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1. Introductioni 

Zadeh [15] in (1965) introducedthe concept of fuzzy set(FS) in a setX asa mapping from X into [0,1] . 

The intuitionistic fuzzy set (in short , IFS) on a universe X was introduced by K. Atanassov in 

1986,and prove some properties[4] .Wang.Jin [8] in 1982 introduced the concept of the fuzzy ring and 

fuzzy ideal.T. K.Dutta and B.K. Biswas in (1994) studied fuzzy ideals ,fuzzy prime ideals of semiring 

and they defined fuzzy k-ideals and fuzzy prime k-ideals ofsemiring[5] . 

Torra [13] in (2010) proposed a new generalized type of fuzzy set called hesitant fuzzy set (HFS) and 

he defined the complement, union and intersection of HFSs.Xia and Xu [14] in (2011) gave some 

operational laws for HFSs ; such as the addition and multiplication operations .T. Rashid and I. Beg 

[12] in (2014) introduced the notion of 

" Hesitant intuitionistic fuzzy sets ". The notions ofiextension of hesitant fuzzy ideals ; hesitant fuzzy 

prime ideals ;hesitant fuzzy semiprimeideals and hesitant 3-prime fuzzy ideals in po- 

semigroupsare introduced with some of their properties are investigated and they discussed the 

relationship between prime ideals and 3-prime ideals in po-semigroup through the extensions of 

hesitant fuzzy ideals byM.Y.Abbasi , A. F.Talee , X.Y. Xie and S.A. Khan in 2018 [2]. A. Abbas and 

M.J. Mohammed [1] in (2021) introduced a hesitant fuzzy ideal of a ring R .A. Fadhil and M.J . 

Mohammed [6] in (2021) introduced on hesitant fuzzy modules . DebabrataMandal [11] in( 2019) 

defined hesitant intuitionistic fuzzyideals, hesitant intuitionistic fuzzy quasi-ideal of a semiring, 

hesitant intuitionistic fuzzy bi-ideal and obtain some of their related properties . 

 
3716 

mailto:raja_risan012.Math@utq.edu.iq
mailto:mohammed.195775@gmail.com


NeuroQuantology | June  2022 | Volume 20 | Issue 6 | Page 3716-3731 | doi: 10.14704/nq.2022.20.6.NQ22375 

Rajaa RahainRasool/ Hesitant Intuitionistic Fuzzy PrimeIdeal of a Ring 

www.neuroquantology.com 
eISSN 1303-5150 

 

 

In this work we write the definition of a hesitant intuitionistic fuzzy ideal and 

hesitant intuitionisticfuzzy prime ideal of aring and prove some results about them . 

 

2. Preliminaries 

 
In this section, we list some definitions and results needed in the later sections . 

 

Definition ( 2.1) [ 15] : 

Let X be a non - empty set and let Ibe the closed interval of real nembers I = [0 ,1] . A fuzzy set µ 

in Xiis a function µ ∶ X → I . μ ( x ) isthe degree of membership of the element x to the set X. The 

family of all fuzzy sets in X is denoted by Ix. 

Definition(2.2)[4]: 

Let X be a non-empty set an intuitionistic fuzzy set (in short, IFS) A is an object have the form: A 

= { < a, µA(a),𝑣A(a) > : a ∈ Χ } where the functions µA: Χ → [0,1] and 𝑣A: Χ → [0,1] denotedthe 

degree of membership and non-membership for each element a∈ Χ to the set A ( respectively) and 

0≤ μA(a) + 𝑣A(a) ≤ 1 for all a ∈Χ . The family of all intuitionistic fuzzy sets denoted by IF(X). 

Furthermore, we call: 

πA(a) = 1 − μA(a) − 𝑣A(a) , ∀a ∈ X the intuitionistic index or hesitancy degree of a in A .It is obvious 

that , 0 ≤πA ≤ 1, for all a ∈ X. 

 

 
Definition (2.3)[13] : 

 
Let X be a reference set. A hesitant fuzzy set on X is defined in term of a function h that when 

applied to X return a subset of [0,1], that is, 

 

h: X → P([0,1]). To be easily understood; Xia and Xu (2010) expressed the HFS by a mathematical 

symbol :A= {< x, hA(x) >: x ∈ X } where hA(x) is a set of some values in [0,1] , 

denoting thepossible membership degree of the elementx ∈X to the set A. Xu and Xia (2011) called 

h=hA(x) a hesitant fuzzy element (HFE) and A the set ofiall HFEs. 

 

 

 
Definition (2.4)[12]: 

 
Let X be anon-empty set;Suppose µ and v are functions applied to X return subsets of [0, 1] where 

for any ai∈ X . A hesitant intuitionistic fuzzy set (HIFS) on X is aiset A= { < a, µhA(a), 𝑣hA(a) > /a ∈ 

X } . Values µhA(a) and 𝑣hA(a) denote the possible membership and non- membership values of the 

element a ∈ X to the set A respectively; which satisfyμ− (a) + 𝑣+ (a) ≤ 1 and μ+ (a) + 𝑣− (a) ≤ 1 
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hA hA hA hA 

. For simplification; A = ( µ(a), v(a)) is called a hesitant intuitionistic fuzzy element (HIFE ) on a ∈ 

X . 

 

 
 

Example (2.5) 

Let X = {a , b} be reference set and 
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A A 

μhA(a) = [0.3 , 0.5], 𝑣ℎ𝐴
(a) = [0.1 , 0.2], 

μhA(b) = [0.1 , 0.6], 𝑣ℎ𝐴(b) = [0.3 , 0.7]. 

We see that for a , μ+ (a) = 0.5 and𝑣− (a)= 0.1, 
hA hA 

hence μ+ (a) + 𝑣− (a) ≤ 1 
hA hA 

and μ− (a) = 0.3 and𝑣+ (a)= 0.2 , hence μ− (a) + 𝑣+ (a) ≤ 1 
hA hA hA hA 

Such condition hold also for b; then we have the hesitantintuitionistic fuzzy set A as : 

A = {< a, [0.3 , 0.5], [0.1 , 0.2] >, < b, [0.1 , 0.6], [0.3 , 0.7] >} 
 
 

Definition (2.6)[12] : 

A HIFS A = {< 𝑎, µhA(a), 𝑣hA(a) >/ a ∈ X } is called: 

1) The null HIFS ; denoted by A∅; if A∅ = {< 𝑎, ∅, [0,1] >. 

2) The universal HIFS ; denoted by A[0,1] ; if A[0,1] = {< 𝑎, [0,1], ∅ >}. 

 
 

Definition (2.7)[9]: 

Let A and B are to be HIFS of the forms 

A = {< 𝑎, µhA(a), 𝑣hA(a) >/a ∈ X } 

B = {< 𝑎, µhB(a), 𝑣hB(a) >/ a ∈ X }on X ; then: 

1) A ⊆ B if and only if µhA(a) ⊆ µhB(a)and vhA(a) ⊇ 𝑣hB(a)for all 

 
a ∈X . 

 
2) A = B if and only if A ⊆ B and A ⊇ B . 

3) A𝑐 = {< a, 𝑣h (a) , µh (a) >: a ∈ X } 

4) A 𝖴 B   = {< a, µhA
(a) 𝖴 µhB

(a), 𝑣hA
(a) ∩ 𝑣hB

(a) >: a ∈ X } 

5) A ∩ B   = {< a, µhA(a) ∩ µhB(a), 𝑣hA(a) 𝖴 𝑣hB(a) >: a ∈ X } 

 

Example (2.8): 

Let X = {a1, a2} be a set of objects and let A , B are two HIFSs over X as follows: 

A = {< a1, [0.1, 0.5], [0.1, 0.4] >, < a2, [0.1, 0.6], [0, 0.5] >}. 

B = {< a1, [0.1, 0.6], [0.3, 0.4] >, < a2, [0.1, 0.7], [0.1, 0.4] >}. 

Hence ; A ⊂ B , but A ≠ B . 

A 𝖴 B = {< a1, [0.1, 0.6], [0.3, 0.4] >, < a2, [0.1, 0.7], [0.1, 0.4] >}; 

A ∩ B = {< a1, [0.1, 0.5], [0.1, 0.4] >, < a2, [0.1, 0.6], [0, 0.5] >}; 

Ac = {< a1, [0.1, 0.4], [0.1, 0.5] >, < a2, [0, 0.5], [0.1, 0.6] >}; 

 

Definition(2.9): 

Let X and Yi are be two non-empty sets and f: X → Y be a function; 

if B = {< 𝑦, µhB(y), 𝑣hB(y) >: y ∈ Y }is a HIFs in Y . Then the pre-image of B under f denoted by 

f −1 (B) is a HIFs in X defined by: 

f −1 (B) = { < 𝑥 , f −1(µhB)(x), f−1(𝑣hB)(x ) >∶ x ∈ X } 

where f−1(µhB)(x ) = µhB(f(x)) and f−1(𝑣hB)(x) = 𝑣hB(f(x)) : 
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If A = { < 𝑥 , f(µhA)(x), f(𝑣hA)(x) >∶ 𝑥 ∈ 𝑋 } is a HIFs in X .Then 

the image of A under f denoted byf(A) is a HIFs in Y defined by: 

f(A) = { < 𝑦 , f(µhA)(y), ([0,1] − f([0,1] − 𝑣hA)(y)) >∶ 𝑦 ∈ 𝑌 } 

 
f(µh 

 
)(y) = { 𝖴x∈f−1(y) µhA (x)   ; f −1 (y) ≠ ∅ 

A ∅ ; f−1 (y) = ∅ 

 
([0,1] − f([0,1] − 𝑣h 

 
))(y) = { ∩x∈f−1(y) 𝑣hA (x ) ; f−1 (y) ≠ ∅ 

A [0,1] ; f −1 (y) = ∅ 
 
 

Definition (2.10): 

Let α , β ⊆ [0, 1] such that α+ + β− ≤ 1 and α− + β+ ≤ 1 ,a hesitant intuitionistic fuzzy 

point (HIFP , in short) x(α,β)of X is a HIFs of X defined by: 
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x(α,β) (y) = { 
(α, β) ∶ y = x 

(∅ , [0,1])  ∶  y ≠ x 

In this casexis said to be the support ofx(α,β)and α,βare called a value and a non-value of x(α,β) 

respectively; 

An HIFP x(α,β)is called belong to a HIFs A of Xdenoted by x(α,β) ∈ A ; 

α ⊆ µhA
(x)and β ⊇ 𝑣hA

(x) .if 

 
Definition (2.11): 

Let X anon-empty set andA be a hesitant intuitionistic fuzzy set in X; then the (α, β)- 

level setdefined by : 

A𝐻(α,β) = {a ∈ X ∶ µhA
(a) ⊇ α , vhA

(a) ⊆ β } where α, β ⊆ [0,1] 

 

Definition (2.12)[7] 

Let R be a ring and let h be a hesitant fuzzysubring of R;Then h is called a: 

(1) hesitant fuzzy left ideal (in short, HFLI) of R ; if h(ab) ⊇ h(b), for all a,b∈ R, 

(2) hesitant fuzzy right ideal (in short, HFRI) of R; if h(ab) ⊇ h(a), for all a,b∈R 

(3) hesitant fuzzy ideal (in short, HFI), if it is both a HFLI and a HFRI of R . 

 

 

Definition (2.13): 

Let A = <μhA,𝑣hA> be a non-empty hesitant intuitionistic fuzzy subset of a ring R; Then A is called a 

hesitant intuitionistic fuzzysubring of a ring R if for all a , b ∈ R : 

1) μhA(a − b) ⊇μhA (a) ∩ μhA(b), 

2) 𝑣hA (a − b ) ⊆𝑣hA (a) 𝖴 𝑣hA(b) , 

3)μhA (ab) ⊇μhA (a) ∩ μhA(b), 

4) 𝑣hA (ab) ⊆𝑣hA (a) 𝖴 𝑣hA  (b) , 

 

Definition (2.14): 

Let A = <μhA,𝑣hA> be a non-empty hesitant intuitionistic fuzzy subset of a ring R ;Then A is called 

a 
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a) hesitant intuitionistic fuzzy left ideal of R if for all a, b ∈ R : 

1)μhA(a − b ) ⊇μhA (a) ∩ μhA(b) , 

2) 𝑣hA 
(a − b ) ⊆𝑣hA 

(a) 𝖴 𝑣hA
(b) , 

3)μhA (ab ) ⊇μhA (b), 

4) 𝑣hA (ab ) ⊆𝑣hA (b) , 

 

b) hesitant intuitionistic fuzzy right ideal ofiR if for all a, b ∈ R : 

1)μhA(a − b ) ⊇μhA (a) ∩ μhA(b), 

2) 𝑣hA (a − b ) ⊆𝑣hA (a) 𝖴 𝑣hA(b) , 

3)μhA (ab ) ⊇μhA (a), 

4) 𝑣hA (ab) ⊆𝑣hA (a) , 

 

c) hesitant intuitionistic fuzzy ideal of R if for all a, b ∈ R : 

1) μhA(a − b) ⊇μhA (a) ∩ μhA(b), 

2) 𝑣hA (a − b) ⊆𝑣hA (a) 𝖴 𝑣hA(b) , 

3)μhA (ab) ⊇μhA (a) 𝖴 μhA(b), 

4) 𝑣hA (ab) ⊆𝑣hA (a) ∩ 𝑣hA (b) , 

 

Example (2.15): 

Let (Z ,+ , .) be a ring ; and A = <μhA,𝑣hA> be a hesitant 

intuitionistic fuzzy subset of Z as follows: 

[0,1]  if a = 0 
μhA

(a) ={(0.3,0.8] if a is even 

[0.4,0.7] if a is odd 

ϕ if a = 0 

𝑣hA(a) ={[0.5,0.7) if a is even 
(0.1,0.8)  if a is odd 

Hence A is a hesitant intuitionistic fuzzy ideal of Z. 

 

 

Theorem (2.16) 

Let R be a ring; and Ai, B ∈ HIFI(R),where A =<μhA,𝑣hA>, B =<μhB,𝑣hB> ;Then 

1) A ∩ B ∈ HIFI(R) 

 
2) A𝖴 B ∈ HIFI(R). 

 
3) A⨁B ∈ HIFI(R); 

 
4) A⨂B ∈ HIFI(R); 

5) 𝛿A ∈ HIFI(R) , 𝛿 > 0 
 

6) A𝛿 ∈ HIFI(R) , 𝛿 > 0 

7) A×B∈ HIFI(R) 
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𝐴 𝐴 

𝐴 𝐴 𝐴 𝐴 

𝐴 𝐴 

Proof : clearly 

 

 

Theorem(2.17) 

Let A be HIFS of a ring R ; such that A𝐻(α,β) is an ideal of R; for all α , β ⊆ [0, 1] , then A is HIFI 

of a ring R . 

Proof : clearly 

 

 

 
Proposition (2.18) 

 

Let f : R → R∗ be a homomorphism of a rings and A = (μℎ , 𝑣ℎ ) be is a hesitant intuitionistic fuzzy 

ideal of R∗; then f−1(A) is a hesitant intuitionistic fuzzy ideal of R ;where 

 

f−1 (A)(a) = <f −1 (μℎ   )(a), f−1(𝑣ℎ   )(a) > = <μℎ   ( f(a)),𝑣ℎ    ( f(a)) >. 

Proof : clearly 

 

 

 

Proposition (2.19) 

 
Let f : R → R∗ be an onto homomorphismiof a rings and A = (μℎ , 𝑣ℎ ) be is a hesitant intuitionistic 

fuzzy ideal of R, then f(A) is a hesitant intuitionistic fuzzy ideal of R∗ . 

 

Proof : clearly 

 

 
 

3. New Results on Hesitant Intuitionistic Fuzzy Prime Ideals 

 

 

Definition(3.1)[10] 

 

An ideal I of a ring R is saidto be prime ideal if for all s, t ∈ R and 

st∈ I , then either s ∈ I or t ∈ I . 

 

 

Definition(3.2)[10] 

 

An ideal I of a ring R is said to be semiprime ideal if for all t ∈ R , 

 

tn ∈ I this imply t ∈ I , n ∈ N . 

 

 
 

Definition(3.3) 

 

A hesitant intuitionistic fuzzy ideal A = <μhA , 𝑣hA> of a ring R is said to be hesitant intuitionistic 

fuzzy prime ideal of a ring R if for all a , b ∈ R ; then 

 

(1)μhA(ab) ⊆ μhA(a) 𝖴 μhA(b) ; 

 

 

 

 
 

3721 



NeuroQuantology | June  2022 | Volume 20 | Issue 6 | Page 3716-3731 | doi: 10.14704/nq.2022.20.6.NQ22375 

Rajaa RahainRasool/ Hesitant Intuitionistic Fuzzy PrimeIdeal of a Ring 

www.neuroquantology.com 
eISSN 1303-5150 

 

 

(2) 𝑣hA(ab) ⊇ 𝑣hA(a) ∩ 𝑣hA(b) ; 

Will denote the setof all HIFPIs in R as HIFPI(R); 

 

 

 
Example (3.4) 

 

Let (Z2 , + ,⋅)be a ring and A = <μhA , 𝑣hA>defined as follows 

μhA(0) = [0.2 , 0.7) , μhA(1) = [0.3 , 0.6) , 𝑣hA(0) = [0.2 ,0.5) , 

𝑣hA(1) = [0.1, 0.6) 

We can easily that A ∈ HIFI(R) ;and also A ∈ HIFPI( R) . 
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Theorem (3.5) 

Let A be HIFS of a ring R ; such that A𝐻(α,β) is an prime ideal of R; for all α , β ⊆ [0, 1]; then A 

is HIFPI of a ring R . 

Proof 

Let A is HIFS of R such thatA𝐻(α,β) is an prime ideal of a ring R then from definition (3.1) A𝐻(α,β) is an 

ideal of a ring R ; for all α, β ⊆ [0,1 ]. 

Since A𝐻(α,β) is an ideal of a ring R then A is HIFI of a ring R [by theorem (2.17)] 

Suppose that A is not HIFPI of a ring R then there exista , b ∈ R such that 

μhA(ab) ⊃ μhA(a) 𝖴 μhA(b)or 𝑣hA(ab) ⊂ 𝑣hA(a) ∩ 𝑣hA(b) 

Choose α, β ⊆ [0, 1] such that μhA(ab) ⊃ α ⊃ μhA(a) 𝖴 μhA(b) or𝑣hA(ab) ⊂ β ⊂ 𝑣hA(a) ∩ 𝑣hA(b) 

If μhA(ab) ⊃ μhA(a) 𝖴 μhA(b) 

This implies   ab∈ A𝐻(α,βi) but   a ∉ A𝐻(α,βi)      and b ∉ A𝐻(α,β) 

If 𝑣hA(ab) ⊂ 𝑣hA(a) ∩ 𝑣hA(b) 

This implies ab∈ A𝐻(α,β) but a ∉ A𝐻(α,β) and b ∉ A𝐻(α,β) 

Which is a contradiction with A𝐻(α,β) is an prime ideal 

Hence A is HIFPI of a ring R . 

 

 

Proposition(3.6) 

 
Let A is hesitant intuitionistic fuzzy prime ideal of airing R; then 

 
1) Aδ is hesitant intuitionistic fuzzy prime ideal of a ring R; where δ > 0. 

 

2) 𝛿A is hesitant intuitionistic fuzzy prime ideal of a ring R; 

 
Proof (1) 

 

Suppose A is hesitant intuitionistic fuzzy prime ideal of a ring R; 

By theorem (2.16) Aδ is hesitant intuitionistic fuzzy ideal of a ring R 

μhA
𝛿(ab) = {r𝛿: r ∈ μhA(ab)} 
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A A 

A A 

A A 

A A 

A A A 

𝐴 𝐴 

𝐴 𝐴 

𝐴 𝐴 

𝐴 

𝐴 𝐴 

𝐴 𝐴 𝐴 

𝐴 𝐴 

𝐴 𝐴 

𝐴 𝐴 

⊆ { r𝛿: r ∈ μh (a) 𝖴 μh   (b)} 

 

= { r𝛿: r ∈ μh  (a) 𝗏 r ∈ μh  (b)} 

 
= { r𝛿: r ∈ μh (a)}𝖴{ r𝛿: r ∈ μh   (b)} 

 

= μh  
𝛿(a) 𝖴 μh  

𝛿(b) 

 

Then   μh   
𝛿(ab) ⊆ μh   

𝛿(a) 𝖴 μh   
𝛿(b) .......... (1) 

 

𝑣ℎ   
𝛿(ab) = {1 – (1 − s)𝛿: s ∈ 𝑣ℎ   (ab) 

 

⊇ {1 – (1 − s)𝛿: s ∈ 𝑣ℎ   (a) ∩ 𝑣ℎ   (b)} 

 
= {1 – (1 − s)𝛿: s ∈ 𝑣ℎ (a) 𝖠 s ∈ 𝑣ℎ (b)} 

 
= {1 – (1 − s)𝛿: s ∈ 𝑣ℎ   (a)}∩{1 – (1 − s)𝛿: s ∈ 𝑣ℎ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) } 
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= 𝑣ℎ 
𝛿(a) ∩ 𝑣ℎ   

𝛿(bi) 

 

So 𝑣ℎ 
𝛿(a – b ) ⊇ 𝑣ℎ 

𝛿(a ) ∩ 𝑣ℎ 
𝛿(b )….…(2) 

From (1) and (2) we get A𝛿 ∈ HIFPI(R) 

Proof(2) : clearly 

 

 

Proposition (3.7) 

 

1) Let f : R →R∗ be a homomorphism of a rings and A = (μℎ , 𝑣ℎ ) be is 

a hesitantintuitionistic fuzzy prime ideal of R∗ ;then f−1(A) is a hesitant intuitionistic fuzzy 

prime ideal of R . 

2) Let f : R →R∗ be an onto homomorphism of a rings and A = (μℎ , 𝑣ℎ ) be is a hesitant 

intuitionistic fuzzy prime ideal of R, then f(A) is a hesitant intuitionistic fuzzy prime ideal 

of𝑖R∗ . 

 

 
Proof (1) 

 

Let A = (μℎ , 𝑣ℎ ) be is a hesitant intuitionistic fuzzy prime ideal of R∗ 

By proposition ( 2.18)f−1(A) is a hesitant intuitionistic fuzzy ideal of R 

Let r, s ∈R ,thus 

f−1(μhA)(r𝑠) =μhA (f(𝑟𝑠)) =μhA (f(𝑟) f(𝑠)) [f homomorphism] 

⊆ μhA( f(𝑟)) 𝖴 μhA (f(𝑠)) 

=f−1 (μhA)(𝑟) 𝖴   f−1 (μhA)(𝑠) 

Then f−1(μhA)(r𝑠) ⊆ f −1 (μhA)(𝑟) 𝖴 f −1 (μhA)(𝑠)………(1) 

f−1(𝑣ℎ𝐴)(𝑟𝑠) =𝑣ℎ𝐴(f(𝑟𝑠)) =𝑣ℎ𝐴(f(𝑟) f(𝑠)) [f homomorphism] 

⊇ 𝑣ℎ𝐴(f(𝑟)) ∩ 𝑣ℎ𝐴 (f(𝑠)) 

𝐴 
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𝐴 𝐴 

𝐴 𝐴 𝐴 

= f −1 (𝑣ℎ )(𝑟) ∩ f−1 (𝑣ℎ   )(𝑠) 

 

Then f−1(𝑣ℎ )(𝑟𝑠) ⊇ f−1 (𝑣ℎ   )(r) ∩ f−1 (𝑣ℎ   )(s) …….(2) 

 

Hence from (1) and (2) we get f −1(A) is a hesitant intuitionistic fuzzy prime ideal of R. 

 

 

Proof(2) 
 

Let A = (μℎ𝐴, 𝑣ℎ𝐴) be is a hesitant intuitionistic fuzzy prime ideal of R. 

By proposition (2.19) f(A) is a hesitant intuitionistic fuzzy ideal of R∗ 

Let r, s ∈ R∗; since f onto homomorphism , then there exist a , b ∈ R such that f( a) = r , f( b) = s 

 
f(µhA)(rs) = ⋃ f(a)=r , f(b)=s µhA(ab ) ⊆ ⋃f(a)=r ,f(b)=s {µhA(a) 𝖴 µhA(b)} 

 

= {⋃f(a)=r µhA(a)} 𝖴 {⋃f(b)=s µhA(b)} 

= { ⋃a∈f−1(r) µhA(a)} 𝖴 {⋃b∈f−1(s) µhA(b)} 

= f(µhA)(r) 𝖴 f(µhA)(s) 

 
Hence f(µhA)(rs) ⊆ f(µhA)(r) 𝖴 f(µhA)(s) ................ (1) 

[0,1] – ([0,1]−f(vhA)(rs)) = ⋂f(a)=r ,f(b)=s 𝑣hA(ab) 

⊇ ⋂f(a)=r ,f(b)=s{𝑣hA(a) ∩ 𝑣hA( b)} 

= {⋂f(a)=r 𝑣hA(a)} ∩ {⋂f(b)=s 𝑣hA( b)} 

= { ⋂a∈f−1(r) 𝑣hA(a)} ∩ {⋂b∈f−1(s) 𝑣hA(b)} 

 

= [0,1] – ([0,1]−f(vhA)(r)) ∩ [0,1] – ([0,1]−f(vhA)(s)) 

Hence [0,1] – ([0,1]−f(vhA )(rs)) ⊇[0,1] – ([0,1]−f(vhA )(r)) 

∩ [0,1] – ([0,1]−f(vhA))(s) ........ (2) 

From (1) and (2) we get f(A) is a hesitant intuitionistic fuzzy prime ideal of R∗ . 
 

 
 

Definition (3.8) [10] 

 

A right ideal I of R is said to be strongly prime ideal if for every x , y ∈ R , xIy ⊆ I and xy∈ I 

;imply x ∈ I or y ∈ I 
 

 

 
Definition(3.9) 

 

A hesitant intuitionistic fuzzy ideal of airing R is called to be a hesitant intuitionistic fuzzy strongly 

prime ideal of R ( in short, HIFSPI) if for all a , b ∈ R such that µhA(ab) = µhA (a) and 𝑣hA
(ab ) = 

𝑣hA
(a) or   µhA(ab ) = µhA(b) and 𝑣hA

(ab) = 𝑣hA
(b) 
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* Will denote the set of all HIFSPIs in R as HIFSPI( R) 

 

 

 
Example(3.10) 

 

Let (Z2 , + ,∙ ) be a ring and A:Z2 ⟶ P[0,1]define as following ; where A= <µhA , 𝑣hA > such that 

µhA(0) = [0.1 , 0.7] , µhA(1) = [0.1 , 0.5] and 

𝑣hA(0) = [0.2 , 0.6] , 𝑣hA(1) = [0.3 , 0.4] .Then we easily see that A is HIFI of R . 

Hence µhA(0.0) = µhA(0) and 𝑣hA(0.0) = 𝑣hA(0) 

µhA(0.1) = µhA(0) and 𝑣hA(0.1) = 𝑣hA(0) 

µhA(1.0) = µhA(0) and 𝑣hA(1.0) = 𝑣hA(0) 

µhA(1.1) = µhA(1) and 𝑣hA(1.1) = 𝑣hA(1) 

Thus A ∈ HIFSPI(R) . 

 

 
Theorem (3.11) 

Let R be a ring and Ai, B ∈ HIFSPI(R);where A =<μhA,𝑣hA>, B =<μhB,𝑣hB> . 

Then A ∩ B ∈ HIFSPI(R); 

Proof 

Suppose that A , B ∈ HIFSPI(R); and a, b ∈ R ; then 

By theorem (2.16) ; A ∩ B ∈ HIFI(R) 

A ∩ B =< μhA, 𝑣hA >∩< μhA, 𝑣hA   >=< μhA ∩ μhB , 𝑣hA 𝖴 𝑣hB   > 

(μhA ∩ μhB)(ab) = ⋃s1∈μhA
(ab) ,  s2∈μhB

(ab) min{s1 , s2} 

 
= ⋃s1∈μhA

(a) ,s2∈μhB
(a) min{s1 , s2} 

= (μhA ∩ μhB)(a) 

Then (μhA  ∩ μhB)(ab)(μhA  ∩ μhB)(a) ............ (1) 

(𝑣hA 𝖴 𝑣hB)(ab) = ⋃s1∈𝑣hA
(ab) ,  s2∈𝑣hB

(ab) max{s1 , s2} 

= ⋃ max{s1 , s2} 
s1∈𝑣hA

(a) ,s2∈𝑣hB
(a) 

 
 
 
 
 
 
 
 

 
3725 

= (𝑣hA 𝖴 𝑣hB)(a) 

Then(𝑣hA  𝖴 𝑣hB)(ab) = (𝑣hA  𝖴 𝑣hB)(a) ............ (2) 

From (1) and (2) we get A ∩ B ∈ HIFSPI(R), 

Or 

(μhA ∩ μhB)(ab) = ⋃s1∈μhA
(ab) ,  s2∈μhB

(ab) min{s1 , s2} 

 
= ⋃s1∈μhA

(b) ,s2∈μhB
(b) min{s1 , s2} 

= (μhA ∩ μhB)(b) 

Then (μhA  ∩ μhB)(ab) = (μhA  ∩ μhB)(b) ............ (3) 
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(𝑣hA 𝖴 𝑣hB)(ab) = ⋃s1∈𝑣hA
(ab) ,  s2∈𝑣hB

(ab) max{s1 , s2} 

= ⋃ max{s1 , s2} 
s1∈𝑣hA

(b) ,s2∈𝑣hB
(b) 

= (𝑣hA 𝖴 𝑣hB)(b) 

Then(𝑣hA  𝖴 𝑣hB)(ab) = (𝑣hA  𝖴 𝑣hB)(b) ............ (4) 

From (3) and (4) we get A ∩ B ∈ HIFSPI(R), 

 

 

Propositioni(3.12) 

Let {Ahi , i ∈ I } be a family of a hesitant intuitionistic fuzzy ideal of 

a ring R;then (⋂i∈I Ahi
) is a hesitantintuitionistic fuzzy ideal of a ring R; 

Proof :clearly 

3726 

Theorem (3.13) 

Let R be a ring and Ai, B ∈ HIFSPI(R); where A = <μhA,𝑣hA>, 

B = <μhB,𝑣hB> . Then A 𝖴 B ∈ HIFSPI(R), 

Proof 

Suppose that A , B ∈ HIFSPI(R) ; and a , b ∈ R , then 

By theorem (2.16) ; A 𝖴 B ∈ HIFI(R), 

A 𝖴 B = < μhA, 𝑣hA >𝖴< μhA, 𝑣hA > = < μhA  𝖴 μhB  , 𝑣hA  ∩ 𝑣hB  > 

(μhA  𝖴 μhB)(ab) = ⋃s1∈μhA
(ab) ,  s2∈μhB

(ab) max{s1 , s2} 

 
= ⋃ max{s1 , s2} 

s1∈μhA
(a) ,s2∈μhB

(a) 

= (μhA 𝖴 μhB)(a) 

Then (μhA  𝖴 μhB)(ab) = (μhA  𝖴 μhB)(a) ............ (1) 

(𝑣hA   ∩ 𝑣hB)(ab) = ⋃s1∈𝑣hA
(ab) ,   s2∈𝑣hB

(ab) min{s1 , s2} 

= ⋃s1∈𝑣hA
(a) ,s2∈𝑣hB

(a) min{s1 , s2} 

= (𝑣hA ∩ 𝑣hB)(a) 

Then(𝑣hA  ∩ 𝑣hB)(ab) = (𝑣hA  ∩ 𝑣hB)(a) ............ (2) 

From (1) and (2) we get A 𝖴 B ∈ HIFSPI(R), 

Or 

(μhA  𝖴 μhB)(ab) = ⋃s1∈μhA
(ab) ,  s2∈μhB

(ab) max{s1 , s2} 

 
= ⋃ max{s1 , s2} 

s1∈μhA
(b) ,s2∈μhB

(b) 

= (μhA 𝖴 μhB)(b) 

Then (μhA  𝖴 μhB)(ab) = (μhA  𝖴 μhB)(b) ............ (3) 

(𝑣hA   ∩ 𝑣hB)(ab) = ⋃s1∈𝑣hA
(ab) ,   s2∈𝑣hB

(ab) min{s1 , s2} 

= ⋃s1∈𝑣hA
(b) ,s2∈𝑣hB

(b) min{s1 , s2} 

= (𝑣hA ∩ 𝑣hB)(b) 

Then(𝑣hA ∩ 𝑣hB)(ab) = (𝑣hA  ∩ 𝑣hB)(b) ............ (4) 
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A A A A 

From (3) and (4) we get A 𝖴 B ∈ HIFSPI(R), 

 

 

Proposition (3.14) 

Let {Ahi 
, i ∈ I } be a family of a hesitant intuitionistic fuzzy ideal of a ring R ; then (⋃i∈I Ahi

) is a    

hesitant intuitionistic fuzzy prime ideal of 

a ring R ; 

Proof :clearly 

 

 

Theorem(3.15) 

Let A =<μhA , 𝑣hA > be HIFSPI of a ring R ; thenA𝐻(α,β) is strongly ideal of R if μhA(0) ⊇ α 

;𝑣hA(0) ⊆ β. 

Proof 

 

Let μhA(0) ⊇ α , 𝑣hA(0) ⊆ β , thenA𝐻(α,β) ≠ 𝜙 

Let a , b ∈ R, a .A𝐻(α,β). b ⊆ A𝐻(α,β) , ab ∈ A𝐻(α,β) 

Since ab ∈ A𝐻(α,β) implies μhA(ab) ⊇ α and 𝑣hA(ab) ⊆ β 

Since A be HIFSPI of a ring R, then 

 

μhA(ab) = μhA(a)⊇ αand 𝑣hA(ab) = 𝑣hA(a)⊆ β implies μhA(a)⊇ αand 𝑣hA(a)⊆ β then a ∈ A𝐻(α,β) 

 
If 

 

μhA(ab) = μhA(b)⊇ αand 𝑣hA(ab) = 𝑣hA(b)⊆ β implies μhA(b)⊇ αand 𝑣hA(b)⊆ β then b ∈ A𝐻(α,β) 

Then for all a , b ∈ R, a . A𝐻(α,β) . b ⊆ A𝐻(α,β), ab ∈ A𝐻(α,β) imply 

a ∈ A𝐻(α,β)     
or b ∈ A𝐻(α,β) 

 
HenceA𝐻(α,β) is strongly ideal of R . 

 

 
Definition(3.16) 

 

A hesitant intuitionistic fuzzy ideal A = <μhA , 𝑣hA> of a ring R is said to be hesitant 

intuitionistic fuzzysemiprime ideal of airing R (in short ; HISFI) if for all a ∈ R; then 

 

(1)μh   (a) ⊇ μh   (a2) ; (2)𝑣h    (a) ⊆ 𝑣h (a2) ; 

 

Will denote the set of all HISFPIs in R as HISFPI(R). 
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A B 

A B 

A B A B 

A B A B 

. 0 1 2 

0 0 0 0 

1 0 1 0 

2 0 0 2 

 

+ 0 1 2 

0 0 1 2 

1 1 2 0 

2 2 0 1 

 

Example (3.17) 

 
Let ( R , + , ∙) a ring where R = { 0, 1, 2} be as follows : 

 

Let A be a hesitant intuitionistic fuzzy set of R such that 
 
 µ    ( ) [0,1 ] if x = 0 ( ) 

[0,1] if x = 1,2 
hA   

x = { 
∅ if x = 1,2 

; 𝑣hA   
x = {

∅ if x = 0 

 
Clearly ; A ∈ HISFPI(R). 

 
Theorem (3.18) 

Let R be a ring and A , B ∈ HISFPI(R); where A =<μhA,𝑣hA> ; B =<μhB,𝑣hB> . 

Then A ∩ B ∈ HISFPI(R), 

Proof 

Suppose that A , B ∈ HISFPI(R); and a ∈ R , then 

By theorem (2.16) ; A ∩ B ∈ HIFI(R), 

A ∩ B =< μhA, 𝑣hA >∩< μhA, 𝑣hA   >=< μhA ∩ μhB , 𝑣hA 𝖴 𝑣hB   > 

(μhA  ∩ μhB)(a) = ⋃s1∈μhA
(a) ,  s2∈μhB

(a) min{s1 , s2} 

 
⊇ ⋃ min{s1 , s2} 

s1∈μhA
(a2) ,s2∈μhB

(a2) 

= (μh    ∩ μh )(a2) 

Then (μh    ∩ μh   )(a) ⊇ (μh    ∩ μh   )(a2) ............. (1) 

(𝑣hA  𝖴 𝑣hB)(a) = ⋃s1∈𝑣hA
(a) ,   s2∈𝑣hB

(a) max{s1 , s2} 

⊆ ⋃ max{s1 , s2} 
s1∈𝑣hA

(a2)  ,s2∈𝑣hB
(a2) 

= (𝑣h    𝖴 𝑣h )(a2) 

Then(𝑣h    𝖴 𝑣h  )(ab) ⊆ (𝑣h    𝖴 𝑣h   )(a2).............(2) 

From (1) and (2) we get A ∩ B ∈ HISFPI(R), 

 

 

Proposition (3.19) 

Let {Ahi , i ∈ I } be a family of a hesitant intuitionistic fuzzysemiprime ideal of airing R ; then 

(⋂i∈I Ahi
) is a hesitant intuitionistic fuzzy semiprime ideal of a ring R ; 

Proof : clearly 
 

 

Theorem (3.20) 
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A B 

A B 

A B A B 

A B A B 

(α,β) 

A A A A A A 

(α,β) A A 

Let R be a ring and A , B ∈ HISFPI(R);where A = <μhA,𝑣hA>, B = <μhB,𝑣hB>;Then A 𝖴 B ∈ 

HISFPI(R), 

Proof 

Suppose that A , B ∈ HIFPI(R); and a , b ∈ R , then 

By theorem (2.16) ; A 𝖴 B ∈ HIFI(R) 

A 𝖴 B = < μhA, 𝑣hA >𝖴< μhA, 𝑣hA > = < μhA  𝖴 μhB  , 𝑣hA  ∩ 𝑣hB  > 

(μhA  𝖴 μhB)(a) = ⋃s1∈μhA
(a) ,  s2∈μhB

(a) max{s1 , s2} 

 
⊇ ⋃ max{s1 , s2} 

s1∈μhA
(a2) ,s2∈μhB

(a2) 

= (μh  𝖴 μh )(a2) 

Then (μh    𝖴 μh  )(a) ⊇ (μh    𝖴 μh   )(a2).............(1) 

(𝑣hA ∩ 𝑣hB)(a) = ⋃s1∈𝑣hA
(a) ,  s2∈𝑣hB

(a) min{s1 , s2} 

⊆ ⋃ min{s1 , s2} 
s1∈𝑣hA

(a2)  ,s2∈𝑣hB
(a2) 

= (𝑣h    ∩ 𝑣h )(a2) 

Then(𝑣h    ∩ 𝑣h   )(a) ⊆ (𝑣h    ∩ 𝑣h   )(a2) .............(2) 

From (1) and (2) we get A 𝖴 B ∈ HISFPI(R), 

 

 

Proposition (3.21) 

Let {Ahi , i ∈ I } be a family of a hesitant intuitionistic fuzzy semiprime ideal of a ring R ; then 

( ⋃i∈I Ahi
) is a hesitant intuitionistic fuzzy semiprime ideal of a ring R ; 

Proof : clearly 

Theorem (3.22) 

 

Let Ai =<μhA , 𝑣hA > be HISFPI of a ring R , then A𝐻(α,β ) is semiprime ideal of R if μhA(0) ⊇ α , 

𝑣hA(0) ⊆ β. 

Proof 

 

Let μhA(0) ⊇ α , 𝑣hA(0) ⊆ β ; thenA𝐻(α,β) ≠ 𝜙 

Let a ∈ R,an ∈ A𝐻 , n ∈ N 

Since an ∈ A𝐻 implies μh (an) ⊇ α and 𝑣h   (an) ⊆ β 

Since A be HISFPI of a ring R, then 
 

μh (a)⊇ μh (a2) = μh   (an) ⊇ αand 𝑣h   (a) ⊆ 𝑣h   (a2) = 𝑣h   (an)⊆ βfor some n ∈ N ,implies 

μhA(a)⊇ αand 𝑣hA(a)⊆ β then a ∈ A𝐻(α,β) 

 
HenceA𝐻(α,β) is semiprime ideal of R . 

 

 

Proposition(3.23) 

 
Let A = (μhA, 𝑣hA) ∈ HISFI(R), then A𝛿 ∈ HISFPI(R) , 𝛿 > 0 
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A A 

A A 

A A 

𝐴 𝐴 

𝐴 𝐴 

𝐴 𝐴 

A A 

A A 

A A 

A A 

A A 

A A 

Proof 
 

A = (μhA, 𝑣hA) ∈ HISFPI(R), and a ∈ R 

By theorem (2.16) , A𝛿 ∈ HIFI(R) 

μh  
𝛿(a2) = {r𝛿: r ∈ μh  (a2)} 

 

⊆ { r𝛿: r ∈ μh (a)} = μh   
𝛿(a) 

 

Then   μh   
𝛿(a2) ⊆ μh   

𝛿(a) ..................... (1) 

 

𝑣ℎ 
𝛿(a2) = {1 – (1 − s)𝛿: s ∈ 𝑣ℎ   (a2)} 

 

⊇ {1 – (1 − s)𝛿: s ∈ 𝑣ℎ (a)} = 𝑣ℎ   
𝛿(a) 

Then   𝑣ℎ   
𝛿(a2) ⊇ 𝑣ℎ   

𝛿(a) .................... (2) 

From (1) and (2) we get A𝛿 ∈ HISFI(R) . 

 
Proposition(3.24) 

 

Let A = (μhA, 𝑣hA) ∈ HISFI(R), then 𝛿A ∈ HISFPI(R) , 𝛿 > 0 

Proof 
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A = (μhA, 𝑣hA) ∈ HISFPI(R), and a ∈ R 

By theorem (2.16) ;𝛿A ∈ HIFI(R) 

𝛿μh (a2) = {1 – (1 − r)𝛿: r ∈ μh   (a2)} 

 
⊆ {1 – (1 − r)𝛿: r ∈ μh (a)} = 𝛿μh (a) 

Then   𝛿μh   (a2)⊆ 𝛿μh   (a2) .................. (1) 

𝛿𝑣h (a2) = { s𝛿: s ∈ 𝑣h   (a2)} 

 
⊇{ s𝛿: s ∈ 𝑣h (a)} = 𝛿𝑣h   (a) 

 

Then   𝛿𝑣h   (a2) ⊇ 𝛿𝑣h   (a) .................. (2) 

 

From (1) and (2) we get 𝛿A ∈ HISFI(R) . 

 

Proposition(3.26) 

Let R be a ring and Ai, B ∈ HISFI(R) ;where A = <μhA,𝑣hA>, B = <μhB,𝑣hB> ;then 

1) A⨁B ∈ HISFI(R); 

2) A⨂B ∈ HISFI(R); 

Proof(1) 

Let A , B ∈ HISFI(R) and a ∈ R 

By theorem (2.16) ;A ⊕ B ∈ HIFI(R) , 

A ⊕ B =𝖴 
 
r1∈µhA 
lr2∈µhB 
Is1∈𝑣hA

I 

𝗁
s2∈𝑣hB)

 

({r1 + r2 − r1r2}, {s1s2}) 
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A B A B 

A B A B 

A B A B 

A B A B 

(μh     ⊕ μh )(a2) ={r1 + r2 − r1r2: r1 ∈ μh   (a2) , r2 ∈ μh   (a2)} 

⊆{r1 + r2  − r1r2: r1 ∈ μhA
(a), r2 ∈ μhB

(a)} 

= (μhA ⊕ μhB)(a) 

Then (μh    ⊕ μh   )(a2) ⊆ (μh    ⊕ μh   )(a) ................. (1) 

(𝑣h     ⊕ 𝑣h )(a2) ={s1s2: s1 ∈ 𝑣h   (a2) , s2 ∈ 𝑣h   (a2)} 

⊇ {s1s2: r1 ∈ 𝑣hA
(a) , s2 ∈ 𝑣hB(a)} = (𝑣hA ⊕ 𝑣hB)(a) 

Then (𝑣h    ⊕ 𝑣h  )(a2)⊇ (𝑣h    ⊕ 𝑣h  )(a) ................ (2) 

From (1) and (2) we get A⨁B ∈ HISFI(R). 
 

Proof (2): clearly 
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