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Abstract

Fuzzy graph theory concepts are applied in different fields such as image capturing, image segmentation, networking,
data mining, planning (landscape connectivity, air lines connectivity etc.), scheduling, clustering, artificial intelligence,
decision making, multi-agent systems and auto meta theory. In this paper, we initiate the concept of m-bipolar fuzzy
graphs (m-BPFGs). Properties of Cartesian product, composition, direct product, semi strong product, and strong
product of two m-BPFGs have been studied. In addition, vertices degrees of the resultant graphs, which are attained

G

by two given m-BPFGs ~land G

2 using the operations Cartesian product, composition, direct product, semi strong

product, and strong product are calculated along with some basic theorems and examples.
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1. Introduction

FSs have been used in different domains in order to
resolve issues associated with doubt and
uncertainty in day to day applications of living
conditions as shown by Zadeh [16] in 1965. The
constraints in earlier model can be overcomes with
the introduction of BFS idea in 1994 by Zhang [17].
Some concepts were later revamped by Chen et al.
[4] into m-PF set theory.

It is well known that, a “graph” is a collection of
points (known as vertices) and the lines between
those points (known as edges) which can be used to
characterize a physical situation comprising
discrete objects with a relationship. In a view of its
simplicity, the graph theory has various applications
like analysing data, image segmentation,
networking, clustering, planning, communication
etc. But, in some cases, these graphs are unable to
accurately represent several practical phenomena
due to the ambiguity of different attributes and
vagueness of the systems. This has led to define the
FGs to over-come efficiently most of the real-world
problems. In “FGs (Fuzzy graphs)”, assigned values

of vertices and edges removes uncertainty in the
physical problems.

Rosenfeld [13] paved the path for the idea of fuzzy
vertex, edges, path, subgraph and also complement
of a FG. The works of Akram [1, 2] played a essential
role in studying various major properties of BFGs,
interval-valued FGs. Samanta and Pal [15] extended
this FG theory technique to fuzzy planar graphs in
order to other complex problems related to image
segmentation using kernel contraction method.
Ghorai and Pal [5-9] introduced the technique of
generalized m-PFGs, planar graphs.

Talebi et al. [14] initiated edge regularity in m-polar
interval-intuitionistic FGs. Further, Bera and Pal [3]
studied about the statistical expressions like
irregularity, regularity and density on these graphs.
Mahapatra et al. [10, 11] investigated m-PF
threshold graphs as well as their application on
RPCS- resource power controlling system and
interval-valued m-PF planar graphs. Ramakrishna et
al.[12] gave the mark on the concept of m-BPFG,
edge regularity on m-BPFGs with suitable examples.
m-BPFGs and related definitions can refer in [12].
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This paper attempts to develop theory to analyze the
parameters combining concepts from BFGs and m-
PFGs as unique like. The resultant graph turned m-
BPFG and some properties have been studied.

2. Preliminaries

Each and every vertex and edge of an m-PFG
contains m components and these components are
permanent. However these components possibly

Definition 2.1. An m-BPFG of a graph
Q= <[P 0¥y, R oW, | > P, 0¥V —[01]
su and
R=<[Ph 0¥, P, o\{f;]:‘_l>, R,0¥;: V2 >[01]
h a

P, 0¥ (ar) < min{Ph 0% (a),P, o\I’g(r)} P, 0¥ (ar) > max{Ph 0¥, (a),P, 0¥, (r)}

ou2 ~
greVih=ltom_ ,

Definition 2.2. The degree of a vertex qeV

do (q)=<[Ph 0d¢ (q),P, odg () ]:_l>:

q=r
qreE

3. Degree of a vertex in Cartesian Product

Definition3.1.The cartesian product Gl

U
ndPhO‘PE3V2—> -

P, oW, (ar)=PR, oW, (qr):OfOr al

X
G 2of two m- BPFGS

will be bipolar. With this concept, m-BPFG has been
developed. Prior to defining m-BPFG, we use the
subsequent equivalence relation while defining this
concept.

For a set V, define an equivalence relation <> on

VXV_{(q'q):qEV}aS follows: (ql,l’l)<—>(q2,l’2)<:>

elther (ql’ rl) = (q21 rz)OI’ ql = r2’ rl= qz-

G'=(V.E) ~(V.Q.R)

a pair where

R o‘Pé:V—)[—l,O] is an m-BPFS on V and

U

1
[ ’O] is an m-BPFS in V* such that

for all

| areV? -E

~(V.Q.R)

m

in an m-BPFG is defined as

> B o¥i(ar), > R oY, (ar)

q=r
ql‘eE h=1

( Ql’Rl) and G, (VZ’QZ’R ) of the

. . V R -
graphs G, and G, respectively is defined as a triplet ( 1 V2 QlXQZ' Rlx 2) such that for h=1tom
()P 0¥ 5.0, (G, G) = min{R, 0¥}, (a,), B, 0¥, (0,)}

PhO\PEleQZ)(ql’ ;) = maX{Ph 0‘1’51 (q), R, 0\P<52 (qz)} Al (ql, qZ) eV, xV,,
(iR 0¥ ((@Q,)(@r) =min{R, 0¥} (4).P olP* (qzr )}
RO¥ . . ) ((A.08,)(a1,) = max {R, 0%, (0),P, 0¥, (a,t,)] QeV, g, <,

\O
N

(i) P, 0¥ (5 s, ((0y,8)(r;, 8)) = min{P, 0¥, (q1,), B, 05, (5)}
P, o‘P(‘R1xR2)((q1,s)( ,S)) = max{P, oV, (qlr) R oY, (s)}
(V)R 0¥ (5, (0, G,)(r, 1)) =0

P 0¥ gy (@ GG E) =0 (61, 6,)(15, 1) €V, XV —E.

1S eV,,qr ek},

) eV, xV

Definition 3.2. For any vertex CALE 2'the degree in Cartesian product is denoted by

&
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e, (i G2)= <[P 0dg.e,) (019, ). B 06 6, (ql,qz)}h_l>

and is defined by for h=ltom
= R o‘P ,
P 0d+Glez (ql’qZ) (qlqu%:vrz)EE " (RoRe) ((ql qz)( ))
= > BRo¥(a)AR 0¥, (a,n)+ Y. PRo¥ (d,)AR 0¥, (an).

4 =n,0x€E, Up=r,hh€Ey

(

= F.o¥ , n,)
P Od (6G,) (ql,qz) (%v%%rz)eE (RixRy) ( ql qg 1 )
= 2, Ro¥g(a)vRo¥g(an)r 3 Ro¥(q)vR o, (an)

4 =n,0,r€E; Up=r,hh€Ey

Theorem 3.1. LetGlz(Vl’Ql’Rl) and GZ=(V2’Q2’R2)be 2 m-BPFGs. If R, ngand ngQz’then
d (GxGy) (ql’qz) dG1 (ql) dGz (qz)fOI‘ all (quqz) eV xV,.

Proof. For each h=123,.,m we have,
P od’ (ql’%) = > PRo¥,(q)AR 0¥ (g,n,)

(GxG, G =h.0n <k,
+ +
+ > PRo¥ (q,)AR 0¥ (aur)
Go=h, €y

_ZPo\P+ a,r, ZPO\I”(ql)

0xrr €, gnek

=P odgl(q1)+ P, od¢, (9,).
Similarly, 00,6, (002 ) =P, 0dg, (g)+ P, odg, (a).

So . (0;,9,) =dg, () +dg, (0,)-

Theorem 3.2. Let G, =(V1’Q1’ Rl) and G, =(V2’Q2’ Rz)be two m-BPFGs such that Qe R2~then R<cQ
and conversely.

R, oW; (gr) < mln{P 0¥, (q) P 0¥ (r)}
Proof. From the definition of m-BPFGs, we get r all

I,
qreV , h:1,2,3....,m k:1,2.

P O\P+ < max{P O\Il+k } Ph O\ng (qr) < min{Ph O\ng (Q)} for h:1’2,3,_,, m

Therefore, and min and

k=12.

Q, cR, max{Po‘P*}<m|n{Po‘P} h=12.3,..m

Also, since for
+ + H + +
Hence R oY, < max{Ph o\PQl} < mln{Ph oYy } <R o\PQZ.

P, oY, =R, 0¥, —
Similarly, " % "7 %for h=12,...m ie, R < Q,.

In a similar way, the converse part can be proved.

GG, and their cartesian product G, %G, (see Figurel). For this

gaph R SQand RS 5o by Theorem 3.1, 06, (GG, ) =([0.7,-0.5],[0.5,-0.3]),

Example 3.1. Let us consider the 2-BPFGs
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s, () +ds, (g,)=([0.7,-05],[0.5,-0.3]).

In the same way, we have to find the degrees of all other

. GxG,.. . : :
verticesin " ~2'This can be confirmed from Figure 1.

i 1101[ i G2 ([0.5, —0.4], [0.5, —0.3]) Gi1x Gy ([0.5, -0.4], [0.4, -0.5])
.5, —0.4], [0.5, —0.6)) ([0.5, —0.4], [0.6, —0.3])
0 l P (q1, Q?) (o4, 03], 03, ~02)) (a1, TQ)
| L L n
i L L L
T T 5 o §
(0.6, —0.8], [0.4, —0.8)) ([0.5, =0.7], [0.4, —0.5]) (r1, ¢2) 04 0l 103, 02l (r1, r2)

([0.5, —0.4], [0.4, —0.3)) (0.5, =0.7], [0.4, —0.5])
Figure 1 Cartesian product of (Gl % GZ) of two m-BPFGs G, and G,

Theorem 3.3. Let G, =(V1’ Q Rl) and G, =(V2 Q2 R, ) be two m-BPFGs
Q(q :< P oY, (q),P, 0¥, (q ) >:< C ,C. " >:c
1f & < Roand Qs constant with l( ) [ " Ql( ) " Ql( )]hzl [h hl‘:l

dige, (G 02) =g (0)+cdg. (a,).

Q :< P oY , P, oY, " >: k+,k_ m —k
if %@ <Riand is constant with :(9) [ e (a). R 0%e, (q):lh: <[ h J—1>
GV, then d (GxG,) (ql’qZ) :dGz (q2)+kdgl* (ql)'

Proof. (i) Because Q< R2’by theorem 3.2 R<cQ . Then for
P Od+ (ql,qz) = >, Ro¥(a)AR o (ar)

(GxG,) 0=1,0,n, <k,

+ > B oW, (d,) AR, 0% (an)

Up=rp, hh€Ey

_Z Po\P+ (q,)+ ZPO‘P*(ql)

0xr €k, gnek

= 3 ¢ ROV, (ql)ZC;dG;(q2)+ R, 0dg (q,).

G2 €y

Similarly, B d (GixG,) (ql’ qz) dGE (QZ)+ P, Od(; (ql)'
o Gy (62) =0g, (a) +ed (02):
ence,

(ii) Similar to the above case.

for all gevy,

\O
\O

then

for all

h=12,..m

4. Degree of A Vertex in Composition

Definition 4.1. The composition G.[G, ]of two m- BPFGs 1=(Vo QuR ) G2=(V2,Q2, R.) of the
G .G o . (V1><V2.Q10Q2,R10Rz) h=12,...m

graphs ~! and 2 respectively is defined as a triplet such that for

elSSN 1303-5150 @ www.neuroquantology.com
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()P, 0% g 00, (0h: T )= min{Ph 0¥}, (a,), B, 0%y, (qz)}
R OW 500, (0 0)= max{Ph 0¥, (a,), P, 0¥, (qz)} o (0.0,) eV XY,

(i1)P, 0¥ ¢ or,) ((q qz)(q,rz)):min{Ph oW, (a),R 0¥} (q?_rz)}

RO ¢ or, ((0.0,)(0.1,))=max{R, 0¥, (q), R, 0% (a,1,)} o G€VY: G € Ey,
(iii) P, 0¥ (5 or,) ((q1 s)(r,, )) min{Ph o¥; (qur), R, 0¥;, (s)}
RO a0n, (0 5)(r5))=max (R, 0%y (qn). Rowe, ()}
(V) R, 0% (40, ((ql a,)(r, ))zmin{Ph 0w, (d,).R, 0¥, (r,). P, 0¥} (a1 )}

R0 or, (0,0 ) (1 1.)) =max (R, 0, (a), Ry 0o, (1), R oWy (@) all
((ql,qz)(rl, I’Z))e E°—E, here Ez{(q,qz)(q, r,):qeV,,q,r,e Ez}u{(ql,s)(rl,s) 'S eVz,qlrleEl}
EO:EU{(ql,qz)(rl,rz): qreE,q,#r }

(V)P 0¥y (0, 8) (1. 12)) =01 B 0¥ g e (0,82 (1 1)) =0

seV,, qre E,

and

(qliqz)(rl, rz)evl XVZZ . EO.

for all

Definition 4.2. For any vertex (ql’qZ)elevz, the degree in composition is denoted by

_ P + P + "
diefe (% %) <[ g e (% %) hOd(el[ezl)(ql’qZ)l_l>and is defined by for 1=1 10 M 1000

R0ty ) (00) = 2, 0¥ (o (000 )(5012))

(Gi[Go]) 6.0, (5., )<E

= > PRo¥,(q)ARoY¥; (qn)+ Y, PRo¥ (d,)AR 0¥ (gn)
h=",d1,€E, Gp=r, hheEy

+ >, PBRo¥ (a) AR 0¥, (1) AR 0¥ (ayr,),

U0, gh ek

R 006, )(ql A) " ( 2 e O o ((ql ) ()

0,02 )(1.F2 )eE

= > BRo¥,(q)vRo¥, (gn)+ D, PRo¥,(d,)vR oY, (qn)

0 =N,0r ek, Up=h, thh ey

+ Y Ro¥, (d,)VvR oY, (r,)vR oY, (qn)

076, h ek

Theorem 4.1. Let Gl=(V1,Q1, Rl) and G, =(V2’Q2’ R2)be two m-BPFGs. If R, < Qland RcQ then
d(Gl[GZ]) (ql’ qz) :|V2| dGl (q1)+ dGZ (q2 ) for all (ql’ qz) EVl ><\/2'

Proof, For each N =1 © M we have

+ = R, 0¥y R oYy P oV} P o¥"
R,0d G, )(ql d) W ﬁ%;ze% .05 (a)AR 0 Rz(qzrz)+q2_r§1€El 05, (9,) AR, 05 ()
+ Y Ro¥ (a,)AR 0¥ (r,)AR 0%, (an)

076, h ek

= > Ro¥, (qn)+ D, PRo¥i(qn)+ >, PRo¥;(qn)

Uar2€E, U2=rp,hh ek U=y, Gh el

elSSN 1303-5150 @ www.neuroquantology.com
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(Since R oY, 2R, o‘P+ P oY, >R oY, 3

=\, |P, odg (q,)+PR, od(32 (qz).

o Rodg (6,0, ) =V,|R odg (q,)+ R, odg, (a)
Similarly,

0o 16, (0 8 ) =Vo|de (o) +dg, (0)

So

Theorem 4.2. Let > =(Vu.Q.R) and & =(V2, Qi R;) be 2 m-BPFGs.
m m
Q(q :< P o¥, (q),P, 0¥, (q >:< cl,co >:c
If ngRz’and Qlls constant with l( ) [ " Ql( ) " Ql( )]h:1 [h h]h:1

gV g o (Ghr8e) =Neldo, () +ed; ().

Q =< R, 0¥, (q),R, 0¥, " >
if R SQand Qis constant with Z(q) [ e (q) e (q)]h:1

e (6, 0) =do, (0 )+ kN, |d; ().
en

Proof. (i) Because Qe Rz’by Theorem 3.2 R < QZ. Now for
P od; )(ql,qZ) = > Ro¥,(a)AR 0¥, (ar)

(GI[G ] G =h,0r2€E;

+ Z Pho‘sz(qz)/\Pho\Pgl(qlrl)+ Z P, oW, (qz)/\P ) 38 ( )AR, 0¥ (qlrl)

<[kh+,kh‘]:_l>=k

for all
qeV,, th
h=12,..m

O2=h, yh ek U #0p, Qg h ey

~ . . . 1001
= > Ro¥(a)+ X PRoYi(an)+ > Ro¥i(an)

OBy Op=h, ek Op %l yheEy

= 3 ¢V Y R0 (an) _ ¢idg (6,)+]V,|P, 0dg, (a,)

Uarr€Ey gref

- F)Od(e[e)(‘411‘3|2):erd (9.)+ |V|P0d ().
Similarly, i[C]

0o 16, (G 8 ) =N dg () +cde. (g )-
Hence,

(ii) Similarly to the above case.

G1:G2 and their composition Gl[GZ](see Figure 2). For this

d ,0,)=(|0.7,-1.2{,|1.6,-1.1]),
graph Rngland ngQ?. So, by Theorem 4.1, (Gl[GZ])(ql qz) <[ ][ ]>

dg, () V.| +dg, (d,) = <[0'7’_1'2]’[1'6’_1'1]>'

! [GZ ] This can be verified from Figure 2.

Example 4.1. Let us consider the 2-BPFGs

Similarly, we can find the degrees of all other vertices in

elSSN 1303-5150 @ www.neuroquantology.com
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(05 0(;]1 06 B0 i Z]) —— (0.5, —0.4], [0.7, —0.6]) 1[Gl (0.5, —0.8], 0.8, —0.7))
ql' aa 'q'Q T qn @2) ([0.3, =0.4], [0.6, —0.3]) (q1, m2)
S “ S [% (0.2, —0.4], [0.5, —0.4]) 3
! . . i
o ° ¢ (02, —0.4], [0.5, —0.4)) 5
r1 T2 : - ‘ = - ¢
([0.4, —0.5), [0.9, =1.0]) ([0.7, —0.8], [0.8, =0.7]) (r1; ¢2) (08, 0l 105 0 (r1, m2)

([0.4, —0.4], [0.7, —0.6]) ([0.4, —0.5], [0.8, —0.7))
G |G
Figure 2: Composition of ( Al 2])ofz m-BPFGs Ctand 2

5. Vertex Degree in Direct Product

* *

Definition 5.1. Let 1 =(VuQuR) and Gz:(VZ’QZ'RZ)be 2 m-BPFGs of the graphs Gy and =
respectively such that VinY, :¢. The direct product of C:’1and G, is defined to be the m-BPFG
GIlG=Q!Q,RIR g
11 9 (Q1 QR 2) of the graph G =(V,xV,,E)
SULLLAI ,

:{(q1’ rl)(qZ’ )|q1q2 ek, e EZ}ng xV,

where

and for each h=1tom

()P 0¥ g1 0, (A.1)= min{Ph 0¥, (9), P, 0%}, (r)} 1002

(A1 Q)
P O\P (! @, (q'r):maX{Ph O\Pé (q)’ Ph O\Péz (r)} for all (qar)elevz’

(i) R 0% (5 g, (0T )(qz,rz)):min{Ph oV} (9,0,),R, 0%} (rlr?_)}
RO¥ ¢ r,) ((ql, )(qz,r?_)):max{Ph 0¥ (0,0,),. R 0¥y (rlrz)} -

()R, 0%, o (w3)(1,2))=0, B 0¥, (WX)(9.2))=0. (wx)(y,2) Vil -

] 0.0, € E, nrn, e E,,

(ql,qz)eleVZ’ the degree is in direct product denoted by
de1o, (0h )= <[P 0dis 16 (). R 0dg o, (0 0) |

_1> and is defined by for h=1tom
+ = P ov; ,
P, od (ql’qz) @ qzz (R R,) ((ql qz)( ))

(&1 G) )(5r,)<E
= 3 Ro¥;(an)AR0Y; (a5),
qhek, opn ek,
= P oV , r,r.
P, OdG|G2 (qlan) (quqz%:r) hOT (R R, ((Q1 qz)( 1 2))
- Z P, 0¥, (an)v R 0¥, (9,5,)

qnek gpnek,

Definition 5.2. For any vertex

Theorem 5.1. Let G=(ViQuR) and G,=(V2. Q. RZ)be 2 m-BPFGs of the graphs. If R < RZ. then

elSSN 1303-5150 @ www.neuroquantology.com
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Yo (ql’qz) d (ql).Also, if R2 SR then Yo (ql’qz) e, (qZ)for all (G Gz) €V XV,
RcR, . P, O\PEZ >P oV,

Proof. Let for each "2 10 M Then we have
= P oV, (q,r,)AP o¥, r.
R, Odt;ll G,) (quz) UdrleEl,Zq;rzeEz " & (ql l)/\ " & (qz 2)
=Y P oYy
%%:El " ° R1(q1rl) P Od (ql)

Similarly, dGl'GZ (ql'qz) R, 0de (ql)
dGll G,) (ql’qZ) dGl(ql)

R: =R then d (G, G,) (ql'qz) dg, ()

Hence,

Similarly, if

Example 5.1.Let us consider the 2-BPFGs GG, and their direct productGl I G, (see Figure 3). For this

d .0,) =(]0.4,-0.3{,10.3,-0.2|),
graph R < R2so by Theorem 51, (61 C2) (q1 qZ) <[ ] [ ]>
d =((0.4,-0.3],(0.3,-0.2}).
G (ql) <[ ] [ ]> In the same way, we can find the degrees of all other vertices in G1G,
This can be confirmed from the Figure 3.
Gi Gy 5 _05]. (06 — G NG !
. “ i . ([0.6, —0.5], [0.6, —0.4]) 111G2 (0.6, 0.5], (0.5, —0.6])
0.6, —0.5], [0.6, —0.8]){[0.6, —0.8], [0.7, —0.4
(I q]l [ N ]qg[ ) (q1, ) (g1, 2)
R ¥ ° (0.4, -0.3), [03, —0.2)) ¢ 1003
. .
; ‘ § _ ([0.4, —0.3], [0.3, —0.2))
\ &
i ra ° :
([0.7, =0.9], [0.6, =0.9)) {[0.6, —0.8], [0.5, —0.6]) (r1, q) (r1, 72)
([0.6, —0.8], [0.5, —0.6]) (0.6, =0.8], [0.5, —0.6])
|
Figure.3 Direct Product of (G, Gz)of 2 m-BPFGs Cland &2

6. Vertex Degree in Semi Strong Product

*

Definition 6.1. The semi strong product of 2 m-BPFGs G=(V1.QuR) and G, =(V2 Q. R;) of G, and

G, where it is suppose that VinVY, =¢, is defined to be the m-BPFG G. 4>, (Q1@2’ng?2)

E:{(q’E)(q’r2)|qevl’GrZEEz}U{(ql’rl)(qZ’ )|q1q2€E1’r1r2€E2}§V1XV2
h h=1tom

G'=(VixV;,E) where

fulfilling the following : for eac

()P, o‘{”ngQ (q,r)= mln{P oW, (a), R, 0¥, (r )}
R 0¥ g0, (a,r)= max{P 0¥, (q),R 0¥, (r )} o aq (7)€Y %V,
(ii) P, O (g s, ((q r, mln{P 0¥, (a),R 0¥} (rlrz)}

P O\P (RyGRy) ((q r)(q'rz))=maX{Ph O‘Pél (q)'Ph OTEZ (rlrz)} for all C{Evl, nr, e Ez,
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(i) R, 0¥z gn) (0,1 ) (6. ) ) =min{R, 07, (cyq, ), R, 05, (1)}
R 0¥ e (1) (0 1)) =max (R, 0, (a,) R 0, (i)}
(V)P 0% o (W1)(1,)) =0, B 0¥ o, ((W1)(L0) =0 (wil)(t, )V, V. —E

Definition 6.2. For any vertex CRE XVZ, the degree in semi strong product is denoted by

d(Glng)(ql’qz):<|:P Od+Glng (ql’qz) P, Od (G, 9G,) (q11q2)]h 1>
+ = P, o‘I’+ :

P, Od(qﬁz)(ql,qz) (qlqu%;rz)dz (RiORy) ((ql Q2)( ))

- Z R O\PEA (ql)/\ R OIPEZ (quZ)jL Z R O\P:q (qlrl)/\ R, 0\11;2 (%rz)

o =n,0 ek, qhek,on ek,

Z I:)h OLP (RuORy) ((ql'qz)(rl’ rz))

R, 0dc.g,) () =<q1,q2)(rl,rz>eE
= > BRo¥,(q)aRo¥, (arn)+ Y, PRo¥. (qn)AR 0¥, (a,n)

1 g0,€ E,,rnr,e E,,

and is defined by for =1 © M

h=n,01,€E, o ek, aon ek,
Theorem 6.1. Let &=V QR) g G=(VaQuRe)pe 5 1pprgs. 1f RERSQ then
diee,) (01,0, ) =dg, () +d, (qZ)for all (G 0) €V XV,
Proof. Let RER cQ i.e. P OlIﬁ = P Oqﬁ > P 0\{!* R for each h=12..m and (ql'qz) EVIXVZ' 1004
P od* = Z R O‘P(Sl (Ch)/\Ph OTEZ(qz 2) Z R O‘P%(qlrl)/\Ph O\PEZ (q2r2)

h (G165;) (ql’ qz) h=h.0,r,€E, theky,apr, ek,

JrZPo\I’+ (a,r, ZPO‘P*(ql)
0B, tihef

=PR,odg (q,)+ PR odg (a,)
Similarty, T ©%eaes) (0:82) = R, 005, () + R, od, (g;)

This shows that Yo, (ql %)=0s, (&) +de, (qz)for ait (O Ge) Vi XV,

G,,G

Example 6.1. Let us consider the 2-BPFGs ~!’ ~2and their semi strong product G5, (see Figure 4). For

this  graph RieR =Qig, by  Theorem 6.1, d (ql’ qz) <[O 7,0, 4] [0'3’ _0'2]>’

de, (0)+dg, (0,)=([0.7,-0.4],[0.3,-0.2]).

In the same way, we have to find the degrees of all other

vertices in Glng'This can be confirmed from Figure 4.
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(105, 2]] (0.5, ~0.3]) (05, 0. 1](;.,[08 o) (05 04} 05, -03) Gu¥its ((05, ~0.4], [05, ~0.3)
CI1 ) (q1, (IZO) (04, =02}, b1, —0.1) (QhO r9)
.‘3 i (03, =02), 0.2, —0.1])
5 3 (0.3, =0.2], 0.2, =0.1])
| A
r1 ro ¢ B - i
(07, ~08), (04, ~06) (06, 0.4}, o7, 09) (71, q2) (04, ~02], [0.1, ~0.1]) (r1, 72)

(0.5, —0.4], [0.4, —0.6]) ([0.6, —0.4], 0.4, —0.6])

Figure 4: Semi Strong Product of (G.9G;) of2 m-BPFGs G, and G,

7. Vertex Degree in Strong Product

Definition 7.1. The strong product of 2 m-BPFGs G =(V1.QuR) and G, =(V2 Q:R;) of G, and G; suh
that VinV, :¢, is defined to be the m-BPFG G, ®G, =(Q®Q,. R ®R,) of G =V ><VZ'E)where
E={(a.1,)(a.1,)|qeV,hr,€E, U{(g,w)(d,,w)| weV,, hr, eE |
swuu
{(ql’ )(0:%)1 6, <E, 11 < Ez}ng o satisfying the following : for each h=1tom
(i)P, O‘I”Ql@Q (q,r)= min{Ph o‘I’gl(q),Ph oW, (r)} o0

R.0¥e0, (q r)= max{Ph O 29 (a),PR, oY, (r)} orall (q,1)eV,xV,,
(ii)P 0¥ o, ((q,rl)(q,rz))=min{Ph 0¥, (a), R 0¥y (rlrz)}

Ro¥ rer,) ((q,rl)(q,rz)):max{Ph 0Wq (a), R oW, (rer)} for al 9€Va iz € By,
(iii) P, 0¥ (or,) ((ql,w)(qz,w)):min{Ph 0¥} (a,0,). P, 0%y, (W)}
R 0¥ rer, ((ql,w)(qz,w))=max{Ph 0¥, (4,9;), R 0¥, (W)} for all
(iv)P, O (or,) ((ql, )(qz,rz)):min{Ph 0¥y (a,0,).P, o‘sz(rlrz)}
RO or, ((61)(0.1,))=max{R, 0¥, (4,0,). R, 0%5 (11, )} or g B € B Tr, € E,,

(V)R 0¥ ey ((1)(1,0))=0, P 0%{g o (W)(L0))=0,  (wil)(t.q) e, V2 —E

weV,,q0q,¢€ E,

Definition 7.2. For any vertex (ql,q2)€V1><V2’ the degree in strong product is denoted by
m
dig,sc,) (00 ) = <[P 0d(g,s6,) (0 02). P 085 6., (q1’CIz)L1>

= R, oY, . )(r,r
R0 00 () T O lhor (85 1)

= Z R 01}151 (q1)/\ P, O\PEZ (qzrz)"‘ z R OIPEI (qlrl)/\ P, O\PEZ (qzrz)
4 =n,0,r€E; qrek, gnek,

+ D Bo¥ (a,)AR 0% (aun)

qnek,g=n
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- = P, O‘"P_ 0., 9
P Od (6,®G,) (ql’qZ) (0,02 )(1. 1 )eE (R®R,) (( 1 2)( ))
= 2 Ro¥(@)aR oW (qn)r . Ro¥ (qn)nR 0¥y (ar)

G=h, 0GRk, th ek, Gory ey
+ Z R0, (qz)/\ R oYy (Chrl)
ahek,0=n for h =1,2,...,m

Theorem 7.1. Let G.=(Vi.QuR) and G, =(V2r Q.. Rz)be 2 m-BPFGs of the graphs. If R,eQRcQ
and R, < Rz. then d (6,86,) (Ch'qz) |V2|del (%)"’de2 (%) 1 (9,,9,) eV, ><V2.
h=12,...m and (9,,09,) €V, xV.

2 we have

R0 ((ql’q2)( )

R 0d+Gl®Gz (ql’qZ) :(%,qz%:’rz)eE (Rer)
= > PR 0¥, (4) AR 0¥y (gpn,)

o =h.0xRcE,

+ > R 0¥y, (9,) AR, 0¥ (aur)

qnek d=n

+ Y. PRo¥;(qn)ARo¥; (q,5)

hek,QnekE,

+ > RoY: (gn)+ D, PRo¥:(qn)+ D, Ro¥;(qn)

Q2R €k, Q=1 thr ek Quhek
=|V,|R, 0d¢ (g,)+PR, odg (a,)
dgec,) (qqu) V,| B, 0dg, (a,)+P, odg, (a,)
(0 G, ) =N, | dg, (a) +de, (3;)

for al

Proof. For

o Po
Similarly,

d
This shows that (¢:®C2)

Example 7.1. Let us consider the 2-BPFGs GG, and their strong product G, ®G, (see Figure 5). For this

graph R,eQRcQ and RcR, so by Theorem 7.1, d (G18G,) (ql’qz) :<[0'7’_0'4]’[0'4’ _1'0]>’

V| dg, (6,)+ g, (0,) = ([0.7,-0.4],[0.4,-1.0]).

vertices in G, ®G, This can be confirmed from figure 5.

In the same way, we have to find the degrees of all other

G " 1 ®G:
(04, -0 "1] (0.5, -0.8) ([0.5 o(/ll2 0.8, -0.9) ol Sl e (04, 0., [05, ~0.8]
h (l]1. S 'q-g = (a, g2) (03, -02], o2, -04) (@ ) r9)
z = 5 (02, —0.1], 0.1, -0.3)) =
. . 1 1
. . . o
& = & (02, -0.1], 0.1, ~0.3]) &
1;1 ’fg > = o e i 0
(0.7, —0.8], [0.4, —0.5))([0.6, —0.6], [0.7, ~0.8]) (r1, 2) {03, 02, . 4] (7"17 r2)

([05, -0.4], [0.4, -0.5)) (0.6, 0.6], [0.4, —0.5))
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Figure 5: Strong Product of (Gl ®

GZ

Conclusions

Cartesian

In this (61XGZ),

product

composition (Gl[GZ]), direct product(Gll G,) )

article,

semi strong product (Gl 2)and strong product

(G,&5,)

of two m-BPFGs are defined and also

calculated the vertex degrees of the m-BPFGs G, and

G, under few properties and elucidate them with
examples.
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