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Abstract 

Let G be a group and ZG be its integral group ring. Thus an additive group ZG is the free abelian group 
with the element of G, now for each group G and representation M of G there are abelian groups 𝐻𝑛(G,M) 
Where n = 0.1,2,3 called the 𝑛𝑡ℎcohomology of G with coefficient in M. In this paper we explore the notion 
of Cohomologically finite generation properties of groups. 
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1. Introduction 

The cohomology groups may be defined 
topologically and also algebraically. Now we will 
say something about topological approach of 
cohomology by Hurewicz theorem if X be path–
connected space with 𝜋𝑛X= 0 for all n ≥ 2 such X 
is called aspherical, If cohomologyan aspherical 
space X is  locally  path connected  the universal 
cover 𝑋 ̃ 𝑖𝑠 contractible and X= 𝑋 ̃/𝐺. Also 𝐻𝑛(𝑋) 
depend only on 𝜋1(X) if G =  𝜋1(X), we must thus  
define 𝐻𝑛(𝐺, 𝑍) = 𝐻𝑛(𝑋) and because X is 
determined upto cohomology equivalence the 
definition does not depend on X. The Hurewics 
theorem gives what the group cohomology’s if 
there exist an aspherical space with the 
fundamental group, but it does not clearly defined 
that always such space exist. Various of the low– 
dimensional cohomology group  had been studied 
earlier than the topologically defined groups or 
the general definition of group cohomology. In 
1932 Baer studied 𝐻2(𝐺, 𝐴)as a group of 
equivalence classes of extensions. It was in 1945 
that Eilenberg and Maclane introduced an 
algebraic approach which included these groups 
as special cases.  

(1.1) Corollary: if G is finite group and M is a ZG-
module then for all n ≥ 1,  Hn (G, M) is finite 
abelian group of exponent dividing |G|.  

 

Proof: An abelian group A is uniquely divisible by 
an integer n if for each a𝜖A there exist a unique 

b𝜖A with a = nb. This happens if the 
homomorphism n: A → A is an isomorphism, we 
say that A is uniquely divisible if it is uniquely 
divisible by each positive integer n. For example 
Q and R are uniquely divisible, 𝑄 𝑍 ⁄ divisible but 
not uniquely. At last we have if A is finite and g.c.d 
(|A|, 𝑛) = 1 then A is uniquely divisible by n. 

 

(1.2) Corollary: "If G is a finite group and M is a 
finitely generated ZG-module which is uniquely" 
divisible  by |G|  then  Hn (G, M) = 0 for all n ≥ 1 

Proof: Since multiplication |G| : M → M is an 
isomorphism, so |G| : Hn (G, M) → Hn (G, H), by 
functoriality of cohomology.This map is zero for 
each n ≥ 1, by proposition, we have  Hn (G, M) = 0 
for each n ≥ 1 

 

(1.3) Corollary:   

(1) Hn(G,Z) ≅ Hn-1 (G, 𝑄 𝑍⁄ ) ≅ Hn-1(G, C× ) for 
each n ≥ 2, with similar isomorphism’s in 
cohomology. 

 

(2) if M is finitely generated RG-module in which 
|G| is invertible then  Hn (G, M) = 0 for each n ≥ 1. 

 

Now we show an application of this result known 
as the integral duality theorem which tell us a 
finite group that (G,Z)≅Hn(G,Z)  when n ≥ 1, 
putting this together we have  
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(G,Z) ≅ H3(G,Z) ≅ H2(G,C×) ≅ H2(G, Q Z)    ⁄  

 

These groups are all isomorphic to the Schur 
multiplier. 

 

(1.4) Corollary: Let 1→ 𝑀 → 𝐸 →  𝐺 →  1 be a 
short exact sequence of finite groups where g.c.d 
(|M|,|G|) = 1. Then the extension is split, 
E ≅ M×G and all subgroups of E of order |G|  are 
conjugate. 

 

Proof:  we proof when M is abelian. Here 

H2(G,M ) = 0 by corollary, so the result follows 
from our interpretation of second and first 
cohomology. 

Let C be an abelian group and we call any module 
of the form ZG⨂𝑍C  an induced module and any 
module of the form  HOMZ(ZG,C ) a coinduced 
module. The latter is made into a ZG-module using 
the right action on ZG. 

 

2. Lemma: if M is coinduced then  Hn (G, M) = 0 
for all n ≥ 1. There is no restriction on G for this 
result. 

 

Proof:  if M= Home (ZG ,C) is coinduced module for 
any abelian group C we evaluate cohomology  
with coefficients in M by applying the functor 
HomZG(-,Homz(ZG,C)) to a projective resolution. 
Now for some module P we have natural 
isomorphism  functor  Homz(-,C)  to a projective 
resolution Z we obtain cyclic complex because  

        HomZG (P, Homz (ZG,C)) ≅ Homz(ZG⨂ZG  P,C) ≅ 
Homz(P ,C)  

 

If we apply the projective resolution then 
Hn(G, M)= 0 for all n ≥1.  

 

3. Cohomologically finite generation property 
of groups 

Let G is a group and R is a ring of unit 1, the graded 
R-algebra of a group G is cohomologically finite if 
there are noetherian R-algebras and finitely 
produced Hn (G, M)  modules in R-algebras. For 
any RG-module M which is generated finitely over 
R. Several representational features of group 

theory are compromised with limited generation. 
Finitely generated cohomology rings can be found 
in [2, 7]. Is the ring of invariants 𝐴𝐺  a Noetherian 
one? This is an important question of invariance 
theory. All Noetherian associative rings A must 
have the finite generation property if a group 
meets this requirement. When a group is 
cohomological type, the finite generation feature 
can be discovered in its cohomological form. 
Finite generation properties are the same for all 
extensions of finite generation groups. Groups of 
the cohomological type that extend finite groups 
are cohomological of finite type when the second 
basic statement is true. [12]'s invariant subring 
finiteness criteria apply to numerous groups, and 
some are closed under group extensions. For the 
major results to be shown, the cohomological 
generalization to limited generations of invariant 
subrings is necessary. Cohomological adaptation 
for group schemes over a field k was investigated 
by Van der Kallen in [17], 𝐻𝑛(G, A) represents the 
finitely generated k-algebra G over k when A is a 
finitely generated (commutative) k-algebra with 
a (rational) G-action as k-algebra 
automorphisms? CFG is the acronym used in [22] 
to describe this type of G group (cohomologically 
finitely generated). As long as finite numbers 
generate𝐴𝐺 , whether A is countably generated by 
k-algebra, G can be called a group scheme. 
According to [19], all finite group schemes have 
the same attribute, CFG. Algebraic group schemes 
over a field and invariants and cohomology rings 
are discussed further in [25]. As recently proven 
in [31], an algebraic group G can only possess the 
characteristic CFG if it also possesses the property 
F.G. Many reductive groups, including all 
reductive groups, are CFG subgroups. 

Automorphisms of G on a finitely generated R-
algebra are only possible when the fixed point 
subalgebra 𝐴𝐺  is likewise an R-algebra. If we're 
talking about Noetherian rings that are 
commutative and finitely generated R-algebras, 
we call this F.G. An 𝐴𝐺  algebra in particular, can be 
generated infinitely. G has the CFG property if the 
graded R-algebra 𝐻𝑛(G, A) is a finitely generated 
R-algebra and the Noetherian RG-module 
homomorphism 𝐻𝑛(G, M) is a Noetherian RG-
module homomorphism for any Noetherian 
commutative ring R and commutative R-algebra A 
on which G acts as R-algebra automorphisms. G is 
Cohomological finiteness is a group property with 
the CFG property (by taking A and R with trivial 
G-action). Because 𝐻0(G, A) is a quotient of H, 𝐴𝐺  
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is a finitely generated R-algebra (G, A). In other 
words, the property CFG entails the property F.G. 

It is said that group G has cohomological 
finiteness if the R-module 𝐻𝑛(G, M) is finitely 
constructed for any Noetherian multiplicative 
ring R and RG-module M. which is finitely 
generated as an R-module. 

We find Groups that are finite in cohomological 
type are known as cohomologically finite groups. 
Contrary to popular belief, the opposite of this is 
not true by a result of Evens [15] and Venkov [32].  
They showed that if G is finite then G is 
cohomologically of finite type but a finite group G 
is not cohomologically finite because cohomology 
groups 𝐻𝑛(G, R) are infinite dimensions when R is 
a field with fundamental splitting equal to the 
order of G. 

A mathematical group G has the attribute CFG if 
and only if the rational action in FG can be applied 
to it, as per Touzé and van der Kallen [35].  
According to the Mumford Conjecture, an 
algebraic group G can only have the attribute F.G. 
if it is reducible Touzé and van der Kallen might 
simply assume that G is a reductive group. In the 
case of characteristic zero, all rational 
representations can be reduced to zero. The 
cohomological dimension of G is zero, which 
means that F.G. and CFG are accurate. There are 
no more reasons to examine Frobenius kernels 
and twists in spectral sequences. Thus we can 
now focus on the positive characteristic situation. 

For finite cohomological dimensions, whether G 
entails CFG can be asked. A Noetherian ring A and 
a finitely generated 𝐴𝐺-module M about which 
𝐻𝑘(G, M) is a finite number generated 𝐴𝐺-module 
are required for G to have the attribute CFG. When 
k is 0, then G has the property FG. 

𝐻𝑘(G, A) is not finitely formed over 𝐴𝐺  when the 
cohomological dimensionality is 1, such as the 
free group. 

 

4.  Virtual finite projective resolution of 
Groups 

Type VFP (virtual finite projective resolution) is 
applied to a group G when it contains a subgroup 
of finite index that is an F.P. group. When it comes 
to VFP’s, all F.P.’s are VFP’s. There are finitely 
created abelian groups in all degrees of 
cohomology groups 𝐻𝑛(G, Z). Groups with 
nontrivial torsion components can have 

cohomology groups 𝐻𝑛(G, R) of arbitrarily high 
degrees. Therefore it's important to remember 
that these groups are not invariably 
cohomologically finite. An argument in [24] uses 
the stratification of cohomological variations in 
the perspective of elementary abelian p-
subgroups. Ian Leary supplied the following 
rationale. If G is a finite subgroup and Z is a cyclic 
subgroup of prime order p, then 𝐻𝑛 (Z, Fp) is a 
finitely generated module of 𝐻𝑛(G, Fp). A non-
zero image can be found in infinitely many 
degrees, for example, using 𝐻𝑛(G, Fp), 𝐻𝑛(Z, Fp). 
If G has a finite VCD, it has a torsion-free subgroup 
of the finite index. The finite cyclic subgroup Z = 
(g) is embedded in G/H via the composition G → 
G/H as a torsion-free normal subgroup H with a 
finite index (of prime order p). Because the 
constraint map 𝐻𝑘(G/H, Fp) →𝐻𝑘( (g), 𝐹𝑝) has an 

unlimited number of degrees, 𝐻𝑘(g, Fp) is never 0 
for any degree in 𝐻𝑘(G, Fp). Because 𝐻𝑘(G, Fp) 
factors into the restriction map, the group of Z-
rational points is affected. For every reductive 
algebraic group, G, GL(n, C) built over the field of 
rational numbers Q, G(Z), G(Q), GL(n, Z) is of type 
VFP and usually contains nontrivial torsion 
members. Other natural groups include the 
translating class group and the outer 
predictiveness group. Nontrivial torsion elements 
can be found in Coxeter groups and Out(Fn) of 
free groups Fn, but they are still type VFP. It was 
shown in the preceding section that they are not 
cohomologically finite. 

 

CONCLUSION 

Because of the existence of groups of type F.P, we 
determine that the groupings in the present paper 
are cohomologically finite. 

    

REFERENCES 

[1] E. Alhadeff, On cohomology rings of infinite 
groups, J. Pure Appl. Algebra 208 (3) (2017) 
1099–1102. 

[2] D.J.Benson, Representations and Cohomology. 
II. Cohomology of Groups and Modules, 
second ed., in Cambridge Studies in 
Advanced Mathematics, vol. 31, Cambridge 
University Press, Cambridge, 2008. 

[3]  D.J. Benson, Complexity and varieties for 
infinite groups I, J. Algebra 193 (2007) 260–
287. 



Neuro Quantology | September 2022 | Volume 20 | Issue 9 | Page 6311-6315 | doi: 10.14704/nq.2022.20.9.NQ44740 
Mohamamd Irshad, Dr.chintamani Tiwari/ Cohomologically Finite Generation Properties of Groups 

 

6314 

[4] D.J.Benson,Complexity and varieties for 
infinite groups II, J.Algebra193(2007)288–
317.,2008 

[5] M. Raghunathan, Discrete Subgroups of Lie 
Groups, in: Ergebnisse der Mathematik und 
ihrer Grenzgebiete, vol. 68, Springer-Verlag, 
New York- Heidelberg, 2002. 

[6] E. Artin, J.T. Tate, A note on finite ring 
extensions, J. Math. Soc. Japan 3 (2000) 74–
77.7).Translated from the French,reprint of 
the2002edition, Elements of Mathematics 
(Berlin). 

[7] D.J. Benson, Representations and Cohomology. 
I. Basic Representation Theory of Finite 
Groups and Associative Algebras, second ed., 
in Cambridge Studiesin Advanced 
Mathematics,vol.30,Cambridge 
UniversityPress,Cambridge 

[8] A. Borel, Introduction Aux Groupes 
Arithmétiques, Hermann, Paris, 2008 , 125 
pp. 

[9] A. Borel, J.-P. Serre, Corners and arithmetic 
groups. Avec un appendice: Arrondissement 
des variétés à coins, par A. Douady et L. 
Hérault, Comment.Math. Helv. 48 (2003) 
436–491. 

[10] A.Borel, J.-P.Serre, Cohomologie 
d’immeubles groupes S-arithmétiques, 
Topology 15 (3)(2007) 211–232.  

[11] N.Bourbaki,Commutative Algebra,Springer-
Verlag,Berlin,1989,xxiv+625pp(Chapters1) 

[12] M. Neusel, L. Smith,  Theory  of   Finite  
Groups,  Amer.     Math.  Soc. 2002.  

 [13] K.S. Brown, Cohomology of Groups, in 
Graduate Texts in Mathematics, vol. 87, 
Springer-Verlag, New York, 2004. 

[14] R. Charney, M. Davis, Finite K(π, 1)s for Artin 
groups, in Prospects in Topology (Princeton, 
NJ, 2004), in Ann. of Math. Stud., vol. 138, 
Princeton Univ.Press, Princeton, NJ, 2004, pp. 
110–124. 

[15] M. Culler, K. Vogtmann, Moduli of graphs and 
automorphisms of free groups, Invent. Math. 
84 (1) (2006) 91–119. 

[16] M. Davis, The Geometry and Topology of 
Coxeter Groups, London Mathematical 
Society Monographs Series, vol. 32, Princeton 
University Press, 2008. 

[17] W.vanderKallen, Cohomology with 
Grosshans graded coefficients, in:H.E.A. 
EddyCampbell, 
DavidL.Wehlau(Eds.),Invariant Theory in All 
Characteristics, in CRM Proceedings and   
Lecture   Notes, 
vol.35,Amer.Math.Soc.,Providence,   RI,   
2004,   pp.   127–138.    

[18] M.Bestvina, Thetopology of Out(Fn), in 
Proceeding so fthe International Congress of 
Mathematicians,Vol.II(Beijing,2002),Higher
Ed.Press,Beijing,2012, pp. 373–384. 

[19] E.M.Friedlander,A.A.Suslin, Cohomology of 
finite group scheme so verafield, Inve 
nt.Math.127(2007)209–270. 

 [20] W.R. Ferrer-Santos, Finite generation of the 
invariants of finite dimensional Hopf 
algebras, J. Algebra 165 (2004) 543–549.  

[21] G. Freudenburg, A counterexample to 
Hilbert’s fourteenth problem in dimension 
six, Transform. Groups 5 (1) (2006) 61–71. 

[22] E.M. Friedlander, B.J. Parshall, Cohomology 
of Lie algebras and algebraic groups, Amer. J. 
Math. 108 (2008) 235–253.    

[23] W.vanderKallan, Are ductive group with 
finitely generated cohomology algebras,in 
Algebraic Groupsand Homogeneous Spaces, 
in TataInst. Fund. Res. Stud. Math., Tata Inst. 
Fund. Res., Mumbai, 2007, pp. 301–314. 

[24] D. Guillen, The spectrum of an equivariant 
cohomology ring: II, Ann. of Math. 94 (2005) 
573–602. 

[25] W.vanderKallan, Areductive group with 
finitely generated cohomology algebras, in 
Algebraic Groups and Homogeneous Spaces, 
in TataInst.Fund.Res. Stud. Math., Tata Inst. 
Fund. Res., Mumbai, 2007, pp. 301–314. 

[26] N.V. Ivanov, Mapping class groups, in 
Handbook of Geometric Topology, North-
Holland, Amsterdam, 2002, pp. 523–633. 

[27] J.C. Jantzen, Representations of Algebraic 
Groups, second ed., in: Mathematical Surveys 
and Monographs, vol. 107, American 
Mathematical Society, Providence, RI, 2003. 

[28] L. Ji, Integral Novikov conjectures and 
arithmetic groups containing torsion 
elements, Comm. Anal. Geom. 15 (3) (2007) 
509–533. 

[29] L. Ji, S. Wolpert, A cofinite universal space for 



Neuro Quantology | September 2022 | Volume 20 | Issue 9 | Page 6311-6315 | doi: 10.14704/nq.2022.20.9.NQ44740 
Mohamamd Irshad, Dr.chintamani Tiwari/ Cohomologically Finite Generation Properties of Groups 

 

6315 

proper actions for mapping class groups, in: 
In the Tradition of Ahlfors-Bers. V, 151–163, 
in: Contemp. Math., vol. 510, Amer. Math. 
Soc., Providence, RI, 2010. 

[30] H. Kang, Thesis at University of Michigan, 
2011, expected. 

[31] A. Touzé, W. Van Der Kallen, Bifunctor 
cohomology and cohomological finite 
generation for reductive groups, Duke Math. 
J. 151 (2) (2010) 251–278.  

[32] C.-N. Lee, On the finite generation of high-
dimensional cohomology ring of virtually 
torsion-free groups, Math. Proc. Cambridge 
Philos. Soc. 124 (1) (2008) 57–72. 

[33] H.-S. Lee, Finite generation of equivariant 
cohomology for a p-compact group G, Bull. 

Austral. Math. Soc. 58 (3) (2008) 387–391. 

[34] G. Margulis, Discrete Subgroups of 
Semisimple Lie Groups, in: Ergebnisse der 
Mathematik und ihrer Grenzgebiete, vol. 17, 
Springer-Verlag, Berlin, 2001. 

[35] M. Mastnak, J. Pevtsova, P. Schauenburg, S. 
Witherspoon, Cohomology of finite 
dimensional pointed Hopf 
algebras,arXiv:0902.0801. 

[36] D. Meintrup, T. Schick, A model for the 
universal space for proper actions of a 
hyperbolic group, New York J. Math. 8 (2002) 
1–7.     

[37] S. Montgomery, L.W. Small, Fixed rings of 
Noetherian rings, Bull. London Math. Soc. 13 
(2000)33–38. 

 

http://arxiv.org/0902.0801

