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Abstract 7620
This article is to introduce the notion of fuzzy cleanly a -covered in fuzzy topological spaces. By

means of fuzzy maximal a -open sets some properties of fuzzy cleanly a -covered fuzzy topological

spaces are obtained and also by means of fuzzy maximal a -closed sets few similar results of a fuzzy

topological spaces are investigated. Through fuzzy minimal a -open and fuzzy maximal a -closed

sets, two strong fuzzy separation axioms are discussed.
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1 Introduction and Preliminaries

Since the introduction of fuzzy sets by Zadeh[14], the concept of fuzzy topology introduced by
Chang[4] in 1968. Mukherjee[1] introduced and studied some separation axioms through maximal,
minimal open and closed sets. The idea of fuzzy minimal and maximal open introduced by Ittanagi
and Wali in [5]. The notion of fuzzy minimal and fuzzy maximal open, fuzzy clopen, fuzzy mean open
and fuzzy cut-point space studied in [[10, 11, 12, 13]]. In this paper, we study some properties and
strong fuzzy separation axioms of fuzzy minimal and fuzzy maximal a -open sets.
Definition 1.1. A fuzzy set W in a fts is called a fuzzy a -open [3] if u < int[cl(int u)] and
a fuzzy closed if cllint(cl )] .
Definition 1.2. A fuzzy topological space X is said to be fuzzy a -connected [2] if it has no proper fuzzy o
-clopen set.
A fuzzy topological space X is said to be fuzzy a -disconnected if it is not fuzzy

o -connected.

Definition 1.3. ([9]) A proper nonzero fuzzy o -open set A of X is said to be a fuzzy maximal o -open set
if A and 14 are the only fuzzy a —open sets containing \ .
Definition 1.4. ([9]) A proper nonzero fuzzy o -open set A of X is said to be a fuzzy minimal a -open set if
A and O« are the only fuzzy a -open sets contained in A\ .
Theorem 1.1. ([9]) If A is a fuzzy minimal a -open set and W is a fuzzy a -open set, then either A A 1 = 0X
or A< . If wis a fuzzy minimal a -open set distinct from A , then
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AA =0y
Theorem 1.2. ([9]) If A is a fuzzy maximal a -open set and W is a fuzzy a -open set then, either A V p = 1,
or u<A. If wis a fuzzy maximal a -open set distinct from A, then
AVu=1.
2 Fuzzy Maximal and Fuzzy Minimal a-Open and a-

Closed Sets
Definition 2.1. A fuzzy cover K of X is said to be a fuzzy minimal a -cover if for any
A €K, K —{A} is not a fuzzy a -cover of X . Then K is said to be a fuzzy minimala -open (resp. a -closed)
cover if each member of K is fuzzy a -open. (resp. a -closed)
If K is a fuzzy minimal a -open cover of X, then there do not exist distinct A, 4 €K such that p <A . Also,
suppose a fuzzy a -open cover K of X consists of two distinct fuzzy a -open sets A, i such that u <A,
then K is not a fuzzy minimal a -open cover of X . Each fuzzy minimal a -open cover of a fuzzy a -compact
space is finite and each fuzzy a -open cover of a fuzzy a -compact space has a finite fuzzy minimal a -
open cover.
Definition 2.2. A fuzzy cover K of X is said to be fuzzy a -disconnected if for each \ €K, there exists a u €
K such that A A = 0.

Theorem 2.1. A fuzzy minimal a -open cover consists of a fuzzy minimal a -open set is fuzzy a -
disconnected.
Proof. Consider K be a fuzzy minimal a -open cover of X . Let A €K be a fuzzy minimal a -open set. As A is
a proper nonzero fuzzy a -open set and K is a fuzzy o - cover of X, there exists at least one more fuzzy a
-open set u €K . By Theorem 1.1,
we have A Al = 0, or A = . K being a fuzzy minimal o -open cover, A S is not possible.
Corollary 2.2. A fuzzy minimal a -open cover having only fuzzy minimal a -open sets is fuzzy a -
disconnected.

7621

We need the following definition when we have atleast two nonzero fuzzy sets in a fuzzy a -open cover
of a fuzzy topological space.
Definition 2.3. A fuzzy topological space X is said to be fuzzy cleanly a -covered if each fuzzy a -open
cover of X has a fuzzy minimal a -open cover consisting of exactly two fuzzy a -open sets.
Hence, a fuzzy cleanly a -covered fuzzy topological space is a fuzzy a -compact space.
But the converse need not be true.

Example 2.3. Let X={a, b, ¢, d} . Then fuzzy sets

a a a 1 1 a a a 1} 1} 1 1} a 1 a 1
[ESaPR R CR S 1 S

1 a 1 a 1 a 1 1 a 1 1 1
¥ —;+—+;+—J}"6 —;+E+;+EJ}"? —;+—+;+—, ¥z _;+E+_+_

are defined as follows: Consider the fuzzy topology T = {0y, V1, Vs, Y7, 1z} . Hence (X, T) is fuzzy cleanly a -
covered and the fuzzy space having no fuzzy maximal and fuzzy minimal a -open sets.

Example 2.4. From example 2.3, consider the fuzzy topology 11 = {0y, V1, Vs, Vs, Vo,1x} and the fuzzy space
(X, 11) is fuzzy compact but not fuzzy cleanly a -covered because it is having many fuzzy minimal a -open
sets and two fuzzy maximal a -open sets ys and ys which covers 1.

Theorem 2.5. If each fuzzy a -open cover of X contains a fuzzy maximal a -open set, then X is fuzzy
cleanly a -covered.
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Proof. Assume that K be a fuzzy a -open cover of X and w € K be a fuzzy maximal a -open set. Choose if
B € K is another fuzzy maximal a -open set distinct from w , then we have w V B = 1 by Theorem 1.2.
Hence {w, B} forms fuzzy a -subcover of K for X . Let w be the only fuzzy maximal a -open
set in K. Now w being a proper nonzero fuzzy a -open set, there exist at least one more fuzzy a -open
set B €K distinct from w to cover X . If B = 14, then K is a trivial fuzzy a -open cover of X . Hence we
assume that  B#1.. By Theorem 1.2, we have w VB =1,0rB Zw . Ifforall Q € K, we have Q T w,
then K cannot be a fuzzy a -open cover of X . Hence it follows that there exists a fuzzy a -open set B € K
distinct from w such that w vV B = 1«.

Recall that a collection K of fuzzy subsets of X is called fuzzy locally finite if each xa € X has a fuzzy
neighborhood meeting only fuzzy finitely many members of K . Also if each {Qk | k €A} is a fuzzy locally
finite collection of fuzzy sets in X, then

CI(VkEN Qi) = VKENCI(Qx) .

Theorem 2.6. If {Qk | Q€EA} is a collection of distinct fuzzy minimal a -open sets in a fuzzy locally
finite space X, then CI(VQEA Qi) =VQENCI(Qx) . 7622

Proof. As Qk is a fuzzy minimal a -open set for each k EA, we have Qk1 A Qk2 = Oy for ki1, k; € A with
kik, . For each xa € X, there exists a finite fuzzy a -open set Q such that xa €Q. Since Q is a finite
fuzzy a -open set and Qk1 A Qk2 = Ox for ki, ko € A with ki#zk2, Qintersects only finitely many
members of {Qk | k EA}. Therefore, {Qk | QEA} is fuzzy locally finite. Hence the result follows.
Definition 2.4. ([9]) A proper nonzero fuzzy o -closed y of X is said to be a fuzzy minimal a -closed set
if any fuzzy a -closed set which is contained iny is Ox ory .
Theorem 2.7. ([9]) If y is a fuzzy minimal a -closed set and ¥ is any fuzzy a -closed set, then either y A
U=0xory<?9.
Definition 2.5. ([9]) A proper nonzero fuzzy a -closed y of X is said to be a fuzzy maximal o -closed set
if any fuzzy a -closed set which containsy is 1xory.
Theorem 2.8. ([9]) If y is a fuzzy maximal a -closed set and ¥ is a fuzzy a -closed set, then either y V O
=1xor9<y.xd

As Theorem 2.9, Corollary 2.10, Theorem 2.11 and Theorem 2.12 are similar to Theorem 2.1,
Corollary 2.2, Theorem 2.5 and Theorem 2.6, the proofs are omitted.

Theorem 2.9. A fuzzy minimal a -closed cover consists of a fuzzy minimal a -closed set is  fuzzy a -
disconnected
Corollary 2.10. A fuzzy minimal a -closed cover consists of only fuzzy minimal a -closed sets is fuzzy a
-disconnected.
Theorem 2.11. If each fuzzy a -closed cover F of X contains a fuzzy maximal a -closed set y , then
there exists an 9 € F such thaty v 9 = 1.
Theorem 2.12. If {Qk | k €A} is a collection of distinct fuzzy minimal a -closed sets in a fuzzy locally
finite space X, then CI( VKENQK) = VKENCI(QK).
Theorem 2.13. Let n, y be fuzzy a -closed sets in X such that n Ay #0x. Then n Ay is a fuzzy minimal a
-closed set in (n, F n) if y is a fuzzy minimal a -closed set in (X, F) .
Proof. Similar to Proof of Theorem 4.11 [9].
3 Two strong fuzzy separation axioms

It is observed that if there exists two fuzzy minimal a -open sets A, W in a fuzzy topological space
X, then A A 1 = Ox [5]. By means of this result, we introduce the following two strong fuzzy separation
axioms.
Definition 3.1. A fuzzy topological space X is said to be fuzzy strongly o -regular if f for every singleton in
X and every fuzzy a -closed set 9 in X such that xa <co O, there exists distinct fuzzy minimal a -open sets
A, usuchthatxa<\, <pandA<cop.
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Clearly, a fuzzy strongly a -regular topological space is fuzzy a -regular.

Definition 3.2. A fuzzy topological space X is said to be fuzzy strongly a -normal if f for any two a -closed
setsy, O such thaty <co 9, there exists two disjoint fuzzy minimal a -open sets A\, W such thaty <A, ¥ <
pandA<cop

For a subset w of a fuzzy topological space X, we define

) 0, if o contains no fuzzy minimal a— open set

Minint(w) :{ Wio| aisa fuzzy minimal o — open set contained in )}
{ 1x if w contained in no fuzzy maximal o — closed set
MaxCl(w)= . . L
Alv|y isa fuzzy maximal a— closed set containing e}
The union of finitely many distinct fuzzy minimal a -open sets is not fuzzy minimal a -open

set and the intersection of finitely many distinct fuzzy maximal a -closed sets is not fuzzy maximal a
-closed set. From this point of view, MiniInt(w) (resp. MaxCl(w) ) may not be fuzzy minimal o -open
(resp. fuzzy maximal a -closed).
Example 3.1. From example 2.3, consider the fuzzy topology t2 = {Ox, Y2, V3, Ve, Y8, 1x}. Now  Minint(y;)=
Vs Which is not fuzzy minimal a -open set and MaxCl(y4)= ya.
Theorem 3.2. For a fuzzy subset w of X, 1x -Minint(w) = MaxCl(1x -w) .
Proof. Let us assume that Minint(w) = Ox . This means that w contains no fuzzy minimal a -open set. If
possible, suppose that 1x —w contains a fuzzy maximal a —closed set y . Then 1x -y is a fuzzy minimal a -
open set contained in w, a contradiction. So in
this case we have 1x —MinInt(w) = MaxCl(1x -w) . Now suppose that w contains a fuzzy minimal a -open
seta. Thenlx-w<1lx-a. In addition, 1x —a is a fuzzy maximal
o -closed set. Hence we get MaxCl(1x -w)1X if and only if Minint(w)Ox . It is easy to see that if {a} is a
collection of all fuzzy minimal a -open sets contained in w , then {1x —a} is the collection of all fuzzy
maximal a -closed sets containing 1X —w and vice-versa. Hence we have

1x -Minint(w) = 1x -V {a | ais fuzzy minimal a -open contained in w}

=\ {1x-a | 1x —ais fuzzy maximal a -closed containing 1x—w}
= MaxCl(1x -w) .

Theorem 3.3. For a fuzzy subset w of X, MinInt(w) is fuzzy minimal a -open if and only if w contains one
and only one fuzzy minimal a -open set.
Proof. The sufficiency follows easily. Let Minint(w) be fuzzy minimal a -open set and
w contains two fuzzy minimal a -open sets a, B . Then, Minint(w) = a VB < w . Since
a, B < aVvPB and Minint(w) is fuzzy minimal a -open , we have a=aVvpf and B = aVvp.
o =a VB impliesthat B<aand B =a VP implies that a < B . Hence we have a =3 .
Theorem 3.4 is a dual of Theorem 3.3. The proof of the theorem is omitted as the proof is similar
to that of Theorem 3.3.

Theorem 3.4. For a fuzzy subset w of X, MaxCl(w) is fuzzy maximal a -closed if and only if w contained
in one and only one fuzzy maximal a -closed set.

Theorem 3.5. A fuzzy topological space X is fuzzy strongly a -regular if and only if for each fuzzy a -open

set B and each xa €B , there exists a fuzzy minimal a -open set A and a fuzzy maximal a -closed set y
such that xa €\ < MaxCI(A) <y <B .
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Proof. Let X be a fuzzy strongly a -regular space and B be a fuzzy a -open set. For xa €B, we obtain
by fuzzy strong a -regularity of X two distinct fuzzy minimal a -open sets A, M such thatxa €A, 1x-B
< W. A, 1 being distinct fuzzy minimal a -open sets, we have A A L =0x. Now A A = 0x =A< 1x—p. Since
W is fuzzy minimala -open, 1X —p is fuzzy maximal a-closed and so MaxCl(1x —p) = 1x -1 .

Thus MaxCI(A) < MaxCI(1X —p) = 1x - < B . Putting y = 1x -1, we see that y is a fuzzy maximal a -
closed and xa €N < MaxCI(A) <y < B . Conversely, let y be a fuzzy a -closed set and xa €X such that
xay . As 1x—y is a fuzzy
a -open set with xa €E1x -y, there exist a fuzzy minimal a -open set A and a fuzzy maximal
a -closed set ¥ such that xa €A < MaxCI(A) <9 < 1x -y . We put u = 1x -0 . Then p is a fuzzy minimal a
-open set withy <pand A A p=0yx.

Theorem 3.6. A fuzzy topological space X is fuzzy strongly a -normal if and only if for a fuzzy a -closed
set y and for a fuzzy a -open set B with y < B, there exist a fuzzy minimal

a -open set A and a fuzzy maximal a -closed set ¥ such that y <A < MaxCI(A) <9< .

Proof. Similar to the proof of Theorem 3.5.
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