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Abstract

We study the properties of k-prime and k-semi-prime ideals of Ternary gamma semi rings, k-m-system and k-p-
system. We make some properties and characterizations for k-prime and k-semi-prime ideals of ternary gamma semi
rings in terms of k-m-system and k-p-system, respectively. We initiate the notion of prime ternary gamma semi-ring
and semi-prime ternary gamma semi-ring to set up characterizations for these two ideals of a ternary gamma semi-
ring. The concept of power ternary gamma semi-ring associated to a ternary gamma semi-group is also studied in this

paper.
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1. Introduction

In the literature of non-commutative algebra, the
notion of prime (semi prime) ring is very important
to characterize prime (semi-prime) ideals. In [3],
Golan introduced the notion of prime (semi-prime)
ideals in a semi-ring and he showed by examples
that there are prime (semi-prime) ideals which are
semi-ring theoretical but not ring theoretical. There
are some remarkable research works [1, 5, 8] on
prime ideals of Semi rings. The class of semi-ring
theoretical prime (semi-prime) ideals which are
equivalent to ring theoretical prime (semi-prime)
ideals are called k-prime (k-semi-prime) ideals. To
be precise, a prime ideal of a semi-ring is said to be
a k-prime ideal if it is equal to its k-closure. There is
not significant study of k-prime (k-semi-prime)
ideals of Semi rings by the researchers till now. We
establish here the concepts of prime and semi-prime
semi-ring and using them we provide the
characterizations for k-prime and Kk-semi-prime
ideals.

For references, refer the references.
semi-group S, power semi-ring is the algebraic
structure (P(S),®, ©),where P(S) is the set of all
non-empty subsets of S; @ and Oare defined on P(S)
as follows:

A@B=AuBand A ©®B={ab:a€A,beB}.Itisapillar
result in structure theory of rings that an ideal is a
semi-prime ideal if and only if it is the intersection
of prime ideals. We generalize this result here for k-
semi-prime ideals of a semi-ring. We prove that an
ideal of a semi-ring is a k-semi-prime ideal if and
only if it is the intersection of k-prime ideals.

2. Preliminaries

For the preliminaries, refer the references. A left
ideal (respectively, right ideal, ideal) A of a ternary
semi-ring T is said to be a left k-ideal (respectively,
right k-ideal, k-ideal) of T if forany x €T and y € A, X
+y EA = x €A. Let Abe an ideal of a ternary semi-
ring T. Then the k-closure [6]
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of A, denoted by A, is defined as A = {a€T:a+b=c
for some b, c €A}.

Lemma 2.1: Let T be a ternary gamma semi ring.
Then for any ideals A, B, C of T, we have the

following: (i) AC A (i) AcB=>Ac B (iii) Aa= A
(iv) ATBI'C= AT B rCand(v) Ais ak-ideal of T.

A non-zero element ‘a’ of a ternary gamma semi ring
T is said to be a zero divisor if there exists b(# OR)
€T, a, B € I" such that aabfc= OR. A commutative
ternary gamma semi ring T is said to be a semi-
domain if for any a, b, ¢ €T, o, § € I, aabfc= 0T =
eithera =0T or b =0T or OT. A non-empty subset
M of a ternary gamma semi ring T is said to be an m-
system [3] if for any a, b €M, «, € T there exists z
€T 2 aazfb M.

3. Prime Ideals and k-Prime Ideals of Ternary
gamma semi ring

In this section, we study the notion of k-prime ideal
of Ternary gamma semi rings (TGSR) and construct
some of its characterizations. We begin with the
definition of prime and k-prime ideal of a ternary
gamma semi ring.

Definition 3.1: A proper ideal P of a TGSR T is said
to be a prime ideal (PI) of T if for any ideals A, B, C of
T, ATBI'TCEP =A €P or B €P or CSP.

Definition 3.2: A PI P of a TGSR T is said to be a k-

prime ideal of T if P= P, where P denotes the k-
closure of P.

Remark: Itis clear from the definitions of prime and
k-prime ideal of a ternary gamma semi ring that
every k-prime ideal of a ternary gamma semi ring is
also a prime ideal of that ternary gamma semi ring.
But the converse is not true, in general. In the
following example we can observe this.

Example 3.3: Consider the TGSR T=T = W of non-
negative integers. Then pW are k-prime ideals of T,
where pis a prime number. Also, [ = W\{1} is a prime
ideal of T but not a k-prime ideal of T.

Lemma 3.4: A proper k-ideal I of a TGSR T is a k-
prime ideal of T< for any k-ideals I1, 12, I3 of T,
[T2T13€I=I1S lorI2€ 1 orI3< 1.

Proof: Let I, a k-prime ideal of a TGSR T. Then the
condition follows easily. To prove the converse, let
[ a proper k-ideal of T, satisfying the given condition.
Consider that I1, 12 and I3 are ideals of T such that
[1TI2T13<l. Accordingly, by Lemma 2.1,

ideal. Then by our assumption, we have [1S] or [2S1
or [3. Thus, we find that 11 €I or I2€1 or I3<I. Hence,
[ is a k-prime ideal of T. We are going to present a
characterization theorem for a k-prime ideal of a
TGSR.

Theorem 3.5: The following conditions are
equivalent for an ideal P of a TGSR T:

(i) Pis a prime ideal of T.

(ii) For any a, b, c €R, al'TTbI'TI'cEP < a €P or b €P
orc €P

Theorem 3.6: For an ideal P of a TGSR T, the
following statements are equivalent:

(i) Pis a k-prime ideal of a TGSR T.

(ii) Forany a, b, ce R,alR[bIR[c EP < a€Porb e
PorceP.

Proof: (i) = (ii): Let P be a k-prime ideal of a TGSR

T. Then P is a prime ideal of Rand P is a k-ideal of R, 971

i.e., P=P. So, the result follows by Theorem 3.5.

(ii) =(i): Consider x €P. Then x + p1 = p2 for some
pl, p2€P. Lety € xI'TTxI'TT'x. So, y = xas1Bx for
some s1ET=y + xas1fBpl =xas1B(x + p1l). It follows
thaty + axs1Bp1 =xys18p2. Now, xas1Bpl,xys16p2
€P, since P is an ideal of T. Therefore, y €P.
Accordingly, xI'TT'x €P. Then by assumption, x €P.
Consequently, PEP and hence P= P. This shows that
P is a k-ideal of T. Again, P is a prime ideal of T, by
Theorem 3.5. Consequently, P is a k-prime ideal of T.
Next, we set up a very gripping characterization for
k-prime ideals of a ternary gamma semi ring. For
that we establish the notion of k-m-system.

Theorem 3.7: A proper ideal P of a TGSR T is a PI of
T if and only if Pc (complement of P that is R\P or Pc)
is an m-system.

Definition 3.8: A non-empty subset M of a TGSR T is
said to be a k-m-system if (i) foranya,b €M, o, B €
I" there exists z €R such that aazfb €M and (ii) a EM

:aGEMC

Example 3.9: Consider the TGSR T=(2n+ 1)W,
where n=1, 3, 5, ... of non-negative odd integers.
Then J=T \ (IT), where lis a positive odd integer, is
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a k-m-system.

Theorem 3.10: A proper ideal P of a TGSR T is a k-
prime ideal of T if and only if Pc is a k-m-system.

Proof: Let P be a proper ideal of a TGSR T. First
suppose that Pc is a km-system. Let a, b €T be such
that al'TT’b SP. If possible, let a €P, b €P and ¢ &
P which shows that a €Pc, b €Pcand c € P°. Since
Pc is a k-m-system, it follows that there exists z €T
such thataazfb € Pc. Because Pc is a k-m-system, we
find that aazpbé (P.)¢= P, which is a contradiction.
Hence, a € P or b €P or ¢ €P. Therefore, P is a k-
prime ideal of T, by Theorem 3.6. Conversely,
suppose that P is a k-prime ideal of T. Then P is a k-
ideal as well as a prime ideal of T. This implies that
Pc is an m-system, by Theorem 3.7. Let a €Pc. Then
a ¢P = P, since P being a k-ideal. Accordingly, a ¢

(P¢)¢. Consequently, Pcis a k-m-system.

Now, we introduce the notion of prime ternary
gamma semi ring which helps us to provide a
characterization for k-prime ideal of a ternary
gamma semi ring.

Definition 3.11: A TGSR T is said to be a prime
ternary gamma semi ring if (0) is a prime ideal of T.

Remark: The notions of prime ternary gamma semi
ring and k-prime ternary gamma semi ring are the
same, since (0) is a k-prime ideal if and only if it is
prime. In the following, we produce a
characterization of a prime ternary gamma semi
ring. The proof is immediate from Theorem 3.5.
After that, we provide some properties of this class
of Ternary gamma semi rings.

Theorem 3.12: A TGSR T is a prime ternary gamma
semi ring if and only if for any a, b, c € T, al'bl'c= 0
—=a=0orb=0orc=0.

Example 3.13: Any semi-domain is a prime ternary
gamma semi ring. Direct product of prime Ternary
gamma semi rings may not be a prime ternary
gamma semi ring. As for example, W is a prime semi
ring but WxWxW is not a prime ternary gamma
semi ring.

Lemma 3.14: If A, B and C are two ideals of a TGSR
T then (i) Mn(AI'BI'C) =Mn(A)T'Mn(B)I'Mn(C) and
(ii) A SB or B cC or C €A < Mn(A) SMn(B) or
Mn(B) SMn(C) or Mn(C) SMn(A) .

Proof: At first, let P eMn(A)IT'Mn(B)I'Mn(C). Then P
= Yk=1 AxI'BiI'Cy, where AkeMn(A), BkeMn(B) and
CkeMn(C) foreach k=1, ..., r. Suppose that Ak= (alfj)
€Mn(A), Bk = (b) and Ck=(cill?). Since A, B and C are
ideals of T, we have Zjn=1 alﬁabﬁﬁc%} €AI'BI'C. This
shows that AKIBKI'Ck eMn(AI'BI'C), vk =1, ..., r.
Consequently, P = Y} _; AcI'B,'CL€Mn(ATBI'C). To
prove the reverse inclusion, let C € Mn(ABC).
Consider C = (cij) that is cij €AI'BIC=cij=

Z:;ijl aij ablij.[?clij, where aijEA, bijEBand clijEC, Vi, j=1,
..., Let Alllbe the matrix such that the (ij)th entry is
aEand all otherentries are 0, Bli(jbe the matrix such
that the (ij)th entry is bEand all otherentries are 0
and Cli(jbe the matrix such that the (ij)th entry is

cli(jand all otherentries are 0 for all'i,j=1,.. ., n.
Clearly, A)€Mn(A), B)eMn(B) and C;€Mn(C).
It demonstrates that C

=Y, Y, Yoy ALTB.TCJEMN(A)TMn(B)'Mn(C).
(ii) If A SB then it is obvious that Mn(A) SMn(B).
Conversely, let Mn(A) SMn(B). Consider x €A.
Construct a matrix P such that P = (pij), where p11 =
x and all other entries are 0. Then P €Mn(A)
CMn(B)=x €B.

Lemma 3.15: A proper ideal I of a TGSR T with
identity is a prime ideal of T< Mn(]) is a prime ideal
of Mn(T).

Proof: Let |, a prime ideal of a TGSR T. Now ideals
of Mn(T) are of the form Mn(]J), where ] is an ideal of
R, by [4, Proposition 5.13]. Consider two ideals
Mn(A), Mn(B), Mn(C) of Mn(T) E]
Mn(A)I'Mn(B)'Mn(C)EMn(I). Then by Lemma 3.14
it follows that Mn(AI'BI'C) =
Mn(A)I'Mn(B)['Mn(C)€Mn(I) =AI'BI'CEI. It
follows that A €l or B € [ or CC |, since I is a prime
ideal of T. Thus, we find that Mn(A) SMn(I) or Mn(B)
CMn(I) or Mn(C)€ Mn(I) by Lemma 3.14. Hence
Mn(I) is a prime ideal of Mn(T). Conversely, suppose
that Mn(I) is a prime ideal of Mn(T). Consider
ATBI'CC], for ideals A, B, C of I. Then Mn(A), Mn(B)
and Mn(C) are ideals of Mn(T) and
Mn(AI'BI'C)EMn(I), by Lemma 3.14. This shows that
Mn(A)I'Mn(B)['Mn(C)EMn(I), by Lemma 3.14.So,
Mn(A) SMn(I) or Mn(B) SMn(I) or Mn(C)SMn(I),
since Mn(I) is a prime ideal of Mn(T). It
demonstrates that A €I or B €I or C< |, by Lemma
3.14. Consequently, I is a prime ideal T. By using
Lemma 3.15, we have the following result.
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Theorem 3.16: A TGSR T with identity is a prime
ternary gamma semi-ring <Mn(T) is a prime
ternary gamma semi-ring.

Proof: T is a prime ternary gamma semi-ring <(0)
is a prime ideal of T&Mn(0) is a prime ideal of
Mn(T) ©<Mn(T) is a prime ternary gamma semi-
ring. It is immediate to check the following lemma
in which we mention some properties of prime
Ternary gamma semi rings.

Lemma 3.17: (i) Centre of a prime TGSR T is a semi-
domain.

(ii) A TGSR T has no zero divisors if T is a prime
TGSR.

Now, we state a characterization of a k-prime ideal
of a semi-ring in terms of prime semi-ring. For this,
we need the notion of quotient semi-ring,
established by Golan in [3].

Definition 3.18: Let I be a proper ideal of a TGSR T.
Then the congruence on T, denoted by pl and
defined by spls if and only if s + al = s1+ a2 for some
al, a2 € |, is called the Bourne congruence on T
defined by the ideal I. The Bourne congruence class
of I containing r €T is denoted by r/I and the set of
all such congruence classes of T by T/I. It should be
noted that for any s €T and for any proper ideal I of
T, s/l is not necessarily equal to s + [ = {s + a: a €[}
but surely contains it. Now if we define the addition
and multiplication on T/l by a/I +b/I = (a + b)/I and
(a/DT'(b/DT(c/1) = (aabBc) /1 for all a, b, c €T and «,
B €T then with these two operations T/I forms a
TGSR, called the Bourne factor TGSR or simply the
FTGSR or a quotient TGSR.

Theorem 3.19: A k-ideal I of a TGSR T is a k-prime
ideal of T& T/l is a prime TGSR.

Remark: For commutative TGSRs, the notions of
prime TGSR and semi-domain coincide. If S is a
prime TGSR then T is a semi-domain because T is a
prime TGSR = (0) is a prime ideal of T and hence a
k-prime ideal of T. Therefore, T/(0) is a semi-
domain. Again, T is a semi-domain = T/(0) is a
semi-domain. It follows that (0) is a k-prime ideal of
T. So, T is a prime TGSR.

We conclude this section by building up a
correspondence between prime ideals of a TGSG T
and k-prime ideals of the associated power TGSR
P(R). The following results form the base of this
correspondence.

Lemma 3.20: Let T be a TGSG. Then (i) P(I) SP(])
oI €] and(ii) P(NTP(J)TP(K)SP(A) <ITl'TK<EA for
ideals ], J,A of T.

Proof: (i) It is obvious that I €] =P([) <P(]).
Conversely, let P(I) €P(J). Consider a €I. Then {a}
€P(I) €P(J). This shows that a €]. (ii) At first,
suppose that ITJTKSA. Consider L €eP()I'P(J)I'P(K).
Then L = B1rcirbiuB2rcz2rozu - - -
UBnI'CnI'Dn for some Bi€P(I), Ci €P(]) and Di €P(K),
i=1,2,...,n. Foreachi=1,2,..., n, wehave Bi['Cil'Di
C ITJT'K. Accordingly, L CITJTKCA that is L €P(A).
Conversely, let P(DI'P()T'P(K)SP(A). Consider x
€IlJTK=x = aabfc forsomea€l,b€]Jandc €K, o, B
€ I That being the case, {a}€P(I), b € P(J) and
{c}eP(K) = {x}= {aabfc}=
{a}T'{b}I'{c}eP(I)T'P(J)TP(K)SP(A). Hence, x €A.

Theorem 3.21: Let T be a ternary gamma semi-
group (TGSG). Then | is a k-ideal of the power semi-
ring P(T) & ] = P(I) for some ideal I of T.

Theorem 3.22: Let T be a TGSG. Then a proper k-
ideal ] of P(T) is a k-prime ideal of P(T) & ] = P(I) for
some prime ideal I of T.

Proof: Let ] be a proper k-ideal of T and ] = P(I) for
some prime ideal of T. Consider 11, 12, I3 be k-ideals
of P(R) such that I1T'I2I'13<€]. Then I1 = P(A), 12 =
P(B) and I3 = P(C) for some ideals A, B and C of the
TGSG T, by Theorem 3.21. Thus, we find that
P(A)T'P(B)TP(C)E] = P(I). By Lemma 3.20, it follows
that ATBI'CCI. It demonstrates that A €I or B €l or
Ccl,sincelisa Pl of T=P(A) SP(I) or P(B) €P(I) or
P(C) € P(I), by Lemma 3.20. Therefore, [1S] or [2C€]
or I3C€]. Consequently, ] is a k-prime ideal of P(T), by
Lemma 3.4.Conversely, let ] be a k-prime ideal of
P(T). So, ] = P(I) for some ideal I of T, by Theorem
3.21. Consider two ideals J1, ]J2, J]3 of T such that
J1T]2T]3<l. This shows that P(J1)I'P(J2)TP(J3)<P(I)
=], by Lemma 3.20. Then we find that P(J1) €P(I) or
P(J2) €P(1I) or P(J3) €P(I), since ] is a k-prime ideal
of P(T). Accordingly, J1<€I or J2C€I or J3C€ I, by
Lemma 3.20. Hence, I is a prime ideal of T

4. k-Semi-prime Ideals of Ternary gamma semi
rings

In this section, we study the notion of k-semi prime
ideal of a TGSR. We exhibit some of its captivating
properties and characterizations. First, we begin
with the following definitions.
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Definition 4.1: A proper ideal I of a TGSR T is said
to be a semi-prime ideal of T if for any ideal H of T,
HFHTHEI=HCc L.

Definition 4.2: A semi-prime ideal I of a TGSR T is
said to be a k-semi-prime ideal of T if I= 1.

Remark: From previous definitions, it follows that
every k-prime ideal of a TGSR T is a k-semi-prime
ideal of T and every k-semi-prime ideal of T is a
semi-prime ideal of T. But the converse is not true.
This follows from the following example.

Example 4.3: Consider the TGSR T= W of non-
negative integers. Then qWis a k-semi-PI of T,
where q is a square free positive integer. These are
k-semi-prime ideals of T which are not k-prime
ideals of T. Also, in this example, I = W\{1}is a semi-
prime ideal which is not a k-semi-prime ideal of T.
In the following, we produce a characterization
theorem of k-semi-prime ideal of a TGSR. The proof
is similar to the proof of Theorem 3.6. So we omit the
proof.

Theorem 4.4: The following statements are
equivalent for an ideal I of a TGSR R.

(1) I'is a k-semi-prime ideal of a TGSR T.

(ii) For any a €R, al'Tlal'TlaCl < a €l

Now, similar to k-m-system, we can define the
analogous version k-p-system which helps us to
provide another characterization for k-semi-prime
ideal of a TGSR.

Definition 4.5: A non-empty subset [ of a TGSR S is
said to be a p-system if forany a €[, o, f € 3z €ER D
aozfa €l. A p-system is said to be a k-p-system if a
€l =a ¢lc.

Example 4.6: Consider the TGSRR= W of non-
negative integers. Then ] = T\ nT, where n is a square
free positive integer is a k-p-system. Note that every
k-m-system is also a k-p-system but not conversely.
As for example, in this TGSR T, I = T\ kKT, where k is
a positive square free integer but not a prime integer
is a k-p-system but not a k-m-system. Similar to
Theorem 3.10, we have the following interesting
characterization fork-semi-prime ideals of a TGSR in
terms of k-p-system.

Theorem 4.7: An ideal I of a TGSR T is a k-semi-
prime ideal & Ic is a k-p-system.

Now, we initiate the concept of semi-prime TGSR
which helps us to produce an interesting

characterization for k-semi-prime ideal of a TGSR.

Definition 4.8: A TGSR T is said to be a semi-prime
TGSR if (0) is a semi-prime ideal of T.

Remark: The notions of semi-prime TGSR and k-
semi-prime TGSR are the same because (0) is a k-
semi-prime ideal <& it is semiprime.

Example 4.9: Any prime TGSR is a semi-prime
TGSR. But the converse need not be true, in general.
As for example, Wx W X W is a semiprime TGSR but
not a prime TGSR.

Now similar to Theorem 3.12, we produce a
characterization of a semi-prime TGSR.

Theorem 4.10: A TGSR T is a semi-prime TGSR &
for any a € T, aaTBayTda = 0 = a = 0. Again similar
to Theorem 3.16, we have the following result.

Theorem 4.11: A TGSR T with identity is a semi-
prime TGSR< Mn(R) is a semi-prime TGSR.

Remark: A TGSR T is said to be reduced if it has no
non-zero nilpotent element. It can be shown that

any reduced TGSR is a semi-prime TGSR and in case 974

of commutative TGSR, the notions of reduced TGSR
and semi-prime TGSR coincide.

Theorem 4.12: A k-ideal I of a TGSR T is a k-semi-
prime ideal of T T/l is a semi-prime TGSR.

Proof: If T/I is a semi-prime TGSR then I = 0/I is a
semi-prime ideal of T/I. Also 0/1 =1because I is a k-
ideal of T. Thus, we find that I is a k-semi-prime ideal
of T. Conversely, let I be a k-semi-prime ideal of T.
Then 0+ is a k-semi-prime ideal of T/I whence 0/I
is a k-semi-PI of T/I. Consequently, T/I is semi-
prime TGSR. It is one of the pillar results in the
structure theory of rings that an ideal of a ring is a
semi-prime ideal < it is the intersection of some
prime ideals. Weprove a similar result here for k-
semi-prime ideals of TGSRs. For that we establish
the following results.

At first, we mention the following lemma. A similar
result was proved for ring in [8, Proposition 10.5].
So we omit the proof.

Lemma 4.13: Let M be an m-system of a TGSR T and
I be a maximal ideal, maximal with respect to

conditionthat M N I1=@. Then I, a PI of T.

Definition 4.14: For any TGSR T and any k-ideal I of
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T, we define B(I) ={s € T: M N I #@ for any k-m-
system M containing s}.

Theorem 4.15: For any TGSR T and any k-ideal I of
T, BU) =nI§P,P is a K—prime ideal P.

Proof: Let X €NicppisaK-prime ideal P- S0, X EP VP
which contains I. If possible, let x €B(I). So, 3 k-m-
system M3x EMand M N1 =@. By Zorn’s Lemma, 3
a maximal k-ideal ] of T such that M nJ = @. By
Lemma 4.13, ] is a k-prime ideal. Now x EM and M N
] = @ imply that x €]. Again, [ €] and x €] =x €&
Nicp,P is a K—prime ideal P, Which is a contradiction.
Thusx € G(I): whence r]IQP,P is a K—prime ideal PQB(I)-
To prove the reverse inclusion, consider x € (I). Let
P be a k-prime ideal of T 3 1 € P. If possible, suppose
that x P that is x € Pc. Now Pc is a k-m-system, by
Theorem 3.10. Since x € B(I), it follows that Pc N I
*0. This contradicts the fact that [ CP.
Consequently, x €P for all k-prime ideals P such that
IEP. So,x eﬂI;F’,P is a K—prime ideal P.

Lemma 4.16: Let N be a k-p-system of a TGSR T and
a €eN. Then there is a k-m-system M of T 3 M €N and
aeEM.

Proof: Let N be a k-p-system and a €N. Construct
M=*= {al, a2, a3, ...}, where al =a. Now aleN =
there exists some s1€T such thatalas1Bal€eN. Take
a2 = alas1pal. Continuing this way, we construct
Mx. Clearly, a EM* and M*CSN. Now we prove that
M+ is an m-system. Consider X, y EM*.. Then x = ai
and y = aj for some odd positive integers i and j. Ifi
> j, choose s*= sia(]_[;(;]lx aj_xk Bsi—k)-

Then aias*[Baj =
aiasif(

aj—1Qy Sj—1 Uz dj—p Az Sj—p O3
aj = aiasifai = ai+1€M*.

If j>i, choose s*= [Hi{:gl Si+k®ai+k)sj- In this case,
aias*Baj=aia(

Si B1 @i B2Si+1B3@i+1 Ba e - o Bj-15j-1Bjaj-1) ysjdaj
= ajasjBaj= aj+1€M=*. If i =j then considering s*= si
or sj we can show that xas*By EM+. Hence, M# is an
m-system. Construct M = M+ Nc. Since N is a k-p-
system, Nc is a k-semi-prime ideal of R, by theorem
4.7. Thus, a €M, since 0 ENc and a EMx*. Consider x
€M. This shows thatx=m + m1 for some m EM* and
m1ENc. Now, m EM* =m €N, because M*CN. Thus
m &Nc, since N is a k-p-system. Therefore, m + k €Nc
foranyk €Nc i.e. m + k EN for any k ENc. As aresult,
m + m1€N. This concludes that M €N. Now we
prove that M is an m-system. Consider that x1,

y1€M. At first suppose that x1 =aand yl=a. Then
y = ai + m2 for some aiEM* and m2&€Nc. Choose s*=
([T siaay )PBsi. Then xlas*Byl=
ala(s;a1a,05S; O3 ... 0i_1Si—192; )Psi y(ai+m2)
= aiasif(ai+m2) = ai+1+aiasifm2eM because
ai+1€Mx* and aiasiBm2€Nc, Nc being a k-semi-prime
ideal of R. If x1#a and y1=a, we can deal in a similar
way. Let x1#a and y1#a. Consider x1 = ai+ m1 and
y1 = aj+ m2 for some ai, aj EM* and m1, m2€Nc. If
i>j, choose s* = sioc(l_[i(;]1 aj_x Bsi—k)- That being the
case, x1lasx*Byl = (ai+m1)asi
B(aj— 101 Sj—202j_2003 v . aj_1ajaysj)(aj+ m2) =
ai+1 + aioys*flm2 + mla2s* B2 aj+mla3s+*
B3m2eM because aj+1€eM#* and aia;s*f1lm2 +
mla2s* B2 aj+mla3s* B3m2€Nc, Nc being a k-
semi-prime ideal of R. If j > i, choose s*=
(s " Skt i0@i4)Bsj. In this case, x1as*Byl = (ai+
m1)(a;0Si41Bi@it1 Aigq e ver oo ®j—2Sj—1Bj-13j-1) BjS]

oj(aj+m2)=aj+1+aia; s*B;m2+mla2s*B2m2eM as
aj+1eMx* and aia;s*f;m2+mla2s*B2m2€ENc, since
Nc is a k-semi-prime ideal of T. Accordingly, M is an
m-system. Consider t eM. If possible, lett EMc. Then
t+n €M c for somen EM c. Suppose t = mx+ nx for
some m*EM=# and n*€ENc. This shows that m*+ nx+

n €Mc, where m*€M#*, n*€Nc and n €Mc. Now 975

M+CM#* + Nc= M implies that McS(M#)c. Since N is
a k-p-system and m*eM=CN, it follows that m*&Nc
which contradicts the fact that t + n EMcCS(Mx)c.
Consequently, t €Mc. Hence, Mc is a k-m-system.

Theorem 4.17: For any ideal I of a TGSR T, the
following statements are equivalent:

(i) I'is a k-semi-prime ideal of T.

(ii) L is the intersection of k-prime ideals of T.

(iii) I = B(I).

Proof: (iii) = (ii) It follows from Theorem 4.15.

(ii) =(i) It can be proved from the definitions of k-
prime ideals and k-semi-prime ideals only.

(i) =(iii)) From definition of B(I), it is clear that I
cB(I). Consider that x¢ 1. Then x €lc. Since I is a k-
semi-prime ideal, Ic is a k-p-system, by Theorem 4.7.
Accordingly, there exists a k-m-system M such that x
€M and M Clc, by Lemma 4.16. Thus x EM and M N
[=0@. Itfollows that x € B(I). Consequently, B(I) SI.
Hence, | = 3(I). We conclude this section by stating
the correspondence of semi-prime ideals of a semi-
group Rand k-semi-prime ideals of associated power
ternary gamma semi ring P(T). Proof of this theorem
is similar to the proof of Theorem 3.22.

Theorem 4.18: Let T be a TGSG. Then a proper k-
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ideal ] of P(T) is a k semi-prime ideal of P(R) & ] =
P(I) for some semi-prime ideal I of T.

Conclusion

In this paper, we have produced a significant study
of k-prime and k-semi-prime ideals of a ternary
gamma semi ring. There is enough scope for the
researchers to work with the very much new notion
of k-m-system, established in this paper. Power
ternary gamma semi ring is another broad area in
which researchers may be interested. It is a very
much fascinating research topic to study the
correspondence between various classes of semi-
groups and the analogous classes of the power
ternary gamma semi ring.
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