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Abstract
If there is an injective function h:V(G) —» {1,2,...,q + 1} such that an induced edge

. 2 . o 2h(w)2h(v)? 2h(w)?h(v)?
function h* : E(G) - {1,2, ..., q} defined by h*(e = uv) = [h(u;m((z)yl lh(u;m((z))z

thena graph G = (V, E) with p vertices and q edges is called a square harmonic labeling. A graph

which admits a square harmonic mean labeling is called a square harmonic mean graph. 5373
The union of two graphs G; = (V;,E;) and G, = (V,, E,) is a graphG = G; U G, with vertex

set V=V, UV, and edge set E = E; UE,. In this paper, we introduced square harmonic mean

labeling of disconnected graphs.
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J is bijective,

1.Introduction

All graphs considered here are simple,
finite, connected and undirected graph. Graph
labeling plays an important role in graph
theory. A graph labelling is an assignment of
integers to the vertices, edges or both of a
graph with certain conditions. We cite J. A.
Gallian [1] for an extensive examination of
graph labeling. We adhere to Harary’s [2]

conventions for all other terms and notations.
S. Somasundaram, R. Ponraj and S.S. Sandhya
[4] established the notion of harmonic mean
labeling. The aforementioned studies served
as our inspiration as we introduced square
harmonic mean labeling and also investigate
square harmonic mean labeling behaviour of
some simple graphs.

Definition 1.1. Pathrefers to a walk where each of the verticesug, uy, ..., u, are distinct. A path on n
vertices is denoted by P,.

Definition 1.2. Cycle of G refers to a closed path. The symbolC,, stands for a cycle on n vertices.
Definition 1.3. The graph G = G; U G,formed by taking one copy of G; and V(G;) copies of Gy,
where the i vertex of G; is next to every vertex in the i copy of G, is known as the coronaG; ©
G, of two graphs G; and G,.

Definition 1.4. Combrefers to the graph formed by connecting a single pendant edge to each path
vertex.

Definition 1.5. Any cycle with a pendant edge attached at each vertex is called a Crown Graphand it
is denoted by C,, © K;.
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Definition 1.6. The Cartesian product of a path on two vertices and another path on n vertices is
called the Ladder GraphL,,, which has the form P, X P,.

2. Main Results

Theorem 2.1. C,,, U L, admits a square harmonic mean graph form > 3 and n > 2.

Proof. Let C,, be the cycle uq,uy, ..., Uy, U and L, be a ladder connecting two paths vy, v,, ..., v,
and wy, Wy, ..., W, respectively.Let G = C,,, U L,, be the union of cycle C,, and ladder L,,. Let
V(G) = {ug,vpwp:1<a<m1<p <nj}and EG) =
{UqUas1, VpVB41, WgWB11, VgWe, UnWy i 1 S @ <m,1 < B <n—1}. Then [V(G)| =m+ 2n and
|E(G)| = m + 3n — 2.A function h: V(G) - {1,2,...,q + 1} is defined by h(u,) =a,1 < a <m,
h(v/g) =m+3—-2,1<[<n, h(wﬁ) =m+ 36 —-11<pf <nThe corresponding induced
edge labels are h*(uqugi) =a+1,1<a<m-1, hi*"(u,uy) =1, h*(vﬁvﬁﬂ) =m+3f —
L1<p<n—-1, h'(wgwpss) =m+3B,1<p<n-—1, h*"(vpwp)=m+3-2,1<p<n.
Thus h™* is bijective. Therefore, C,, U L,, admits a square harmonic mean graphif m = 3 andn > 2.
lllustration 2.2. The image below displays asquare harmonic mean labeling of C4 U Ls.

5 8 11 14 17
5 8 11 14 17
6 9 12 15 18

Figurel. C4 U Ly
Theorem 2.3. (C,,, © K;) U P, admits a square harmonic mean graph for m > 3and n > 2.
Proof. Let C,;, © K; be a graph obtained from a cycle uq,u,, ..., Uy, Uy by joining the vertex u, to
pendant vertices v, and let P, be a path wy,w,,...,w, . Let G = (C,, © K;) U B, withV(G) =
(U VoW : 1< a<m,1<B <n} and E(G) = {UgUqs1, UaVe WgWp41 i 1 <@ <m, 1< B <
n—1}. Then |V(G)| = 2m + n and |E(G)| = 2m + n — 1.A function h : V(G) - {1,2,...,q + 1} is
defined by h(ug) =2a,1<a<m, h(v)=2a—11<a<m, h(wp)=2m+p, 1<B<
n.The corresponding induced edge labels areh* (U uy41) =2+ 2,1 <a<m-—1, i"(uuy) = 2,
h'(ugvy) =2a—1,1<a<m, h*(wﬁwﬁﬂ) =2m+f,1<pf <n-—1Thus h"* is bijective.
Therefore, (C,,, © K;) U B, admits a square harmonic mean graphif m = 3 andn > 2.
lllustration 2.4. The image below displays a square harmonic mean labeling of (YO
K;{) UPs.

eISSN1303-5150 @ www.neuroquantology.com

5374



Neuroquantology | November 2022 | Volume 20 | Issue 19 | Page 5373-5378| Doi: 10.48047/nq.2022.20.19.nq99516
L. S. Bebisha Lenin et al/ SQUARE HARMONIC MEAN LABELING OF DISCONNECTED GRAPHS

10 12

Figurell. (C4 © K1) UPg

Theorem 2.5. (C,; © K;) U C,, admits a square harmonic mean graph for m = 3and n > 2.

Proof. Let C,,;, © K; be a graph obtained from a cycle uy,u,, ..., U, 4y by joining the vertex u, to
pendant vertices v, and let C, be a cycle wy,wy, ...,w, . Let G = (C,, © K;) U C,, withV(G) =
(U VoW 1<a<m1<pB<n} and E(G) = {UgUgt1, UV, WpWp41 i 1S a<m, 1< <
n}. Then |V(G)| = 2m + n and |E(G)| = 2m + n.A function h : V(G) - {1,2, ...,q + 1} is defined
by h(up) =2a,1<a<m, h(vy)) =2a—11<a<m, h(wg)=2m+p+1 1<p <nThe
corresponding induced edge labels areh™(ujug4+q) =2a+2,1<a<m-—1, h*(u,u,) =2,
h'(ugvy) =2a—1,1<a<m, h*(wﬁwﬁﬂ) =2m+ L +1,1<p<n-1,h"w,w;) =2m+
1.Thus h* is bijective. Therefore, (C,, © K;) U C,, admits a square harmonic mean graph if m = 3
andn > 2.

lllustration 2.6. The image below displays a square harmonic mean labeling of Ce O
K;) U Cs.
14
13 14
18 15
17 15
16
17 16

Figure lll. (Cg O K1) U Cy
Theorem 2.7. (C,, © K;) U (P, © K;) admits a square harmonic mean graph form > 3 andn > 2.
Proof. Let uq, uy, ..., Uy, g be the cycle €, and let v, be the pendant vertex joined to the vertex u,
of Cy,. The resultant graph is Cp, O K;.Let wy, wy, ..., wy, be a path P, and tg be the vertex joined to
the vertex w; of path B,. The resultant graph is P, O K;. Let G=(0,0
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K1) U (B, © K)withV(G) = {ug, Ve, Wp, tg : 1 <@ <m,1 < B <n}and E(G) =
{UqUas1, UaVa, WeWp 41, Wetg, Wity i 1 < a<m,1 < f <n—1}.Then [V(G)| =2m+ 2n and
|E(G)| = 2m + 2n — 1. A functionh : V(G) - {1,2,...,q + 1} is defined by h(u,) =2a,1 < a <
m, h(vy) =2a—1,1<a<m, h(wg) =2m+2B—-1,1<B <n, h(tg) =2m+2B,1<p <n.
The corresponding induced edge labels are h*(ugugqq) =2a+2,1<a<m-—1, hi"(u,uq) = 2,
h*(uyv,) =2a—1,1<a<m, h*(w,;w,;+1) =2m+2,1<f<n-1, h*(wﬁtﬁ) =2m+
2 —1,1< B <n.Thus h* is bijective.Therefore, (C,, © K;)VU (P, © K;) admits a square
harmonic mean graphifm > 3 andn > 2.

lllustration 2.8. The image below displays a square harmonic mean labeling of (C; © K;) U (P ©

Kq).

13 15 17 19 21
13 15 1 19 21
14 16 18 20 22

Figure IV.(C; O K1) U (P O Ky)
Theorem 2.9. (P, © K3) U B, admits a square harmonic mean graph form = 3 andn > 1.
Proof. Let B,, ® K; be a graph obtained from a path uy, uy, ..., u,, by joining the vertices v,, w, of
K; respectively and P, be the path 7,7, ..,1,. Let G = (P, ©OK3)UPB, withV(G) =
{ug, VoWeTgil<as<m 1< < n} and E(G) = {UgVg, UgWq, VgWs * 1 <@ <m} U
{uauaﬂ,r[;rﬁﬂ l<asm-1,1<p<n- l}Then [V(G)]=3m+n and |[E(G)| =4m +n —
2.A function h : V(G) - {1,2, ...,q + 1} is defined by h(u,) = 4a — 3,1 < a < m,h(v,) = 4a — 2,
l1<a<mh(w,)=4a—-11<a<m, h(rp)=4m+p—-1,1<p<n. The corresponding
induced edge labels are h*(ujugsq) =4a,1<a<m-—1, h"(uuv,) =4a—-3,1<a<m,
R (ugwy) =4a—21<a<m, K*(Wew,) =4a—1L,1<a<m, h*(rprgsq) =4m+p—1,1<
B < n.Thus h* is bijective. Therefore, (P, © K3) U P, admits a square harmonic mean graph if m >
3andn > 1.
lllustration 2.10. The image below displays a square harmonic mean labeling of (P, O K3) U Ps.
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V V V 13 14
1 4 5 8 9 12 13

17 19

16 17 18 19

16 18 20

Figure V. (P, © K3) U Ps
Theorem 2.11. (P,, © K; ;) U C;, admits a square harmonic mean graph for m > 2 and
n=3.
Proof. Let P, O K; , be a graph obtained from a path uy,u,, ..., Uy, and let v,, w, be the vertices of
K; , which are joined the vertices u,. Let C, be the cycle ry,7y,...,7, respectively. Let G =
(Pm ©O) K1,2) U C, withV (G) = {ua, VorWeTgil<asml<pf< n} and E(G) =
{UqUas1) UaVa) UmVUm, UgWe, UmWm, TgTg4+1: 1 S @ <m—1, 1< <n}. Then |[V(G)|=3m+n
and |E(G)| = 3m +n — 1.Afunction h : V(G) — {1,2,...,q + 1} is defined by h(u,) = 3a — 2,1 <
a<mh(,) =3a—1, 1<a<mh(w,) =3a,1<a<m, h(rg)=3m+p,1<p<n The
corresponding induced edge labels are h*(ugugyq) =3, 1 <a<m—1, h"(u,v,) =3a—2,1 <
a<m, h'(ugw,)=3a-11<a<m, h*(rg7p41) =3m+ B, 1 < B <n—1h*(nr) =
3m.Thus h* is bijective. Therefore, (P,, © K; ;) U C;,, admits a square harmonic mean graph if m >
2andn = 3.
lllustration 2.12. The image below displays a square harmonic mean labeling of (P, O K; ;) U Cs.

1 3 4 6 7 9 10
/\ /\ /\ o/ \,,
2 3 5 6 8 9 11 12

13

12 13
17, 14

16 14

15
16 15

Figure VL. (P4_ Q KI,Z) U CS
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Conclusion:

In this paper, we investigated the

behavior of disconnected graphs are square
harmonic mean labeling. The derived results
are demonstrated by means of sufficient
illustrations which provide better
understanding.
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