑈   ≥  14 – p       (4) 
 
1. If 4*p ≥ 14 – p, p > 2, and 
|E (G)| ≥ ⌈ [4*p + (14 – 4 – p)*3 + 4*2] / 2 ⌉ ≥ 

40/2 ≥ 20 
 

2. If 14 – p ≥ 4*p, p < 3, and, ∑ deg 𝑢𝑢𝜖𝑈   ≥ 11 
|E (G)| ≥ [(14 – p) + (14 – 4 – p)*3 + 4*2] / 2 ≥ 

40/2 ≥ 20 
 
Therefore, 𝐵2(14) ≥ 20. 
 
Part II. A 2-broadcast graph on 14 vertices, 20 
edges, and different 2-broadcast schemes.  
 
We present a 2-broadcast graph on 14 vertices 
having 20 edges. From the graph in Figure 5, we 
can say, 
𝐵2(14) ≤ 20, thus completing the proof that 
𝐵214  = 20.         
 

 
Figure 5. 2-mbg on 14 vertices. 

 

Broadcast schemes are illustrated in Figure 6. 
The originator is depicted by ‘+’. Other vertices 
are labeled by the time step at which they get 
informed. 

             
     (a)                       (b)                  (c)                  (d)                                           

  

      
     (e)                   (f)                  (g)                 (h)         

                                   

     
       (i)                       (j)                (k)                                           

  

         
        (l)                         (m)                     (n) 

Figure 6. 2-Broadcasting schemes for 2-mbg on 14 
vertices, with different vertices as originator. 

 
3.4. n = 15, 𝑩𝟐(𝟏𝟓)  = 22 
Proof: Part I - 𝐵2(15) ≥ 22. 
If G is a 2-mbg on 15 vertices, we conclude from 
proposition 1, 2 and 3: 
1. Minimum degree of a vertex can be 2. 
2. There can be at most 4 vertices of degree 2. 
3. As the 2- broadcast is to be completed in 

⌈𝑙𝑜𝑔315⌉ = 3 time steps, a degree 2 must be 
connected to a node of degree t least 3. 

 
Let the number of vertices of degree 4 or more 
be p. We collect these p vertices in a subset U ⊆ 
V. The remaining (15 – 4 – p) vertices will be of 
degree 3. 

It follows that   ∑ deg 𝑢𝑢𝜖𝑈   ≥ 4*p      (5) 
 
Also, each vertex in U must be connected to at 
least one of the other (15 – p) vertices.  
 

Therefore,   ∑ deg 𝑢𝑢𝜖𝑈   ≥ 15 – p     (6) 
1. If 4*p ≥ 15 – p, p ≥ 3, and, 
|E (G) | ≥ [4*p + (15– 4–p)*3 + 4*2] / 2 ≥ 44/2 ≥ 

22 
2. If 15– p ≥ 4*p, p ≥ 3, and,  
|E (G)| ≥ [(15-p) + (15–4 – p)*3 + 4*2]/ 2 ≥ 44/2 

≥  22 
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Therefore, we obtain, 𝐵2(15) ≥ 22. 
Part II: A 2-Minimum Broadcast Graph having 
15 Vertices and 22 edges, and different 2-
broadcast schemes. 
 
A 2-broadcast graph having 15 vertices and 22 
edges is presented in Figure 7, establishing  
𝐵2(15) ≤ 22. Thus, completing the proof that  
𝐵2(15)  = 22. 
 

 
Figure 7. A 2-broadcast Graph on 15 vertices, 22 edges. 

 

The 2-broadcast schemes, with different 
vertices as originator, are illustrated in Figure 8.  
 

          
      (a)                           (b)                (c)                     (d)     

 

             
 (e)                            (f)                      (g)                    (h) 
Figure 8. Contd. 
 

             
          (i)                    (j)                      (k)                      (l)        

 

    
          (m)                     (n)                        (o)                                      
Figure 8. 2-broadcast Schemes for 2-mbg on 15 vertices 

with different originators. 

 
3.5. n = 16, 𝑩𝟐(𝟏𝟔)  = 25. 
Proof: Part I - 𝐵2(16) ≥ 25. 
Let G be a 2-mbg on 16 vertices. From 
proposition 1, 2 and 3, we infer that: 
1. Minimum degree of a vertex in G can be 2. 
2. G can have maximum 3 vertices having 

degree 2. This follows from Proposition 3, as 
16 > (2 + 1)𝑡−1 + 2*t, t = ⌈𝑙𝑜𝑔(3)16⌉. 

3. As the 2-broadcast is to be completed in 3 
time steps, a degree 2 vertex must have a 
neighbor having degree at least 3. 

 
Therefore, G will have at most 3 vertices of 
degree 2, and other vertices of degree 3 or 
more. Let p be the number of vertices of degree 
at least 4. As before, we collect these p vertices 
in a subset U ⊆ V. The other (16 – 3 – p) vertices 
will be of degree 3. 
 

It follows that   ∑ deg 𝑢𝑢𝜖𝑈   ≥ 4*p        (7) 
 
Again, each member of U must be adjacent with 
at least one of the other (16–p) vertices.  

Therefore,   ∑ deg 𝑢𝑢𝜖𝑈   ≥  16 – p.         (8)                    
1. If  4*p ≥ 16 – p, then p ≥ 3.2 ≥ 3, and,   
|E(G) | ≥ [(16 – p) + (16– 3–p)*3 + 3*2] / 2 ≥ 

49/2 ≥ ⌈24.5⌉ ≥ 25 
2. If 16– p ≥ 4*p, p ≤ 3.2 < 4, and,  
|E (G) | ≥ [4*p + (16–3– p)*3 + 3*2]/ 2 ≥ 49/2 ≥ 

⌈24.5⌉ ≥ 25 
 
Therefore, 𝐵2(16) ≥ 25. 
 
Part II: A 2-Minimum Broadcast Graph on 16 
Vertices, 25 edges, and different 2-broadcast 
schemes. 
Figure 9 presents a 2-broadcast graph having 
25 edges, implying 𝐵2(16) ≤ 25. 
 
Part I and Part II complete the proof that 𝐵2(16) 
= 25.     

 
Figure 9. A 2-mbg on 16 vertices having 25 edges. 

 
Figure 10 shows the 2-broadcast schemes, with different 
vertices as originator.  

               
         (a)                            (b)                        (c)                      (d)        

 
          (e)                      (f)                    (g)                       (h) 
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             (i)                      (j)                   (k)                       (l) 
Figure 10. Contd. 
 

          
            (m)                   (n)                     (o)                     (p) 
Figure 10. 2-broadcast Schemes for 2-mbg on 16 vertices 
with different originators. 

 
4. Conclusions and Future Work 
This paper explores k-broadcasting in 
communication networks represented as 
graphs, where every vertex is enabled to inform 
at most k of its adjacent nodes during any call. 
We present 2-mbgs for small values n, 13 ≤ n 
≤16 with proofs of optimality and the respective 
2-broadcast schemes. The work can be 
extended by exploring k-mbgs for higher values 
of n and k. 
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