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Abstract

A fractional path integral (FPI) in momentum space are defined in term of White noise, we used time
evolution technique to transform FPI into momentum space. The free particle and simple harmonic
oscillator path integrals have been developed by our FPI in momentum space, then we compare it with
classical path integral.
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Introduction

The importance of fractional calculus is that
it implies the results more general and more
precise which make the classical models are
special case of fractional models. The fractional
calculus are very helpful for mathematicians,
engineers and scientists (Kumar & Baleanu,
2019), fractional calculus have  many
application in physical system as continuous
third order system they used fractional
derivatives to constructed the Hamiltonian
formulation (Alawaideh, Hijjawi, Khalifeh, 2021),
using fractional derivative to reform Maxwells
equations and electromagnetic Lagrangian
density on fractional form.(Jaradat, Hijjawi,
Khalifeh, 2012).

The importance of the path integral (PI)
formulation of quantum mechanics is coming
from the question: If the particle is at a position x
at time t = 0, what is the probability amplitude
that it will be at some other position x_ at a later
time t = T? So, we use the fractional path integral
to find the general probability amplitude. Path
integrals method does not give a new result for a
single particle in quantum mechanics, but we can
understand clearly the classical limit of quantum
mechanics. The importance of path integrals
appears in quantum field theory. Furthermore,
the nonperturbative phenomena are most easily
showed by path integrals. [(MacKenzie & René-J-
A-Lévesque, 1999) ].

The advantages of momentum representation in
quantum mechanics can be used to emphasize
the basic symmetry between the representations,
obtain the different nature of operators in the
representation. Moreover, finding wave function
in momentum space of some physical systems is
easier than phase space. [(Nufiez-Yépez et al,
2000)].

Path integral is a quantum mechanical
formulation with many applications in the fields
of: quantum mechanics, quantum field theory,
statistical mechanical, and condensed matter
physics. [(MacKenzie & René-J-A-Lévesque,
1999)].

A phase space path
Hamiltonians of the general form

H(p,x) =T(p) +V(x),

where T(p) is Kkinetic energy :—m

integral uses

, explicit

quadratic form, and V(x)
energy.[(Blau, 2019)].

In this study we will use the fractional Levy
path integral definition in phase space then
rewrite it in term of White noise which explicitly
depend on momentum p. Then use time evolution
method to construct FPI in momentum space. We
apply it in some physical systems such as free
particle and simple harmonic oscillator.

is the potential

1-Fractional path integral in momentum
space in term of whit noise

The fractional path integral is defined as
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Ky (xptp|xgty)

x(tp)=xp .

_L(tp
= f Dx(t).e Tl TWED gy
x(ta):xa

Dx(7) is the fractional path integral given by
x(tp)=xp
Dx(t) ...

x(ta)=xq
x(tp)=xp »

et (25 [ o e )"k

x(tg)=xq Jj=1

— xj_q] Q)

= )\lll_r’ll) f dx;dxy ... ...

Where L, is Levy distribution « is the Levy index
1 < a <2, and D,is fractional quantum diffusion
coefficient have a physical dimension [D,] =

— - tp—
erg'"“cm%sec™%and £ = 22

Eq.1.1as
KL(xbtblxutu)

x(tp)=xp

“Na

= lim f dx,dxy ... ...

N—oo

an s (2 T )k

x(tg)=xq j=1

_itp
e ®

(Laskin, 2000)

The momentum trajectory as a Brownian
fluctuation B(7) can be defined as

Vvhm

, 0<rt
<t 4)

And the space variable in term of White noise
w(T)

p(t) =p-+

x(t) =

D e—oww . o<r
m

<t (5)

Rewrite Eq. 4 and Eq. 5 in term of B(r) and
w(t) respectively

B(x) = ('%) (@) - po), )
w(T) 2\/%(?5—?) ™

(Bock, 2014)
Now derive Eq. 6 and 7 we get

B =C Jh_”po ®)

_[m dx(7)
dW(‘L’) = E—(t — to) (9)
Butw(r) = dB(T) = B(7) so we can write that,
S _(t—te)
B(®) =w(r) = N p(@) (10) 2205

Equation 10 represent white noise in term of
momentum now we can rewrite Eq. 3 in
momentum space in term of white noise,

K Ceptplxats)

N-1
. =N/
h iDye @
x(tp)=xp < Z(tb - ta)> dw;dw; ... ....dWN_lh_N( ; )

x(td)=xq ¥ Yo h it h
— [P drv( [ (t-t-)w(T))
| |L“{ (lD g) wj —wj_q]( ;(tb—ta)) e hil J;

j=1
2-Fractional path integral in momentum
space by time evolution

= lim
N-oo

The fractional propagator (Kernal)
momentum space can be written as

Ka(pb'tb;pa'ta) = <pb|Ua(tb:ta)|pa> , by
>t, (12)

Where U,(t,t,) is the fractional time
evolution operator.

Feynman realized that due to the
fundamental composition law of the time
evolution operator, the fractional propagator
could be sliced into a large number, say N + 1, of
time evolution operators, each acting across an

infinitesimal time slice of thickness € =t, —
tp—tg
th-1 =—.
n=17" Ni1
Ka(pb: ty; Par ta)
Ua(tb: tN) Ua(tNl tN—l) Ua(tnl tn—l)
. Ua(tbzl tl)Ua(tll ta)

b

Pa> (13)

Use the complete set (closure relation)

® dp
j 2 lp)pl
=1 (14)

Put Eq. 14 in Eq. 13 we get

Ko Py, ty; Pas ta)
_ f“’ dp (* dp <p et t) IPYPI O (st .
o 2mh J_ Zﬂh b 0, (tn th— 1)|p)(p| .0, (sz t1)|p>(l7|ﬁ (tl ta)

> (15)

The fractional propagator becomes a product of
N-integrals
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K, (pb, tb, Pa t )

N+1
[ f dpn] H(pntnlpnfltnfl)
n=1Lt_ow n=1
the fractional time evolution operator,

ﬁa(tbtta) — —ieHmB(x,p,t)/h - e—iE(Tu+VB)/h (16)

Where
H,p = T, + Vs is fractional Hamiltonian and T, is fractional kinetic
energy and 173 is fractional potential energy,

PN ~ . d B
T = Dalpl® = DNV 7, = q?lxlf = g2 |- |

The quantum Riesz fractional derivative (hV)® can be define as
Fourier transform

10
)< == [ dpe Ml p(p.0

the g* have a dimension [q2]=erg1/26m_ﬁ/2

(Laskin,2002)

physical

(pntnlpn—ltn—l) = <pn | e_iEHa'B(p'x't) |pn—1)

(pnle~teMas®x0|p, ;)

v dp —ieVg(x,tn) —ieTo(D,tn)
~ f—hh(pn /h|p><p|e /n pn_1> 17
The first bracket can be found as
_ieVp(xty) —ievg(x,tn)
(pule hlp) = 6 e "
And the second

Put the previous two equation into Eq. 17 we get,

K, (pbvtbvpuv ta)
N ©
dpn dx
Znh n
71 n=0 —oo
K, (pbvtbvpuv ta)
N ©
dpn f dx
2nh n
= n= — 00
K, (pbvtbvpav tq)

N ©co
dpy, 1—[ —in(Pns1=vn); ~lHap
h h
[ 2nh] [fdx,,]e e (19)

n=0

—0o

] e—ixn(pTH.l—pn)/he _if(Ta(p:tn)"'VB(x:tn))/h

0

Ka(pbvtb:pav a) = )
13 N _ _ _
¥= [f_wm ‘::;‘L] N=0[f_°°Oo dx,,] eﬂ(zn:o Xn(Pns1=Pn)—€Ha p(X0,1)) v

The fractional path integral in momentum space in continuum limits
N > 0,6 >0

Pp
D it S
Ko, to; Pa ta) = f % f Dix b g 4P HapGip0) (51
Pa

D;
Ko (Do to; Parte) = [P 22 [ Dx eres @) (22)

Pa 2mh

—i _ —i —ieVg(xt
]e iXn(Pr+1 p")/ne LfTa(p:tn)/he ievp(x n)/h

(18)

Where, Sa_ﬁ (p, x, t) is fractional action function in momentum space
tp

Sup(px,0) = f OO — Hap(p,x,0) dt

ta

(23)

3-Fractional path integral in momentum space for free
particles

For free particle the potential energy is zero
Hy(p,x,t) = Dglpl®
The FPI can be find by Eq. 13

sz(p’y'tb;pa'ta) = - _ _
(] Ot t8) T, tyor) o O (i tyg) v U (i, £) Ug (1, £ |Pa)

But for free particles U,(t,, tg) = ~ieHa D)/ = g =ie(Te)/h
Ka(pb' tb;pu'tu) = (pb|ﬁa(tb' ta) |pa) = (pb|e_i€(Ta)/h |pa>
= (pp e~ PalP®/™ )

Use closure relation,

f dxy |lx Mo, | =1

Ka(pbl ty; Par ta) = f dxn (pb|e_i€leplw/Fl |xn>(xn|pa>

-0

©

K tyiparta) = PP [ () (o)

—oo

©

Ka(pb: ty; Pas ta) = e—ieDalpl‘z/h (pblpa> f dxnlxn>(xn|

—0oo

Ko (D) to; Pas ta) = e PalPI/N ()
Where,
(pplpa) = 2mhS (P, — Pa)
The fractional path integral of free particle
—i€Dg|p|%/h

Ka(pbl ty; Pas ta) = Znhé(pb - pa)e

For continuum limit N — oo,

Ka(pb: tb;pa: ta) = 2”h6(pb - pa)e_i(tb_ta)l)a‘p‘a/h

For free particles Hamiltonian was independent
of x and not explicit depend on t, the Eq. 20
become trivial solution. So, the N + 1 integrals
over x,(n =0,1,...N) can be done yielding a

product of &-functions §(p, — py) .....6(P1 —

Po)- The integrals over the N momenta p,(n =
.,N) are all focused to the initial

momentum py = py_1 = - pP1 = Pg. We take A

single a final 8-function 2hé (p;, — p,) remains,

with N + 1 factors [[V_, e~i€PalPal®/h  from Eq.

dH,
21, p= - =0
Ka (pb' tb; Pa, ta)

f -[Dxehft dt(—€Hg,g(x,p,t))
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K, (pr tbr Pa, a)

— o~ i(ty=ta)Dqlpal“/h f f D
2rh

Then the FPI of free particle in momentum space
can be written as

Kq (pb: th; Pas ta)
= Zﬂh(y(pb

_ poeiChtabalp*n (24)

We find from this result that the amplitude we
found by the normal method was the same as that
found by the fractional path integral method.

Take a = 2, classical case we return to normal

result D, = ﬁ

Ky (pb: th; Pas ta)
= 27Th6(pb
2
_ pa)e—iub—ta);’—m/h

4- Fractional path integral in momentum
space for simple harmonic oscillator (SHO)

The Hamiltonian of SHO is
2 1
H(p,x) = 2p_m + Emwzx2
The path integral can be written as,
K(xb,tb;xa, ta) = .
o dpp oo lS ;
o 17, S Mo, e er®®

The canonical action functions

S(p,x) = ftt;b dt (p

1
Emwzxz)

(25)

P
2m
(26)
Put Eq.26 into Eq. 25

K(xb, tbl Xq, ta)

N [e0)
dpn tbdt(px ——lmwzxz)
= h 2
H[J‘Znhh_[[fdx‘
n=1Ll_eo

But p = mx, the path integral will be

K(xbl tb; xal ta)

N oo d N o
_ Pn f hftbdt(—mxz——mm x?)
_H[JZnh]l[[ dx]e

n=1Ll_w n=0 L—x

Now split the path integral to classical paths x;
and fluctuation paths §x(t), we using the the fact
of quadratic action function to fluctuating expand

tp
1 1
Sa(x) = f dt (mecl—zmw xcl)
ta
And the fluctuating part,
tp
1 T 2411
Sp(x) = f dt(zm(éx) — S mw(5v) ),b.c
ta

- 6x(ty) = 6x(t,)) =0
The equation of motion of SHO can be written as
5c'cl+a)2xcl =0

The classical orbit which connection between
initial and end point is

xcl(t)
xXpsinw(t —ty) + x4 sinw(ty —t) fort
= , for
sinw(t, —t,) b
I
—ty F Z (27)

We can write the classical action as

tp
1
Scl(x) = j dtzm(xcl(_jécl_wzxcl))
ta

m .ty
+ Exf?lxdlta

The first term equal to zero from equation of
motion so,

Se16) = 7 [¥er ()5 (8)

— Xcl (ta)xcl(ta)] (28)
From Eq. 27 find x; (t,)and x.;(t,)
dxcl
xcl(tb) - dt |t=tb
- Y (x}, cos w(t
sinw(t, —tg) b b

- ta) - xa) (29)
. dx
xcl(ta) = —dtc |t=ta

w
(xp

~ sin w(ty — tg)
—xgcos w(ty —tg)) (30)

(Kleinert, 2003)

Rewrite Eq. 27,29 and 30 in term of fractional
paths in momentum space by using fractional
Hamilton

He g (x,p) = Dolpl® + ¢*|x|#
(Laskin, 2002.)

The equation of motion of Hamilton are,
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x=2a gnd p=-2a In this paper, the fractional path integra in
op 0x momentum space by time evolution method was
i = 0H, | = aD, |p, |*1 obtained and applied to both free particles and
b opP P=pp alPb simple harmonic oscillator, and the results were
] oH, - compared with the classical results when a = 2.
Xa=3p lp=p, = aDe|pql The fractional path integral is more general than
the classical solution. 2412
And,
. waD, _
Xe(ty) = s, — 1) (Ipp|*~* cos w(tp — ta) References
— Ipal®™) Alawaideh, Y. M,, Hijjawi, R. S., & Khalifeh, J. M.
(2021). Hamiltonian Formulation for Continuous
D Third-order Systems Using Fractional
% (ty) = Wa (Ipple1 Derivatives. Jordan Journal of Physics, 14(1), 35-

sinw(t, —t;)
— Ipa|* teos w(ty — tg))

Put four previous equations into Eq.28

S«(p)
m waD,

= — 2(a-1)
2 w?sinw(t, —t,) [((lpbl

+ |pa|2(“_1))cos w(tb - ta)

= 2|pa 1% tppl*71)]

The fractional path integral of simple harmonic
oscillator on momentum space can be writing as

Ky (pb: th; Pas ta) =

im  (aDg)?

47.

Blau, M. (2019). Notes on (Semi-)Advanced
Quantum Mechanics: The Path Integral
Approach to Quantum Mechanics.

Bock, W. (2014). Hamiltonian path integrals in
momentum space representation via white noise
techniques. Reports on Mathematical Physics,
73(1),91-107.

Jaradat, E. K., Hijjawi, R. S., & Khalifeh, J. M.
(2012). Maxwell’s equations and
electromagnetic Lagrangian density in fractional
form. Journal of Mathematical Physics, 53(3).

Kleinert, H.. Path Integrals in Quantum

im__(aDa)? 2(a-1) 4| (2(a-1) —t)—2|p. | ~“1)] . )
Lenzwsinw(tb—ta)[((lpbl *pal yeos w(ty=ta)-2IPal“ eifianlics, Statistics, Polymer Physics, and

21th
In limit w — O,
sinw(ty, —tg) = w(ty, — tg),
cosw((ty, —t,) =1
Then Eq.31 will be,

Ky (pb' tp; Pas ta) =

im (aD )2 _ —1\2
Lem[ﬂpaw 1—|Pb|a 1) ]

2rth
For a = 2, back to classical case in Eq. 31

K> Py, th; Par ta)

Financial Markets, Berlin, Germany,2003.

Kumar, D., & Baleanu, D. (2019). Editorial:
Fractional calculus and its applications in

physics. In Frontiers in Physics (Vol. 7, Issue
JUN). https://doi.org/10.3389/fphy.2019.00081

Laskin, N. (2002). Fractional Schrédinger
equation. Phys.Rev.E66:056108.

Laskin, N. (2000). Fractional Quantum
Mechanics. Phys. Lett. A268, 298.

MacKenzie, R., & René-J-A-Lévesque, L. (1999).
Path Integral Methods and Applications.

i1 1 2 2
= %ehzm‘" Syt (Pol*HPalcos o (th=ta)=2papy)] Nufiez-Yépez, H. N.,, México, D. F., Guillaumin-
Espaiia, E., Martinez-Y-Romero, R. P., & Salas-
Brito, A. L. (2000). Simple quantum systems in
Conclusion the momentum rep-resentation.

elSSN 1303-5150 www.neuroquantology.com

&


http://www.neuroquantology.com/

