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1.Introductioni

Zadeh [15] in (1965) introducedthe concept of fuzzy set(FS) in a setX asa mapping from X into [0,1] .
The intuitionistic fuzzy set (in short, IFS) on a universe X was introduced by K. Atanassov in
1986,and prove some properties[4] .Wang.Jin [8] in 1982 introduced the concept of the fuzzy ring and
fuzzy ideal. T. K.Dutta and B.K. Biswas in (1994) studied fuzzy ideals ,fuzzy prime ideals of semiring
and they defined fuzzy k-ideals and fuzzy prime k-ideals ofsemiring[5] .

Torra [13] in (2010) proposed a new generalized type of fuzzy set called hesitant fuzzy set (HFS) and
he defined the complement, union and intersection of HFSs.Xia and Xu [14] in (2011) gave some
operational laws for HFSs ; such as the addition and multiplication operations .T. Rashid and I. Beg
[12] in (2014) introduced the notion of

" Hesitant intuitionistic fuzzy sets ". The notions of extension of hesitant fuzzy ideals ; hesitant fuzzy
prime ideals ;hesitant fuzzy semiprimeideals and hesitant 3-prime fuzzy ideals in po-

semigroupsare introduced with some of their properties are investigated and they discussed the
relationship between prime ideals and 3-prime ideals in po-semigroup through the extensions of
hesitant fuzzy ideals byM.Y.Abbasi , A. F.Talee , X.Y. Xie and S.A. Khan in 2018 [2]. A. Abbas and
M.J. Mohammed [1] in (2021) introduced a hesitant fuzzy ideal of a ring R .A. Fadhil and M.J .
Mohammed [6] in (2021) introduced on hesitant fuzzy modules . DebabrataMandal [11] in( 2019)
defined hesitant intuitionistic fuzzyideals, hesitant intuitionistic fuzzy quasi-ideal of a semiring,

hesitant intuitionistic fuzzy bi-ideal and obtain some of their related properties .
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In this work we write the definition of a hesitant intuitionistic fuzzy ideal and

hesitant intuitionisticfuzzy prime ideal of aring and prove some results about them .

2. Preliminaries

In this section, we list some definitions and results needed in the later sections .

Definition ( 2.1) [ 15] :

Let X be a non - empty set and let Ibe the closed interval of real nembers I =[0,1] . A fuzzy set n
in X isa function p : X = . p(x) isthe degree of membership of the element x to the set X. The
family of all fuzzy sets in X is denoted by Ix.

Definition(2.2)[4]:

Let X be a non-empty set an intuitionistic fuzzy set (in short, IFS) A is an object have the form: A
={<a, 4,(a),va(a) >: a € X} where the functions p,: X — [0,1] and v,: X — [0,1] denotedthe
degree of membership and non-membership for each element a€ X to the set A ( respectively) and
0< pa(@) + vpa(@) <1 forall a €X . The family of all intuitionistic fuzzy sets denoted by IF(X).
Furthermore, we call:
ma(a) = 1 — pa(a) — va(a), va € X the intuitionistic index or hesitancy degree of ain A .It is obvious

that, 0 <m, < 1, forall a € X.

Definition (2.3)[13] :

Let X be areference set. A hesitant fuzzy set on X is defined in term of a function h that when

applied to X return a subset of [0,1], that is,

h: X — P([0,1]). To be easily understood; Xia and Xu (2010) expressed the HFS by a mathematical
symbol :A= {< x,ha(x) >:x € X } where hy(x) is a set of some values in [0,1] ,

denoting thepossible membership degree of the elementx €X to the set A. Xu and Xia (2011) called
h=h,(x) a hesitant fuzzy element (HFE) and A the set of all HFEs.

Definition (2.4)[12]:

Let X be anon-empty set;Suppose  and v are functions applied to X return subsets of [0, 1] where
for any a € X . A hesitant intuitionistic fuzzy set (HIFS) on X is a set A= { < a, up,(a), vn,(8) >/a €
X} . Values uy,(a) and vy, (a) denote the possible membership and non- membership values of the

elementa € X to the set A respectively; which satisfyp- (a) + v+ (a)<1 and p+ (@) +v- (a) <1
ha ha ha ha

. For simplification; A =( p(a), v(a)) is called a hesitant intuitionistic fuzzy element (HIFE ) ona €
X.

Example (2.5)
Let X = {a, b} be reference set and
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Hpa(@) = [0.3,0.5], vp,(@) = [0.1,0.2],

Hna(b) = [0.1,0.6], v, (b) = [0.3,0.7].
We see that for a, u* (a) = 0.5 andv- (a)=0.1,
ha ha

hence pt (a) + v- (@) <1
ha ha

and p~ (a) = 0.3 andvt (a)=0.2, hence p~ (a) + v* (a) <1
ha ha ha ha

Such condition hold also for b; then we have the hesitantintuitionistic fuzzy set A as :
A = {<4a,[0.3,0.5],[0.1,0.2] >,< b,[0.1,0.6],[0.3,0.7] >}

Definition (2.6)[12] :
AHIFS A = {< a,pup,(a), vny(a) >/a € X} is called:
1) The null HIFS ; denoted by A%; if A% = {< q,®,[0,1] >.
2) The universal HIFS ; denoted by Al°1l ; if Al0l = {< q,[0,1], 0 >}.

Definition (2.7)[9]:
Let A and B are to be HIFS of the forms
A={<a,pp,(a),vp(a) >/a€X}
B = {< a,ppz(a), vuz(a) >/a €X}jonX ;then:
1) A € Bifand only if py,(a) € png(a)and vp,(a) 2 vhg(a)for all

a€eX.

2) A= BifandonlyifA €BandA 2B .

3) Ac= {<aw,(a),pm [a) >ra€X}

4)AUB = {<apm,(@) U ppa), vny(@) Nvp(a) >:a€X}
55ANB = {<a un,(a) N pny(a), vny(a) Uvpy(a) >:a€X}

Example (2.8):
Let X = {a1,a,} be a set of objects and let A , B are two HIFSs over X as follows:
A = {< a,[0.1,0.5],[0.1,0.4] >, < a2, [0.1,0.6],[0,0.5] >}.
B = {<a;,[0.1,0.6],[0.3,0.4] >, < a,,[0.1,0.7],[0.1,0.4] >}.
Hence ;A c B,butA #B.
AUB ={<ay,[0.1,0.6],[0.3,0.4] >,< az[0.1,0.7],[0.1, 0.4] >};
ANnB ={<ay[0.1,0.5],[0.1,0.4] >, < a,,[0.1,0.6],[0,0.5] >};
Ac = {< ay,[0.1,0.4],[0.1,0.5] >, < ap,[0,0.5],[0.1,0.6] >};

Definition(2.9):
Let X and Y are be two non-empty setsand f: X — Y be a function;

it B={<y u;@),vns(y) >: y €Y }isaHIFsinY . Then the pre-image of B under f denoted by

f-1 (B) isa HIFs in X defined by:
£-1(B) = {< x , -1 () (), F1 (W) (x ) > x €X )
where £-1(jng) (x ) = gy (F(0)) and £1(v) (%) = vy (F(X)) :
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IfA={<x,f(un)X),f(vn)(x) >: x € X }isaHIFsinX .Then
the image of A under f denoted byf(A) isa HIFs in Y defined by:

f(A) = { <y, f(uy) ), ([0,1] = £([0,1] = vy )(¥)) >: y €Y }

flun )(y) ={ Useriy Bna ) 5 1 (1) # @
A 0]

;0 fFl(iy)=0
(10,41 = £(10,1] = v, )(¥) = (Mt Va &) 5 F1 () # 0
! [0,1] ;=0

Definition (2.10):
Leta,B < [0, 1] suchthatat + B~ <1 and a—+ B+ < 1 ,a hesitant intuitionistic fuzzy

point (HIFP , in short) x(,p)0f X is a HIFs of X defined by: 3719
_¢ @p :+ y=x
X(G,B) (y) - {((D ) [0'1]) . y +X

In this casexis said to be the support ofxgyand o, Bare called a value and a non-value of x(p)
respectively;
An HIFP x(p)is called belong to a HIFs A of Xdenoted by x(p) € A ;

o S pp,(xand B 2 vy, (x) .if

Definition (2.11):
Let X anon-empty set andA be a hesitant intuitionistic fuzzy set in X; then the (a, B)-

level setdefined by :

Apgp={a€X : m,(@ 2a ,vy,(a) S B} wherea, B <[0,1]

Definition (2.12)[7]

Let R be aring and let h be a hesitant fuzzysubring of R;Then h is called a:

(1) hesitant fuzzy left ideal (in short, HFLI) of R ; if h(ab) = h(b), for all a,be R,
(2) hesitant fuzzy right ideal (in short, HFRI) of R; if h(ab) 2 h(a), for all a,beR
(3) hesitant fuzzy ideal (in short, HFI), if it is both a HFLI and a HFRI of R .

Definition (2.13):

Let A = <pp,,vn,> be a non-empty hesitant intuitionistic fuzzy subset of a ring R; Then A is called a
hesitant intuitionistic fuzzysubring of aring R if foralla,b eR:

1) tna(a@ — b) 2pn, (@) N pn,(b),

2) vny(@—b) Svp, (a) U vy, (b),

3)un, (ab) 2pn, (@) N pn, (),

4) vn, (ab) Svy, (a) U vn, (b)

Definition (2.14):

Let A = <uy,,vn,> be a non-empty hesitant intuitionistic fuzzy subset of a ring R ;Then A is called
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a) hesitant intuitionistic fuzzy leftideal of R ifforalla,b€eR:

1)itny(@ = b ) 2pan, () N 1y, (0)
2) vh,(@a—Db) Svy,, (@) Uvy,(b),
3)itn (ab ) 2pp, (0),

4) vy, (ab) Svp, () ,

b) hesitant intuitionistic fuzzy right ideal of R if foralla,b e R :

Duny(@ — b)) 2pn, (@) N pny(b),
2) vh,(@a —Db) Svy, (@) Uvy,(b),
3)un, (@b ) 2pn, (a),

4) v, (ab) Svn, (a)

c) hesitant intuitionistic fuzzy ideal of Rifforalla,beR:

1) tn,(@ — b) 2pn, (@) N pn,(b),
2) vi, (@ — b) Svp, (3) U vny(b)
3)tn, (ab) 2pp, () U pn,(b),

4) vn, (ab) Svp, (@) N vy, (b),

Example (2.15):
Let (Z,+,.) bearing; and A = <p,,,vn,> be a hesitant
intuitionistic fuzzy subset of Z as follows:

[0,1] ifa=0
h,(@) ={(0.3,0.8] ifaiseven
[0.4,0.7] ifais odd
¢ ifa=0
vy,(a) ={[0.5,0.7) ifais even
(0.1,0.8) ifais odd

Hence A is a hesitant intuitionistic fuzzy ideal of Z.

Theorem (2.16)

Let R be aring; and A, B € HIFI(R),where A =<py,,vh,>, B =<py,,vn,> ;Then

1) An B € HIFI(R)
2) AU B € HIFI(R).
3) A®B € HIFI(R);

4) A®B € HIFI(R);
5) SA€HIFI(R), 8 > 0

6) A5 € HIFI(R), 8 > 0
7) AxB€ HIFI(R)
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Proof : clearly

Theorem(2.17)
Let Abe HIFS of aring R ; such that Ay, is an ideal of R; for all a, B < [0, 1] , then A is HIFI

ofaringR.

Proof : clearly

Proposition (2.18)

Let f: R — R* be a homomorphism of a rings and A = (u, y») e is a hesitant intuitionistic fuzzy

ideal of R*; then f~1(A) is a hesitant intuitionistic fuzzy ideal of R ;where

1 (A)(@) = <f~* (a )@), £ (vn (@) > = <py ( f(a)),vn , (f(a)) >.

Proof : clearly

Proposition (2.19)

Let f: R — R* be an onto homomorphism of a rings and A = (w,, v, ) be is a hesitant intuitionistic

fuzzy ideal of R, then f(A) is a hesitant intuitionistic fuzzy ideal of R* .

Proof : clearly

3. New Results on Hesitant Intuitionistic Fuzzy Prime Ideals

Definition(3.1)[10]
Anideal | of a ring R is saidto be prime ideal if for all s, t € R and

stel, theneitherselortel.

Definition(3.2)[10]
Anideal | of a ring R is said to be semiprime ideal if forall te R,

tr €l thisimplytel,neN.

Definition(3.3)

A hesitant intuitionistic fuzzy ideal A = <py,, vy,> of a ring R is said to be hesitant intuitionistic
fuzzy prime ideal of aring R if foralla, b € R ; then

(D pn,(ab) € pp,(@) U pp,(b) 5
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(2) vhy(ab) 2 vhy(a) N vy(b) ;

Will denote the setof all HIFPIs in R as HIFPI(R);

Example (3.4)
Let (Z,,+,)bearingand A = <y, , vy, >defined as follows
1, (0) = 02, 0.7) , 1y, (1) = [0.3, 0.6) , v1,,(0) = [0.2 ,0.5) ,
vn,(1) = [0.1, 0.6)
We can easily that A € HIFI(R) ;and also A € HIFPI(R) .
3722

Theorem (3.5)
Let A be HIFS of aring R ; such that Al g is an prime ideal of R; forall o, B < [0, 1]; then A
is HIFPl of aring R .
Proof
Let A is HIFS of R such thatAH(a_G) is an prime ideal of a ring R then from definition (3.1) AH(%B)iS an

ideal of aring R ; forall o, < [0,1 |.

Since Ay, is an ideal of a ring R then A is HIFI of a ring R [by theorem (2.17)]

Suppose that A is not HIFPI of a ring R then there exista , b € R such that

Hn,(ab) 2 pn,y(@) U pn,(b)or v, (ab) < wp,(a) N vp,(b)

Choose o, B € [0, 1] such that pp,(ab) > a > py,(@) U pp,(b) orvy,(ab) € B < vy,(a) N vp,(b)
If 1,(ab) D i, (8) U, (b)

This implies abe At but a¢ A and b ¢ Anyp)

If v,(ab) < vp,(a) N vy,(b)

This implies abe Abg but a & Anp and b & Abig

Which is a contradiction with AH(%B)iS an prime ideal

Hence Ais HIFPl of aring R .

Proposition(3.6)
Let A is hesitant intuitionistic fuzzy prime ideal of a ring R; then
1) A8 is hesitant intuitionistic fuzzy prime ideal of a ring R; where § > 0.
2) 8A is hesitant intuitionistic fuzzy prime ideal of a ring R;
Proof (1)
Suppose A is hesitant intuitionistic fuzzy prime ideal of a ring R;

By theorem (2.16) A8 is hesitant intuitionistic fuzzy ideal of a ring R

b, (ab) = {r%: T € p,, (ab)}
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c{rirem,@Um (b}
={rereu,(@vrep (b}
={ roreum,@}{ r’:r e (0b)}
= tn,’(2) U pp 2 (b)

Then iy, °(ab) €y, °(a) U pn ,O(b).......... @h)

vp,5@b) = {1 - (1 — 5)% s € vy, (ab)

2 {1-(1— 5)% € vy, @) N va, ()}
={1-(1-s9s):sewv (@As€wv, (b}
={1-(1-9s):sev,@I{l-(1- s)s€ Vh(b)}
=vp, @) Ny, ()

SovR®@-b) 2v4%@) N v 3(M).......(2)

From (1) and (2) we get AS € HIFPI(R)

Proof(2) : clearly

Proposition (3.7)

1) Letf:R —R*beahomomorphism ofaringsand A = (p,,vs ) beis

a hesitantintuitionistic fuzzy prime ideal of R* ;then f=1(A) is a hesitant intuitionistic fuzzy

prime ideal of R .

2) Letf:R —R-be anonto homomorphism of a rings and A = (w, y») he is a hesitant
intuitionistic fuzzy prime ideal of R, then f(A) is a hesitant intuitionistic fuzzy prime ideal

of R*.

Proof (1)

Let A = (un,pn ) be is a hesitant intuitionistic fuzzy prime ideal of R*
By proposition ( 2.18)f-1(A) is a hesitant intuitionistic fuzzy ideal of R
Letr, s €R ,thus

(k) (rs) =tn, (f(rs)) =un, (f(r) f(s)) [f homomorphism]

€ pn,( (1)) U pn, (F(s))

=1 (M )() U £ (n,y)(s)

Then f~1(up,)(rs) € £-1 (U )(™) U £-1 (pp, (). ... (1)

£ (wp,)(rs) =vp,(f(rs)) =vp,(f(r) f(s)) [f homomorphism]

2 v, (f(r) N vy, (f(s))
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=71 (wa)(r) 0 71 (vr )(5)

Then f=1(vy )(rs) 2 71 (vp J() N 71 (wp Y)(S) ... 2)

Hence from (1) and (2) we get f-1(A) is a hesitant intuitionistic fuzzy prime ideal of R.

Proof(2)
Let A = (un,, vn,) be is a hesitant intuitionistic fuzzy prime ideal of R.
By proposition (2.19) f(A) is a hesitant intuitionistic fuzzy ideal of R*

Let r, s € R¥; since f onto homomorphism , then there exista, b € Rsuch that f(a) =r, f(b) =s

3724
f(Uny) (1) = U f(a)=r, tb)=s Hha(@D ) S Uga)=r b)=s {Hns(2) U pp,(b)}

= {Us@=r tny(@)} U {Uswy=s 1n,(b)}

= { Uaer-10) 1y ()} U {Uber-15) by (b)}

= f(kn) (1) U fn,) (5)
Hence  f(in,) (rs) € f(hny) (1) U f(ln ) (8) covvvvvvvvveeen @
[0,1] - ([0.1]=f(n,) (rs)) = Nica)=r fv)=s Vhy(ab)
2 Neay=r fo)=s{Vna(a) N vy, (b)}
= {Ne@=r vny (@} N {New)=s vn,( b)}
= { Naer-10) Y1y ()} N {Nver-1(s) iy (b)}
= [0,1] - ([0.1]—f(vn,) (1)) N [0,1] — ([0.1]—f(vh,) (5))
Hence [0,1] - ([0,1]—f(vh,) (rs)) 2[0,1] - ([0,1]—f(vn,) (1))
N [0,1] - ([0,1]—f (v ))(S) <wevene (2)

From (1) and (2) we get f(A) is a hesitant intuitionistic fuzzy prime ideal of R*.

Definition (3.8) [10]

Arright ideal | of R is said to be strongly prime ideal if for every x , y € R, xly € | and xy€ |
;imply x€eloryel

Definition(3.9)

A hesitant intuitionistic fuzzy ideal of a ring R is called to be a hesitant intuitionistic fuzzy strongly
prime ideal of R (\in short, HIFSPI) if for all a , b € R such that p,,(ab) = p,, (a) and vy,(ab ) =
vh(@) or pp,(ab ) = py,(b) and vy,(ab) = vy,(b)
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* Will denote the set of all HIFSPIs in R as HIFSPI( R)

Example(3.10)

Let (Z,,+,) be aring and A:Z, — P[0,1]define as following ; where A= <py, , vy, > such that
un,(0) = [0.1,0.7], pp,(1) =[0.1, 0.5] and

vh,(0) =[0.2, 0.6] , vh,(1) = [0.3, 0.4] .Then we easily see that A is HIFl of R .
Hence py,(0.0) = pn, (0) and vy, (0.0) = vy, (0)

Hny(0.1) = py,(0) and vy, (0.1) = vp,,(0)

Hna(1.0) = pp,(0) and vy, (1.0) = vi,,(0)

Hna(1.1) = py, (1) and wp,(1.1) = vy, (1)

Thus A € HIFSPI(R) .

Theorem (3.11)
Let R be aringand A, B € HIFSPI(R);where A =<py,,,vy,>, B =<pp,,vn;> .
Then A N B € HIFSPI(R);
Proof
Suppose that A, B € HIFSPI(R); and a, b € R ; then
By theorem (2.16) ; A n B € HIFI(R)
AN B =< py,, Vhy >N< fpy, Vhy >=< Uy, N Phg , Vhy U Vg >

(p—hA n p—hg) (ab) = Us1EuhA(ab) s szeuhB(ab) min{sl , 52}

= UsleuhA(a) ,szeuhB(a) min{51 , SZ}
= (M, N Bng) (@)
Then (llhA n HhB)(ab)(uhA N “hB)(a) """""" (1)

(th U vhB) (ab) = Us1Eth(ab) s szevhB(ab) max{sl , 52}

=U max{s1, Sz}
s1€vh,(a) ,s2€vhg(a)

= (th U vhB) (a)

Then(vh, Uvhg)(@b) = (v, Uvng)(@) oo 2
From (1) and (2) we get A n B € HIFSPI(R),
Or

(uhA N uhB) (ab) = UsleuhA(ab), szeuhB(ab) min{sl ’ SZ}

= Us1€uhA(b) ,szEphB(b) min{51 ’ SZ}
= (Hna N 1) (b)
Then (P—hA N th) (ab) = (HhA N HhB) (b) """""" (3)
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(th U vhB) (ab) = Usleth(ab) , szEvhB(ab) max{sl , 52}

=U max{s1, sz}
s1€vh, (b) ,s2€vhg(b)

= (th U vhB) (b)
Then(vn, U vhg)(@b) = (wn, U vng) (D) .o, @)
From (3) and (4) we get A n B € HIFSPI(R),

Proposition (3.12)
Let {Ay,, i € I } be a family of a hesitant intuitionistic fuzzy ideal of
aring R;then (Nier An) is a hesitantintuitionistic fuzzy ideal of a ring R;

Proof :clearly

Theorem (3.13)
Let R be aringand A, B € HIFSPI(R); where A = <py,,vp,>,
B = <jip,,Un,> . Then AU B € HIFSPI(R),
Proof
Suppose that A, B € HIFSPI(R) ; and a, b €R, then
By theorem (2.16) ; AU B € HIFI(R),
AUB = < py,, vp, >U< pp,, Vh, > = < P, U Ung , Vhy N Vhy >

(uhA U uhg)(ab) = UsleuhA(ab), szEphB(ab) maX{Sl ’ 52}

=U max{s1, sz}
S1€Hn, () ,52EpNE(R)

= (Mny U Hng) ()
Then (pn, U png)(ab) = (iny U png) (@) e 1)
(Uny N Vhg)(@D) = Usievn, @b, szevng(ab) Min{sy, sz}
= Usievn, (@ szevng@) Min{sy , s}

= (th n vhB) @

Then(vh, N vhy)(@b) = (W, N V) (Q) e, 2
From (1) and (2) we get A U B € HIFSPI(R),
Or

(HhA U p—hg)(ab) = Us1EphA(ab), szeuhB(ab) max{sl '52}

=U max{si, Sz}
s1€pn,(b) ,s2€png(b)
= (Uny U Hng) (b)
Then (pn, U png)(@b) = (hy U ) (D) coovevee 3)
(VhA n vhB) (ab) = Usleth(ab), szEvhB(ab) min{sl ’ SZ}
= Us1Eth(b) ,szEvhB(b) min{sl ’ SZ}

= (Uny N vpy) (b)
Then(vy, N vh,)(ab) = (Wh, N Vi) (B) oo (4)
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From (3) and (4) we get A U B € HIFSPI(R),

Proposition (3.14)

Let {An,,i € 1 } be a family of a hesitant intuitionistic fuzzy ideal of a ring R ; then (Uie1 An)) is a
hesitant intuitionistic fuzzy prime ideal of
aringR;

Proof :clearly

Theorem(3.15)
Let A =<py, ,vn, > be HIFSPl of aring R ; thenAH(mB)is strongly ideal of R if p,,(0) 2«
;UhA(O) c B

Proof 3727

Let uny(0) 2 o, v, (0) S B, thenAy o #* ¢

Leta,b€R, a 'AH(a,B)'b c AH((I'G) , ab € AH((x,B)
Since ab € Atop implies pn,(ab) 2 o and vp,(ab) € B

Since A be HIFSPI of aring R, then

Hp,(ab) = py,(8)2 aand vy,(ab) = vy,(a)< B implies pp,(a)2 aand v,,(a)< B then a € AH(a,B)
If

Hn,(ab) = pn,(0)2 aand vp,(ab) = wvy,(b)S B implies py,(b)=2 aand vy, (b)E B then b € Atep
Thenforalla,b €R, a. AH(%G) .bc AH(a,B)’ ab € AH(a’ﬁ) imply

aeE AH(O(B) or b € AH(O(B)

HenceAH(a’G) is strongly ideal of R .

Definition(3.16)

A hesitant intuitionistic fuzzy ideal A = <py,, vy,> of a ring R is said to be hesitant
intuitionistic fuzzysemiprime ideal of a ring R (in short ; HISFI) if for all a € R; then

(Dpn, (@) 2 pn,(@2) 5 (Qvn, (@) € v fa?);

Will denote the set of all HISFPIs in R as HISFPI(R).
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Example (3.17)

Let (R, +,-)aring where R={0, 1, 2} be as follows :

Let A be a hesitant intuitionistic fuzzy set of R such that

W) o1l ifx=0
m X =1y if x = 1,2 o 0= ¢

[0,1] if x=1,2
o) if x=0 3728

Clearly ; A € HISFPI(R).

Theorem (3.18)
Let R be aringand A, B € HISFPI(R); where A =<p,,,vn,> ; B =<{ipg,Vhs> .
Then AN B € HISFPI(R),
Proof
Suppose that A , B € HISFPI(R); and a € R, then
By theorem (2.16) ; A n B € HIFI(R),
AN B =< py,, ¥hy, >N< Ppy, Vhy >=< Upy N Phg » Vhy U Uy >

(Hny N 1ng) (@) = Usyepy, @), sy€m,(2) Min{s1, s2}

2 U min{s1, sz}
s1€Hh,(a2) ;s2€png(a2)

= (Hn, N pny)(a?)
Then (tn, N Bng)(@) 2 (Mhy N Hrg) (@D e 1)

(Uny U vng)(@) = Usien, (), sz€vp,(a) Max{s1, sz}

cu max{s1, Sz}
s1€vh,(a?) ,s2€vhg(a?)

= (vy, Uvpy)(a?)
Then(vy, Uvy)(ab) € (vn, Uvn)(@2) e 2
From (1) and (2) we get A n B € HISFPI(R),

Proposition (3.19)
Let {Ay,,1 € I} be a family of a hesitant intuitionistic fuzzysemiprime ideal of a ring R ; then
(Nier An) is a hesitant intuitionistic fuzzy semiprime ideal of aring R ;

Proof : clearly

Theorem (3.20)
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Let R be aring and A , B € HISFPI(R),where A = <p,,vp,>, B = <py,,vp,>Then AU B €
HISFPI(R),
Proof
Suppose that A, B € HIFPI(R); and a, b € R, then
By theorem (2.16) ; AU B € HIFI(R)
AUB =< pp,, vh, >U< up,, Vhy > = < tny U Png , Vhy N Vhy >

(llhA u IJ-hB)(a) = UsleuhA(a), S2€Hp(a) max{s1, Sz}

2U max{s1, Sz}
$1€Hh,(a?) ;s2€php(a2)

= (Hn, Uy (@?)
Then (un, U pnp)(@) 2 (n, U ptnp) (@5 1)

(UhA n vhB)(a) = Usleth(a) » 52€vp(a) min{sl f 52}

cuU min{s1, sz}
s1€vh,(a?) ,s2€vhg(a?)

= (vh, N vpy)(a%)
Then(vn, Nvhy)(@) S (Vh, N Vhp)(@2) e, 2
From (1) and (2) we get A U B € HISFPI(R),

Proposition (3.21)
Let {Ay,,i € 1} be a family of a hesitant intuitionistic fuzzy semiprime ideal of a ring R ; then
( Uier An) is a hesitant intuitionistic fuzzy semiprime ideal of a ring R ;
Proof : clearly
Theorem (3.22)

Let A =<y, ,vh, > be HISFPl of aring R, then Anp )is semiprime ideal of Rif p,,(0) 2 a,
vh,(0) € B.

Proof

Let up,(0) 2 o, vy, (0) S B; thenAy z # ¢

Leta € R,ar € AH(a,B) ,NEN
Since an € An, B)implies h,(@") 2 aand vy ,(a") € B

Since A be HISFPI of aring R, then

n,(8)2 un [a%) = py f(am) 2 aand vy, (@) S v, [a?) = v, (an)< Bfor some n € N ,implies

Mny(2)2 aand v, (a)< Bthena € Ay

HenceAH(aﬁ) is semiprime ideal of R .

Proposition(3.23)

Let A = (pn,, vy,) € HISFI(R), then AS € HISFPI(R) , § > 0
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Proof

A = (i, Vn,) € HISFPI(R), and a € R
By theorem (2.16) , A% € HIFI(R)

kn,’(a2) = {rs: r € uy (a?)}
c{rirem,@}=m, @)

LT GO E=RTILIC) PR (1)
v, @) ={1- (1 - s)%s € (a2}
2{l-(1- s):s€ v [a)}=v, ’(a)
Then vy, %(a2) 2 vy 2(@) v )
From (1) and (2) we get A% € HISFI(R) .

Proposition(3.24)

Let A = (uy,, vn,) € HISFI(R), then A € HISFPI(R) , 6 > 0

Proof

A = (i, vh,) € HISFPI(R), and a € R
By theorem (2.16) ;6A € HIFI(R)

Sun ,(@%) ={1-(1 - r)%:r € ppy (%)}
S{1-(A-0%re py @} =bm ()
Then Sy, (@2)S Sptn, (@2) vovvvvrccceeee )
6vn,(a?) = { s’ s € vy ,(a2)}

2{ s%:s € vy ()} = 6wy (a)

Then v, (a2) 2 6vp, (@) vvvvvvevenee )
From (1) and (2) we get A € HISFI(R) .

Proposition(3.26)

Let R be aring and A, B € HISFI(R) ;where A = <uy,,,vh,>, B = <pp,,vh,> then

1) A®B € HISFI(R);

2) A®B € HISFI(R);

Proof(1)

Let A,B e HISFI(R)anda e R

By theorem (2.16) ;A @ B € HIFI(R) ,

AD®BH rieun, ({r1 + ry —rir2}, {s1s2})
1r2€uhg
Is1€thI
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(Mn, @ wnp)(@?) ={ry +rz —rirziri € py ,(@%) , 12 € py (a2)}
S{ri+ r; —rirai 1 € pp,(a), 12 € ppga)}

= (Un, B 1ng)(a)

Then (pn, @ 1ny)(@2) S (tn, @ Hnp)(@) v 1)

(Vn, @ vny)(@?) ={s152: 51 € vy ,(a%) , 52 € vy, [(a?)}

2 {s152: 11 € v,(a) , 52 € Vhg(a)} = (Vhy D v1y)(2)

Then (vn, @ vhB)(aZ)Q (vn, @ vhB)(a) ................ 2
From (1) and (2) we get A@®B € HISFI(R).

Proof (2): clearly

References

[1] A. Abbas, M. J. Mohammad ,"On hesitant fuzzy ideal of a ring" , M.Sc. Thesis, University of Thi- 3731
Qar,(2021).

[2] M. Abbasi, A . Talee, S .Khan and K. Hila,"A hesitant fuzzy set approach to ideal theory in I'-
Semigroups”, Advances in Fuzzy Systems (2018) , DOI: 10.1155/1D-5738024 .

[3] M. Abbasi, A . Talee,X.Y.Xie,"HESITANT FUZZY IDEAL EXTENSION IN PO-
SEMIGROUPS TWMS" App.Eng .Math .V.8

/N.2.2018 ,pp.509-521

[4] K. Atanassov," Intuitionistic fuzzy sets" ,Fuzzy Sets and Systems, VVol. 20, pp. 86-96, (1986).
[5] T. Dutta and B. K. Biswas, “Fuzzy prime ideals of a semiring”, Bull. Malaysian Math. . Soc. 17, pp
9-16, (1994)

[6] A. Fadhil , M. J. Mohammad ,"On Hesitant Fuzzy Modules" , M.Sc. Thesis, University of Thi-
Qar,(2021).

[7] J. H. Kim, P. K. Lim, J. G. Lee, K. Hur " Hesitant Fuzzy Subgroups and subrings" , Annals of
Fuzzy Mathematics and Informatics, vol.18 , no. 2, pp.105-122, 2019.

[8] W. Liu,” Fuzzy invariant subgroups and fuzzy ideals”, Fuzz Sets and . Systems, vol. 8, no. 2, pp.
133-139, (1982)

[9] Nazra.A, Syafruddin,Lestari.R and Wicaksono.G.C (Hesitant intuitionistic fuzzy soft sets)Series
890 (2017) 012118

[10] P. MandalA.S.Ranadive “The Rough Intuitionistic Fuzzy Ideal of .Intuitionistic Fuzzy Subrings in
a Commutative Ring “ Fuzzy Inf .Eng (2014) 6:279-297.
[11] D. Mandal ,” Hesitant Intuitionistic Fuzzy ldeals of I'-Semirings” Journal of New Results in
Science Vol 9 ,Issue 1 (2020) pages 44-52
[12] T. Rashid and I. Beg 2014 International Journal of Fuzzy Logic and

Intelligent Systems 14 pp 181-187

[13] V. Torra, "Hesitant Fussy Set", International Journal of Intelligent Systems,Vol. 25, No. 6, pp.
529-539, (2010).

[14] M. M. Xia and Z. S. Xu, "Hesitant Fuzzy Information Aggregation in Decision Making "
International Journal Approximate Reasoning, Vol. 52,No. 3, pp. 395- 407, (2011).

[15] L.Zadeh,Fuzzy sets, Information and Control, 338-353, 8 (1965).

www.neuroquantology.com
elSSN 1303-5150



