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1- Introduction  
The first definition of fuzzy sets demonstrated 
by Zadah in [1]1965 and then many authors 
applied it to different branches of pure and 
applied mathematics and then presented the 
Fuzzy Standard Space shortened by cheng, 
and Mordeson in [4] 1994, the definition of 
fuzzy metric space that was presented before 
kaleva and seikkala in [3] 1984.  
Sedeqi and Amirpour In 2007 [1] defined fuzzy 
complete normed algebra and demonstrated 
a few of its findings. Some characteristics of 
intuitionistic fuzzy complete normed algebra 
were introduced by Dinda et al. in 2010 [2]. In 

2016 Binzar et al. [5] established a need for 
the continuous product in a fuzzy normed 
algebra, and they also demonstrated several 
characteristics of the fuzzy full normed 
algebra. 
In this study, we first defined fuzzy normed 
algebra and then established some of its 
fundamental characteristics. The definition of 
quotient normed algebra is then introduced, 
and the fundamental characteristics of this 
space are then demonstrated. 
2-Fuzzy normed space 
In this section explains the basic 
characteristics of fuzzy normed space.  

1Definition (2.1) [6] 
  Assume that 𝒳 be linear space over Ɽ A function  𝑁𝑀( . ): 𝒳 → Ɽ∗(𝐼) is said fuzzy norm if  

1. 𝑁𝑀(𝑥) = 0̅  𝑖𝑓𝑓  𝑥 = 0  . 
2.𝑁𝑀(ℷ𝑥) = |ℷ|ʘ𝑁𝑀(𝑥)  , 𝑥𝜖𝒳   , ℷ𝜖Ɽ . 
3. 𝑁𝑀(𝑥 + ℎ) ≤ 𝑁𝑀(𝑥) ⊕ 𝑁𝑀(ℎ) .  
2Definition (2.2) [6] 

 Assume that 𝒳 ≠ 𝜙 over Ɽ. The Function ℳ̅: 𝒳 × 𝒳 → Ɽ∗(𝐼) is said fuzzy metric if satisfies  
1.ℳ̅(𝑥 , ℎ) = 0̅ ⇔ 𝑥 = ℎ . 
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2.ℳ̅(𝑥 , ℎ) = ℳ̅(ℎ  , 𝑥) 
3. ℳ̅(𝑥 , ℎ) ≤ ℳ̅(𝑥 , 𝑧) ⊕ ℳ̅(𝑧 , ℎ), ∀𝑥 , ℎ , 𝑧𝜖𝒳 
Afuzzy metric space is (𝒳 , ℳ̅). 

Where  𝒳 ≠ 𝜙 and ℳ̅ is a fuzzy metric function . 
3Example (2.3) [6] 

 Assume that 𝒳 ≠ 𝜙. the Function ℳ̅: 𝒳 × 𝒳 → Ɽ∗(𝐼) which shortened by  

ℳ̅(𝑥, ℎ) = {
0̅ , 𝑥 = ℎ

1  ̅̅ ̅, 𝑥 ≠ ℎ 
 

∀𝑥 , ℎ 𝜖𝒳  . (𝒳 , ℳ̅) is afuzzymetric space. 
 

4Theorem (2.4) [6] 
 Every fuzzynormed space is fuzzymetric space .  
5Remark (2.5) [6] 
 The inverse of the previous theorem is not always true (see example 2.3). 
6Definition (2.6) [6] 
 Assume that 𝒳 be a fuzzynormed space,𝑥0𝜖𝒳 and 𝑟̅ a fuzzy number with 𝑟̅ ≠ 0̅ , the open ball 
𝛽𝑟̅(𝑥0) in 𝒳 of Radius 𝑟̅ and center 𝑥0 defined as   

𝛽𝑟̅(𝑥0) = {𝑥𝜖𝒳: 𝑁𝑀(𝑥 − 𝑥0) < 𝑟 ̅} 
And the closed ball defined as 

𝛽𝑟̅
̅̅ ̅(𝑥0) = {𝑥𝜖𝒳: 𝑁𝑀(𝑥 − 𝑥0) ≤ 𝑟 ̅} 

7Theorem (2.7) [6] 
 Every open ball and closed ball are nonempty convex set  .  
 

8Definition (2.8) [6] 
 Assume that 𝒳 be a fuzzynormed space , A sequence {𝑥𝑛} in 𝒳 is named:  
1. converge to the point 𝑥 𝜖𝒳 if lim

𝑛→∞
𝑁𝑀(𝑥𝑛 − 𝑥) = 0̅ 

If for each fuzzy number 𝜀̅ ≠ 0̅ , ∃ 𝑘 𝜖𝑍+ such that 
𝑁𝑀(𝑥𝑛 − 𝑥) < 𝜀,̅  ∀𝑛 ≥ 𝑘 .  

2 .Cauchy sequence  if for each fuzzy number 𝜀̅ ≠ 0̅ , ∃𝑘 𝜖𝑍+ such that 
𝑁𝑀(𝑥𝑛 − 𝑥𝑚) < 𝜀 ̅ , ∀𝑛 , 𝑚 ≥ 𝑘 . 
9Remark (2.9) 
 Each Convergent-Sequence is Cauchy-sequence But not Conversely. 
10Definition (2.10) 
 A fuzzynormed space 𝒳 is Complete if Each Cauchy-Sequence is converge to point 𝑥 ∈ 𝒳. 
 

11Definition (2.11) [6] 
Assume that 𝒳 be a fuzzynormed space and  𝒜 contained to 𝒳 : 

1. the point 𝑥 𝜖𝒳 is alimit point to set 𝐴 if ∀ 𝑟̅ > 0̅  , ∃ ℎ 𝜖𝒜 such that  𝑥 ≠ ℎ and if 𝑁𝑀(𝑥 − ℎ) < 𝑟̅ 

Set all limit point of set 𝐴 is named (Derived) of set 𝒜and Shortened by 𝒜́ 

𝒜́ = {𝑥 𝜖𝒳: ∀ 𝑟̅ > 0̅, ∃ℎ ∈ 𝒜 ∋ ℎ ≠ 𝑥, 𝑁𝑀(𝑥 − ℎ) < 𝑟̅} 
The point 𝑥 𝜖𝒳 is a limitpoint to set 𝒜 if 𝐺 open set in 𝒳 and if  𝑥 𝜖𝐺  Then   𝒜 ∩ (𝐺/{𝑥} ) ≠ ∅   Set 

all limitpoint of set 𝒜 is named (Derived) of set 𝒜 and Shortened by 𝒜́. 
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2. A point 𝑥 𝜖𝒳  is a closure point to set 𝒜 if ∀ 𝑟̅ > 0̅∃ℎ 𝜖𝒜 such that 𝑁𝑀(𝑥 − ℎ) < 𝑟̅ . the set 
whose elements all point closure of set 𝒜 is named (closure) of set  𝒜 and Shortened by 𝒜̅.  
𝒜̅ = {𝑥 𝜖𝒳: ∀ 𝑟̅ > 0̅ , ∃ ℎ 𝜖𝒜 ∋ 𝑁𝑀(𝑥 − ℎ) < 𝑟̅} . 
 

12Theorem (2 .12) [6] 
Assume that 𝒳 be afuzzy normed space and let 𝒜 ⊆ 𝒳 

1. 𝒜́ ⊂ 𝒜̅ 

2. 𝒜̅ = 𝒜 ∪ 𝒜́ 
13Theorem (2 .13) [6] 
  Assume that 𝒜 be a Subset in a fuzzynormed space 𝒳. then 𝑥𝜖𝒜̅ iff exists sequence {𝑥𝑛} in 𝒜  
such that  {𝑥𝑛} converge to 𝑥 . 
14Definition (2.14) [6] 
 Assume that 𝒳 and 𝑌 be a fuzzynormed space. Afunction 𝑓: 𝒳 → 𝑌 is named  

1. fuzzycontinuous at 𝑥0𝜖𝒳 if for each fuzzy number  𝜀 ̅𝜖Ɽ∗(𝐼), ∃𝛿̅ ≠ 0̅,  

 ∋  𝑁𝑀(𝑓(𝑥) − 𝑓(𝑥0)) < 𝜀 ̅When ever 𝑁𝑀(𝑥 − 𝑥𝑛) < 𝛿̅.  
2. sequentiallycontinuous at 𝑥0𝜖𝒳 if  

𝑁𝑀(𝑓(𝑥𝑛) − 𝑓(𝑥0)) → 0̅ in 𝑌 when ever 𝑁𝑀(𝑥𝑛 − 𝑥0) → 0̅ in 𝒳.  
 

15Theorem (2.15) [6] 
Let 𝒳 and 𝑌 be a fuzzy normed space then the A function 𝑓: 𝒳 → 𝑌 is fuzzy continuous at 𝑥0𝜖𝒳 if 
and only if for all fuzzy sequence {𝑥𝑛} is fuzzy convergent to 𝑥0𝑖𝑛 𝒳 then the sequence {𝑓(𝑥𝑛)} is 
fuzzy convergent to 𝑓(𝑥0) in 𝑌 
 
3. Fuzzy normed algebra  
This section deals with the concepts of fuzzy normed algebra  ,and some of their properties. 
 
Definition(3.1) 
If the following axioms are true, a fuzzy normed algebra over a field F exists.: 
1.𝒳 is an algebra over𝔽 
2. 𝑁𝑀   is a fuzzy norm on 𝒳 

3. 𝑁𝑀(𝑥ℎ) ≤ 𝑁𝑀(𝑥)⨀𝑁𝑀(ℎ)For all 𝑥, h ∈ 𝒳  and if 𝒳  has an identity e , NM(e) = 1̅. 
Definition (3.2) 
Let(𝒳, 𝑁𝑀) be a fuzzynormed algebra , A sequence {𝑥𝑛} in 𝒳 is called 
 converge to the point 𝑥 𝜖𝒳 if lim

𝑛→∞
𝑁𝑀(𝑥𝑛 − 𝑥) = 0̅ 

If for each fuzzy number 𝜀̅ ≠ 0̅ , ∃ 𝑘 𝜖𝑍+such that 𝑁𝑀(𝑥𝑛 − 𝑥) < 𝜀,̅  ∀𝑛 ≥ 𝑘 .  
Definition (3.3) 
Let(𝒳, 𝑁𝑀) be a fuzzynormed algebra, A sequence {𝑥𝑛} in 𝒳 is called 

Cauchy sequence  if for each fuzzy number 𝜀̅ ≠ 0̅ , ∃𝑘 𝜖𝑍+ such that 
𝑁𝑀(𝑥𝑛 − 𝑥𝑚) < 𝜀 ̅ , ∀𝑛 , 𝑚 ≥ 𝑘 . 
Definition (3.4) 
 A fuzzynormed algebra(𝒳, 𝑁𝑀) is Complete if Each Cauchy-Sequence is converge to point 𝑥 ∈ 𝒳. 
Definition (3.5) 
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A complete fuzzy normed algebra is called fuzzy Banach algebra . 
Definition (3.6) 
If (𝒳, NM) is a complete fuzzy normed space then the fuzzy normed algebra (𝒳, NM) is called 
complete fuzzy normed algebra . 
Theorem (3.7): 
(𝒳e, NM) is a complete if and only if (𝒳, NM) is complete. 
Proof: 
Suppose that 𝒳e = 𝒳 × ℂ is complete and let (𝑥n), (hn) be two Cauchy  

sequence in 𝒳 and ℂ respectively that is for any fuzzy number ε̅ ≠ 0̅, 
∃K ∈ Z+ ,   such that NM(𝑥n − 𝑥m) < 𝜀1̅, ∀𝑛, 𝑚 ≥ 𝐾 
also ,NM𝑐(hn − hm) < 𝜀2̅ for all n, m ≥ 𝐾.  

𝑁𝑀𝒳e
((𝑥n, hn) − (𝑥m, hm)) = 𝑁𝑀𝒳e

(𝑥n − 𝑥m, hn − hm) 

= 𝑁𝑀𝒳[𝑥n − 𝑥m]⨁NM𝑐[hn − hm] 
≤ 𝜀1̅⨁𝜀2̅ < 𝜀 ̅

Then 𝑁𝑀𝒳e
[(𝑥n, hn) − (𝑥m, hm)] < 𝜀 ̅for all m, n ≥ 𝐾. Thus 

[(𝑥n, hn)] is Cauchy sequence in 𝒳eis complete so there is (𝑥, λ) ∈ 𝒳e 
but 𝒳e such that (𝑥n, hn) →  (𝑥, h) that is 

1 = 𝑁𝑀𝒳e
[(𝑥n, hn) − (𝑥, h)] 

= 𝑁𝑀𝒳(𝑥n − 𝑥)⨁𝑁𝑀c(hn − h) ≤ 𝜀 ̅
Therefore 𝑁𝑀𝒳(𝑥n − 𝑥) ≤ 𝜀 ̅and 𝑁𝑀c(hn − h) ≤ 𝜀 .̅  
Hence 𝒳is complete. 
Conversely, assume that 𝒳 is complete and let [(𝒳n, hn)] be a Cauchy 

sequence in 𝒳e then for any given 𝜀̅ ≠ 0̅there is 𝐾 ∈ 𝑍+ such that 
that 𝑁𝑀𝒳e

[(𝑥n, hn) − (𝑥m, hm)] < 𝜀 ̅for all m, n ≥ 𝐾 or 

𝑁𝑀𝒳(𝑥n − 𝑥m)⨁𝑁𝑀c(hn − hm) < 𝜀,̅ Hence 
𝑁𝑀𝒳(𝑥n − 𝑥m) < 𝜀1̅ and 𝑁𝑀c(hn − hm) < 𝜀2̅ for all 
m, n ≥ 𝐾 . for some  𝜀1̅ < 𝜀 ̅ 𝑎𝑛𝑑  𝜀2̅ < 𝜀 ,̅ This implies (𝑥n), (hn) are Cauchy sequence in 𝒳 and ℂ 
respectively, but 𝒳 and ℂ are complete so there is 𝑥 ∈ 𝒳 and h ∈ ℂ such 
that 𝑁𝑀𝒳(𝑥n − 𝑥) ≤ 𝜀 ̅and 𝑁𝑀𝑐(hn − h) ≤ 𝜀 ,̅ Now  

𝑁𝑀𝒳e
[(𝑥n, hn) − (𝑥, h)] 

= 𝑁𝑀𝒳(𝑥n − 𝑥)⨁ 𝑁𝑀c(hn − h) =  𝜀1̅⨁𝜀2̅ ≤ 𝜀.̅ 
Hence (𝑥n, hn) → (𝑥, h) thus𝒳e is complete. 
Proposition (3.8) 

Let (𝒳, 𝑁𝑀)be a fuzzy normed space and M be a closed subspace of  𝒳. Then the quotient space 
𝒳

M
 

is fuzzy normed space with respect to the quotient fuzzy norm defined by: QM[x ∕ M] =

sup{𝑁𝑀(x ∕ a): a ∈ M} =
𝒳

M
= {𝑥 ∕ M: 𝑥 ∈ 𝒳}.  

Theorem (3.9) 

Let 𝒳 be a complete fuzzy normed space and M be a closed subspace of 𝒳 then ( 
𝒳

M
) is a complete 

fuzzy normed space. 
 
Proof: 
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Let (𝑥𝑛 ∕ 𝑀) be a fuzzy Cauchy sequence in (
𝒳

M
) .  

hence for every 𝜀̅ > 0̅, 𝑁𝑀((𝑥𝑚 − 𝑥𝑛) 𝑀⁄ ) < 𝜀 ̅
but 𝑁𝑀(𝑥𝑚 − 𝑥𝑛) < 𝑁𝑀((𝑥𝑚 − 𝑥𝑛) 𝑀⁄ ) < 𝜀 ̅
thus 𝑁𝑀(𝑥𝑚 − 𝑥𝑛) < 𝜀.̅ That is 𝑥𝑛 is a fuzzy Cauchy sequence in 𝒳 
but 𝒳 is fuzzy complete, so 𝑥𝑛 ⟶ 𝑥 ∈ 𝒳 .  

thus 
𝑥𝑛

M
⟶

𝑥

M
∈

𝒳

M
 

since NM is fuzzy continuous  

hence  
𝒳

M
 is fuzzy complete.  

Theorem (3.10) 
Let (𝒳, 𝑁𝑀) be a complete fuzzy normed algebra and suppose M is a closed ideal in 𝒳. Then  

(
𝒳

M
, 𝑄𝑀)  is a complete fuzzy normed algebra. If 𝒳 has identity then 

𝒳

M
 has identity. Moreover the 

identity of 
𝒳

M
 has fuzzy norm equa 

 to 1̅. 
Proof: 

We know that  
𝒳

M
 is complete fuzzy normed space by theorem 3.1.8. Since M is an ideal it is easy to 

see that 
𝒳

M
 is an algebra with multiplication given by  

(𝑥 ∕  𝑀) ∙  (ℎ ∕ 𝑀)  =  (𝑥ℎ)  ∕  𝑀.  Now 
𝑄𝑀[(𝑥 ∕ 𝑀)(ℎ ∕ 𝑀)] =  𝑄𝑀[(𝑥ℎ ∕ 𝑀)] 

                               = 𝑠𝑢𝑝𝑎∈𝑀𝑁𝑀(𝑥ℎ ∕ 𝑎) 
≤ 𝑠𝑢𝑝𝑎∈𝑀𝑁𝑀[(𝑥 ∕ 𝑎)(ℎ ∕ 𝑏)] 

≤ 𝑠𝑢𝑝𝑎∈𝑀𝑁𝑀(𝑥 ∕ 𝑎) ⊙ 𝑠𝑢𝑝𝑏∈𝑀𝑁𝑀(ℎ ∕ 𝑏) 
                              = 𝑄𝑀(𝑥 ∕ 𝑀) ⊙ 𝑄𝑀(ℎ ∕ 𝑀).  

Thus (
𝒳

M
, QM) is a complete fuzzy normed algebra. Furthermore if e is the identity of 𝒳 

with NM(e) = 1̅ then 𝑒 ∕ 𝑀 identity of 
𝒳

M
. Also 

Q𝑀 = supa∈M𝑁𝑀[e ∕ a ] ≤ NM(e) = 1̅ where [a = 0] so QM[e ∕ M] = 1̅. 
Definition (3.11): 
let (𝒳, NM)and (Y, NM)be two fuzzy normed algebra. Afunction 𝑓: 𝒳 → 𝑌 is named  

1. fuzzy continuous at 𝑥0𝜖𝒳 if for each fuzzy number  𝜀 ̅𝜖Ɽ∗(𝐼), ∃𝛿̅ ≠ 0̅,  

 ∋  𝑁𝑀(𝑓(𝑥) − 𝑓(𝑥0)) < 𝜀 ̅When ever 𝑁𝑀(𝑥 − 𝑥0) < 𝛿̅.  
2. sequentially continuous at 𝑥0𝜖𝒳 if  

𝑁𝑀(𝑓(𝑥𝑛) − 𝑓(𝑥0)) → 0̅ in 𝑌 when ever 𝑁𝑀(𝑥𝑛 − 𝑥0) → 0̅ in 𝒳.  
Lemma (3.12) 
In a fuzzy normed algebra (𝒳, 𝑁𝑀)multiplication is fuzzy continuous function. 
Proof: 
Suppose that (an) and (bn) be two sequences in 𝒳. If an → a , bn → b as  

n → ∞ then for each fuzzy number 𝜀̅ ≠ 0̅, ∃ 𝑘 𝜖𝑍+  such that  
𝑁𝑀(𝑎𝑛 − 𝑎) < 𝜀1̅,  ∀𝑛 ≥ 𝑘 
Also 𝑁𝑀(𝑏𝑛 − 𝑏) < 𝜀2̅,  ∀𝑛 ≥ 𝑘 
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𝑁𝑀(𝑎𝑛𝑏𝑛 − 𝑎𝑏) = 𝑁𝑀(𝑎𝑛𝑏𝑛 − 𝑎𝑛𝑏 + 𝑎𝑛𝑏 − 𝑎𝑏) 
≤ 𝑁𝑀(𝑎𝑛𝑏𝑛 − 𝑎𝑛𝑏) ⊕ 𝑁𝑀(𝑎𝑛𝑏 − 𝑎𝑏) 

 ≤ 𝑁𝑀(𝑎𝑛(𝑏𝑛 − 𝑏)) ⊕ 𝑁𝑀(𝑏(𝑎𝑛 − 𝑎)) 

 ≤ 𝑁𝑀(𝑎𝑛) ⊙ 𝑁𝑀(𝑏𝑛 − 𝑏) ⊕ 𝑁𝑀(𝑏) ⊙ 𝑁𝑀(𝑎𝑛 − 𝑎) 
 ≤ 𝑟̅1 ⊙ 𝜀1̅⨁𝑟̅2⨀𝜀2̅ ≤ 𝜀 ̅
then multiplication is continuous function. 
Now using theorem 2.5.9 we have  
Definition (3.13) 
let (𝒳, NM) be a fuzzy normed algebra and 𝑇: 𝒳 → 𝒳 be an linear operator  , we say that T is fuzzy 
bounded if then exists 𝜀 ̅such that 𝑁𝑀(𝑇(𝑥)) ≤ 𝜀⨀̅𝑁𝑀(𝑥) 

If 𝑇 is fuzzy bounded then 𝑁𝑀(𝑇) = 𝑠𝑢𝑝𝑥∈𝒳𝑁𝑀(𝑇(𝑥)), 𝑁𝑀(𝑥) = 1̅. 

Theorem (3.14) 
Every fuzzy normed algebra can be embedded as a closed subalgebra of B(X). 
Proof: 
Define Nx: X → X by Nx(a) = xa  for all a ∈  X .Then Nx ∈ B(X) since Nx(a1 + a2) = x(a1 + a2) =
xa1 + xa2 = Nx(a1) + Nx(a2) and  
Nx(αa) = x(αa) = α(xa) = αNx(a).Also 

NM(Nx(a)) = NM(xa) ≤ NM(x)⨀NM(a) 
so that NM(Nx) ≤ NM(x). 
Now we show that Na+b = Na + Nb, Nab = Na ∙  Nb, Nαa = αNa, Ne = I 
Na+b(x) = (a + b)x = ax + bx = Na(x) + Nb(x) 
Nαa(x) = (αa)x = α(ax) = αNa(x) 
Nab(x) = (ab)x = a(bx) = Na ∙ Na(x) 
Ne(x) = e ∙ x = x = Ix(x). 

Since NM(Nx(y)) = NM(xy) ≤ NM(𝑥)⨀NM(y). 

 Put NM(x) = ε for some 0 < 𝜀 < 1. That is 

NM(Nx(y)) ≤ ε ⨀NM(y). Therefore Nx is bounded. Put  

N = {Nx: x ∈ X} so N is a subalgebra of B(X) and the function  
F: X → B(X) defined by F(a) = Na is an isometric so it is injective.  
Moreover, the image of the function F i.e F(X) is a closed subalgebra of  
B(X).Now suppose that (Nan

) be a sequence in B(X) such that  

Nan
→S in B(X) then Nan

(x) = xan = Ne(an)x and so as n → ∞ 

Proposition (3.15) 
If (𝒳, 𝑁𝑀) is a complete fuzzy normed algebra then the inverse operator 
𝑥 → 𝑥−1 is fuzzy continuous mapping. 
 
Proof 

First we show that the inverse map is fuzzy continuous at e, if  𝜀̅ ≠ 0̅ be given and for all δ̅ ≠ 0̅ such 

thatNM(a − e) < δ̅ implies 𝑁𝑀(a−1 – e) < 𝜀.̅ Now since 𝑁𝑀(𝑎 − 𝑒) < 1̅ implies 𝑎−1 =
∑ (𝑒 − 𝑎)𝑛∞

𝑛=0  therefore  
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𝑁𝑀(𝑎−1 – 𝑒) = 𝑁𝑀 (∑(𝑒 − 𝑎)𝑛

∞

𝑛=0

 – 𝑒) 

= 𝑁𝑀 (∑(𝑒 − 𝑎)𝑛

∞

𝑛=1

) 

≤ 𝛿̅⨁𝛿̅ ⊙ 𝛿̅⨁𝛿̅ …. 
≤ 𝜀 ̅

we get 𝑁𝑀(𝑎−1  − 𝑒) < 𝜀.̅  Now 𝑥𝑛 → 𝑥 implies 
𝑥𝑛𝑥−1 → 𝑥𝑥−1 = 𝑒 implies (𝑥𝑛𝑥−1)−1 → 𝑒 implies 𝑥𝑥𝑛

−1 → 𝑒 
implies 𝑥𝑛

−1 → 𝑥−1. 
Theorem ) 3.16)  
A fuzzy normed algebra(𝒳, NM)without identity can be embedded into fuzzy normed algebra 
𝒳ewith identity 𝑒 and 𝒳 is an ideal in 𝒳e. 
Proof: 
Put 𝒳e = 𝒳 × ℂ  and define multiplication in 𝒳eby 
(a, α) ∙ (b, β) = (ab + βa + αb, αβ) then 𝒳e is an algebra with  
identitye = (0,1)(a, α) = (a, α) 

e = (a, α)(0,1) = (a, α) 
also 𝒳e is a fuzzy normed space  
with fuzzy norm :: NM𝒳e

: 𝒳e  → R∗(𝐼)  define by  

NM𝒳e
(a, α) = 𝑁𝑀𝒳(a)⨀|α| ,where NM𝑐(α ) = |𝛼| 

𝑁𝑀𝒳e
((a, α) ∙ (b, β)) = NM𝒳e

((ab + βa + αb, αβ)) 

≤ 𝑁𝑀𝒳(ab + βa + αb)⨁NM𝑐(αβ) 
≤ 𝑁𝑀𝒳(ab)⨁NM𝑐(αβ) 

≤ 𝑁𝑀𝒳(a) ⊙ NM𝒳(b) ⨁|α| ⊙ |β|, where NM𝑐(β) = |β| 
≤ NM𝒳(a)⨁|α| ⊙ [𝑁𝑀𝒳(b)⨁|β|] 

 = 𝑁𝑀𝒳e
(a, α) ⊙ 𝑁𝑀𝒳e

(b, β) 

Theorem (3.17) 
Let (𝒳, NM) be a fuzzy normed algebra with idendtity e. then there is a fuzzy norm H on A such that 

NM𝒳 is equivalent to H such that (𝒳, H) is a fuzzy normed algebra with H(e)  = 1̅ and a ∈ 𝒳. 
Proof: 
For each 𝑥 ∈ 𝒳 let N𝑥  be a linear operator defined by N𝑥(h) = xhfor all h ∈  𝒳. Now if N𝑥 = Nh it 
follows that N𝑥(e) = Nh(e). And so 𝑥 = h hence 𝑥 ⟼ N𝑥  is an injective map from 𝒳 into the set of all 
linear operator on 𝒳. 

𝑁𝑀𝒳(N𝑥(h)) = 𝑁𝑀𝒳(𝑥h) ≤ 𝑁𝑀𝒳(𝑥) ⊙ 𝑁𝑀𝒳(h) for h ∈ 𝒳 which implies that N𝑥  is fuzzy 

bounded and 𝑁𝑀𝒳(N𝑥) ≤ 𝜀⨀̅𝑁𝑀𝒳(𝒳) put H(a) = 𝑁𝑀𝒳(Na,) so H(𝑥) ≤ 𝜀⨀̅𝑁𝑀𝒳(𝒳) …(1), for 

some 𝜀,̅ 0̅ ≤ 𝜀̅  ≤ 1̅. 
On the other hand 

H(a) = 𝑁𝑀𝒳(N𝑎) = supb∈D(Na)𝑁𝑀𝒳(Na(b)) 

= supb∈D(Na)𝑁𝑀𝒳(ab) 
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≤ 𝑁𝑀𝒳(ae) = 𝑁𝑀𝒳(a) ⊙ 𝑁𝑀𝒳(e) =
1

𝜀̅
⨀𝑁𝑀𝒳(a) 

so H(a) ≤
1

𝜀̅
⨀𝑁𝑀𝒳(a) … (2).  

Thus 𝜀⨀̅𝑁𝑀𝒳(a) ≤ H(a) ≤
1

𝜀̅
⨀𝑁𝑀𝒳(a) 

 for all a ∈  𝒳 
 Hence 𝑁𝑀𝒳(a) is equivalent to H(a). Now 

H(ab) = 𝑁𝑀𝒳(Nab) = 𝑁𝑀𝒳(Na. Nb) 
≤ 𝑁𝑀𝒳(Na) ⊙ 𝑁𝑀𝒳(Nb) = H(a) ⊙ H(b) 

Therefore (𝒳, H) is a fuzzy normed algebra. We have now   

H(e)  = 𝑁𝑀𝒳(Ne) = 1̅ . 
 
References  
[1] L. A. Zadah, "Fuzzysets, Information and 
Control", 8 (1965), 338-353. 
[2] J. Buckley James and Esfandiar Eslami, An 
Introduction to Fuzzy Logic and Fuzzy Sets, 
NewYork , Physica-verlag, (2002).  
[3] S. C. Carlson, The Quest for a Fuzzy 
Tychonoff theorem, Amer, 
Math.month,115(2008) 871-887  
[4]AL-Mayahi. F. Noori and Alrikabi. w. dahir 
“introduction in fuzzy mathematics”, first 

edition, nawras Baghdad printing company, 
(2012). 
[5] A. K.Katsaras, "Fuzzy Topological Vector 
Spaces II, Fuzzy Sets and Systems", 12 (1984), 
143-154.  
[6] Obaid. Marwan. Raad“On fuzzy normed 
space with some of their properties”advances 
in mechanics, volume10,lssue1, p1237-
1243,2022. 
 

 
 

8853

http://www.neuroquantology.com/

