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1- Introduction

The first definition of fuzzy sets demonstrated
by Zadah in [1]1965 and then many authors
applied it to different branches of pure and
applied mathematics and then presented the
Fuzzy Standard Space shortened by cheng,
and Mordeson in [4] 1994, the definition of
fuzzy metric space that was presented before
kaleva and seikkala in [3] 1984.

Sedeqi and Amirpour In 2007 [1] defined fuzzy
complete normed algebra and demonstrated
a few of its findings. Some characteristics of
intuitionistic fuzzy complete normed algebra
were introduced by Dinda et al. in 2010 [2]. In
!Definition (2.1) [6]

2016 Binzar et al. [5] established a need for
the continuous product in a fuzzy normed
algebra, and they also demonstrated several
characteristics of the fuzzy full normed
algebra.

In this study, we first defined fuzzy normed
algebra and then established some of its
fundamental characteristics. The definition of
qguotient normed algebra is then introduced,
and the fundamental characteristics of this
space are then demonstrated.

2-Fuzzy normed space

In  this section explains the basic
characteristics of fuzzy normed space.

Assume that X be linear space over R A function NM(.): X — R*(I) is said fuzzy norm if

1.NM(x) =0 iff x=0.

2.NM(3x) = |A|ONM(x) , xeX ,2eR.
3.NM(x+ h) < NM(x) @ NM(h) .
pefinition (2.2) [6]

Assume that X’ # ¢ over R. The Function M: X x X — R*(I) is said fuzzy metric if satisfies

1M(x,h)=0<x=h.
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2.M(x,h) = M (h ,x)

3.M(x,h) < M(x,z) ® M(z,h),Vx,h,zeX

Afuzzy metric space is (X, M).

Where X # ¢ and M is a fuzzy metric function .

3Example (2.3) [6]

Assume that X’ # ¢. the Function M': X’ X X’ — R*(I) which shortened by
— 0,x=nh

MG h) = {1_ x#h

Vx,heX . (X ,M)isafuzzymetric space.

“Theorem (2.4) [6]
Every fuzzynormed space is fuzzymetric space .
*Remark (2.5) [6]
The inverse of the previous theorem is not always true (see example 2.3).
5Definition (2.6) [6]
Assume that X be a fuzzynormed space,x,eX and 7 a fuzzy number with ¥ # 0 , the open ball
Br(xo) in X of Radius 7 and center x, defined as
Bir(xg) = {xeX:NM(x — xy) <7}
And the closed ball defined as
Br(x) = {xeX:NM(x — xy) <7}
"Theorem (2.7) [6]
Every open ball and closed ball are nonempty convex set .

8Definition (2.8) [6]
Assume that X be a fuzzynormed space , A sequence {x,} in X is named:
1. converge to the point x €X if lim NM(x, —x) =0 8847

n—ooo

If for each fuzzy number € # 0,3 k €Z* such that

NM(x,—x)<§& vVn=k.

2 .Cauchy sequence if for each fuzzy number & # 0, 3k eZ™ such that

NM(xp, —xp) <& ,Yn,m=k.

Remark (2.9)

Each Convergent-Sequence is Cauchy-sequence But not Conversely.

Dpefinition (2.10)

A fuzzynormed space X is Complete if Each Cauchy-Sequence is converge to point x € X.

pefinition (2.11) [6]

Assume that X be a fuzzynormed space and A contained to X :

1. the point x €X is alimit pointto set Aif V7 > 0 , 3 h €A such that x # hand if NM(x — h) <
Set all limit point of set A is named (Derived) of set Aand Shortened by A
A={xeX:vi>0,3h€A 3h+x,NM(x —h) <7}

The point x €X is a limitpoint to set A if G open setin X and if x eG Then AN (G/{x}) +# @ Set
all limitpoint of set A is named (Derived) of set A and Shortened by A.

2
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2. A point x €X is a closure point to set A if V7 > 03h €A such that NM(x —h) <7 . the set
whose elements all point closure of set A is named (closure) of set A and Shortened by A.
A={xeX:VF>0,3heA 3NM(x—h) <7}.

2Theorem (2 .12) [6]
Assume that X be afuzzy normed space and let A € X
1.AcCA
22A=AUA
3Theorem (2 .13) [6]
Assume that A be a Subset in a fuzzynormed space X. then xeA iff exists sequence {x,} in A
such that {x,} converge to x .
“pefinition (2.14) [6]
Assume that X and Y be a fuzzynormed space. Afunction f: X’ = Y is named
1. fuzzycontinuous at x,€X if for each fuzzy number £€eR*(I), 35 # 0,
3 NM(f(x) — f(x)) < €When ever NM(x — x;,) < §.
2. sequentiallycontinuous at xyeX if
NM(f(x,) — f(x0)) = 0inY when ever NM(x,, — xo) = 0in X.

5Theorem (2.15) [6]

Let X and Y be a fuzzy normed space then the A function f: X — Y is fuzzy continuous at xyeX if
and only if for all fuzzy sequence {x,} is fuzzy convergent to x,in X then the sequence {f(x,)} is
fuzzy convergent to f(x,) in Y

3. Fuzzy normed algebra
This section deals with the concepts of fuzzy normed algebra ,and some of their properties.

Definition(3.1)

If the following axioms are true, a fuzzy normed algebra over a field F exists.:

1.X is an algebra overF

2. NM isafuzzy normon X

3. NM(xh) < NM(x)ONM (h)Forall x,h € X and if X has an identity e, NM(e) = 1.
Definition (3.2)

Let(X, NM) be a fuzzynormed algebra, A sequence {x,} in X is called

converge to the point x €X if lim NM(x, —x) =0

Noeo
If for each fuzzy number & # 0, 3 k €Z*such that NM(x,—x)<§& vn=>k.

Definition (3.3)

Let(X, NM) be a fuzzynormed algebra, A sequence {x,,} in X is called

Cauchy sequence if for each fuzzy number & = 0, 3k eZ* such that

NM(x, —xn) <& ,¥yn,m=k.

Definition (3.4)

A fuzzynormed algebra(X, NM) is Complete if Each Cauchy-Sequence is converge to point x € X.
Definition (3.5)

3
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A complete fuzzy normed algebra is called fuzzy Banach algebra .
Definition (3.6)
If (X,NM) is a complete fuzzy normed space then the fuzzy normed algebra (X,NM) is called
complete fuzzy normed algebra .
Theorem (3.7):
(Xe, NM) is a complete if and only if (X, NM) is complete.
Proof:
Suppose that X, = X X Cis complete and let (x,), (h,) be two Cauchy
sequence in X and C respectively that is for any fuzzy number € # 0,
3K € Z*, suchthat NM(x, — x,) < &,Vn,m =K
also ,NM.(h, —h,,) < & foralln,m > K.
NMXe((xn: hy) — (X, hm)) = NMXe (Xn = Xm, hy —hpy)
= NMx[xn - xm]eaNMc[hn - hm]

S&§BE <€
Then NMy, [(xp, hp) — (Xm, hm)] < €forall m,n = K. Thus
[(xy, hy)] is Cauchy sequence in X,is complete so there is (x,A) € X,
but X, such that (x,, h,) = (x,h) thatis

1= NMXe [(xn, hp) — (x, h)]
= NMy(xy — x)®NM,(h, —h) < &
Therefore NMy (x, — x) < £and NM.(h, —h) < €.
Hence X'is complete.
Conversely, assume that X is complete and let [(X,, h,)] be a Cauchy
sequence in X, then for any given & # Othere is K € Z* such that
that NMy_[(x4,hy) — (xm, hyy)] < Eforallm,n > K or
NMy (% — X )®NM (h, — hy,) < & Hence
NMy(xy — xpy) < & and NM.(h, — hy,) < & forall
m,n = K . forsome & < & and &, < €, This implies (x,), (h,) are Cauchy sequence in X and C
respectively, but X and C are complete so there is x € X and h € C such
that NMy (x, — x) < €and NM.(h, —h) < &, Now
NMy, [Cn, hn) = ()]
= NMy(x, —x)® NM.(h, —h) = §®¢, <&
Hence (xp, h,) = (x, h) thusX, is complete.
Proposition (3.8)
Let (X, NM)be a fuzzy normed space and M be a closed subspace of X. Then the quotient space
]

8849

2R

is fuzzy normed space with respect to the quotient fuzzy norm defined by: QM[x/M
sup{NM(x /a):a € M} = % ={x/M:x € X}.

Theorem (3.9)

Let X be a complete fuzzy normed space and M be a closed subspace of X then (%) is a complete

fuzzy normed space.

Proof:
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Let (x,, / M) be a fuzzy Cauchy sequence in (%) .

hence for every £ > 0, NM((x,, — x,,) /M) < &

but NM(xp, — x) < NM((xyy — %) /M) < €

thus NM(x,,, — x,) < & Thatis x,, is a fuzzy Cauchy sequence in X

but X is fuzzy complete,so x, — x € X .

x x X
hus= — =€e=
tusM MEM

since NM is fuzzy continuous
X,
hence Ve fuzzy complete.

Theorem (3.10)
Let (X, NM) be a complete fuzzy normed algebra and suppose M is a closed ideal in X. Then

(ﬁ QM) is a complete fuzzy normed algebra. If X has identity then % has identity. Moreover the

identity ofﬁ has fuzzy norm equa

to 1.

Proof:

We know that % is complete fuzzy normed space by theorem 3.1.8. Since M is an ideal it is easy to

see that ﬁ is an algebra with multiplication given by
(x /M) -(h /M) = (xh) / M. Now
QM[(x / M)(h / M)] = QM[(xh / M)]
= SupgemNM(xh / a)
< supaemNM[(x / a)(h / b)]
< supaemNM(x / a) © suppey NM(h / b)
=QM(x /M) © QM(h / M).
Thus (ﬁ, QM) is a complete fuzzy normed algebra. Furthermore if e is the identity of X
with NM(e) = 1 then e / M identity of % Also
QM = sup,emNM[e /a] < NM(e) = 1 where [a = 0] so QM[e / M] = 1.
Definition (3.11):
let (X, NM)and (Y, NM)be two fuzzy normed algebra. Afunction f: X — Y is named
1. fuzzy continuous at x,€X if for each fuzzy number &eR*(I), 35 # 0,
3 NM(f(x) — f(xo)) < €When ever NM (x — x,) < 6.
2. sequentially continuous at xyeX if
NM(f(x,) — f(x9)) = 0inY when ever NM(x,, — xo) = 0in X.
Lemma (3.12)
In a fuzzy normed algebra (X, NM)multiplication is fuzzy continuous function.
Proof:
Suppose that (a,) and (b,) be two sequencesin X. Ifa, - a,b, = bas
n — oo then for each fuzzy number &€ # 0,3 k €Z* such that
NM(a, —a) < &, Vvn=>k
Also NM(b,, —b) < &, Vn >k

8850
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NM(a,b, —ab) = NM(a,b, — a,b + a,b — ab)
< NM(a,b,, — a,b) & NM(a,b — ab)

< NM(a,(b, — b)) ® NM(b(a, — a))

< NM(a,) © NM(b,, — b) @ NM(b) © NM(a,, — a)

<71 O §ORLOE S E
then multiplication is continuous function.
Now using theorem 2.5.9 we have
Definition (3.13)
let (X', NM) be a fuzzy normed algebra and T: X’ — X be an linear operator , we say that T is fuzzy
bounded if then exists & such that NM (T (x)) < EONM (x)
If T is fuzzy bounded then NM(T) = supyex NM(T(x)),NM(x) = 1.
Theorem (3.14)
Every fuzzy normed algebra can be embedded as a closed subalgebra of B(X).
Proof:
Define N,: X —» X by Ny(a) = xa for all a € X .Then N, € B(X) since Ny(a; +a,) =x(a; +a,) =
xa; + xa, = Ny(a;) + Ny(ay) and
Ny (aa) = x(aa) = a(xa) = aN(a).Also

NM(Ny(a)) = NM(xa) < NM(x)®ONM(a)

so that NM(N,) < NM(x).
Now we show that N 4, = N, + Ny, Nap = N+ Ny, Nga = aN,, Ne =1
No4p (%) = (@4 b)x = ax + bx = N, (x) + Np(X)
Nya(®) = (aa)x = a(ax) = aN,(x)
Nap (%) = (ab)x = a(bx) = N, - N, (x)
Ne(®) =e-x=x=[(X).
Since NM(N4(y)) = NM(xy) < NM(x) ONM(y).
Put NM(x) = € forsome 0 < € < 1. That is
NM(N,(y)) < e ®NM(y). Therefore N, is bounded. Put
N = {N,: x € X} so N is a subalgebra of B(X) and the function
F: X = B(X) defined by F(a) = N, is an isometric so it is injective.
Moreover, the image of the function F i.e F(X) is a closed subalgebra of
B(X).Now suppose that (N, ) be a sequence in B(X) such that
Na, =Sin B(X) then N, (x) = xa, = Ne(ay)xandsoasn — oo
Proposition (3.15)
If (X, NM) is a complete fuzzy normed algebra then the inverse operator
x — x~1is fuzzy continuous mapping.

Proof

First we show that the inverse map is fuzzy continuous at e, if & # 0 be given and for all § # 0 such
thatNM(a—e) <& implies NM(a"'-e) <& Now since NM(a—e)<1 implies a™'=
Yomeole — a)™ therefore
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NM(a‘l—e)=NM< (e —a)” —e)
=NM (Z (e — a)”)

n=1

<5DEO DS ...
<é

we get NM(a™! —e) < & Now x,, = x implies
xpx~ 1 = xx71 = e implies (x,x™ )™ > e implies xx,,~
implies x; 1 — x~1.
Theorem ( 3.16)
A fuzzy normed algebra(X, NM)without identity can be embedded into fuzzy normed algebra
Xwith identity e and X is anideal in X,.
Proof:
Put X, = X X C and define multiplication in X by
(a,a) - (b,B) = (ab + Ba + ab, aB) then X, is an algebra with
identitye = (0,1)(a,a) = (a,a)

1—>€

e=(a,a)(0,1) =(a,a)
also X, is a fuzzy normed space 8852
with fuzzy norm :: NMy, : X — R*(I) define by
NMy, (a,a) = NMy(a)®|a| ,where NM(a) = ||
NMxe((a, a) - (b, B)) = NMxe((ab + Ba + ab, OLB))
< NMy(ab + Ba + ab)®NM,(aB)
< NMy (ab)®NM,(aB)
< NMy(a) © NMy(b) ®la| © |Bl, where NM.(B) = |B|
< NMy(@)®la| © [NMx(b)DIBI]
= NMy, (a,a) © NMy, (b, B)
Theorem (3.17)
Let (¢, NM) be a fuzzy normed algebra with idendtity e. then there is a fuzzy norm H on A such that
NM y is equivalent to H such that (X, H) is a fuzzy normed algebra with H(e) = 1anda € X.
Proof:
For each x € X let N, be a linear operator defined by N, (h) = xhfor all h € X. Now if N,, = Ny, it
follows that N, (e) = Ny, (e). And so x = h hence x — N, is an injective map from X into the set of all
linear operator on X.
NMX(Nx(h)) = NMy(xh) < NMy(x) © NMy(h) for h € X which implies that N, is fuzzy
bounded and NMy(N,) < EONMy(X) put H(a) = NMy(N, ) so H(x) < EONMy(X) ...(1), for
some &, 0<¢& <1.
On the other hand
H(a) = NMy(Ng) = suppepn,) NMx (Na(b))
= SUppep(n,) NMyx (ab)
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< NMy (a¢) = NM(2) O NMy (¢) = ZONMx(a)

soH(a) < ;elva(a) .. (2).

Thus EONMy(a) < H(a) < %ONMX (a)
forallae X
Hence NMy (a) is equivalent to H(a). Now

H(ab) = NMx(Nap) = NMy (N,. Np)
< NMyx(N,) © NMx(Np) = H(a) © H(b)
Therefore (X, H) is a fuzzy normed algebra. We have now

H(e) = NMy(Ng) =1.
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