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Abstract 

        This search will show new SIR model and vaccine rate for dynamic system this study offer the 
stability, which way given by this study has proposed to all equilibrium points of this model. We depended 
on Routh Hurwitz criteria and lyapunov function methods in our study New SIR model and vaccine are 
come from actual analysis of susceptible, infection and recovery data within corona virus (covid-19) in 
Iraq during 3 months (1 January to 31 March), The proposed model has formed substantially by 
estimating last square root curve fit of Runge kutta (Rk4) parameters. 

The endemic equilibrium points will be found and discuss the stability of the model at each endemic 
equilibrium point and the trajectories of S,I and R are plotted  to show the convergence of equilibrium 
points of the model .  
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1-Introduction 

One of the early triumphs of mathematical 
epidemiology was the formulation of a simple 
model by Kermack and McKendrick in 1927 
whose predictions are very similar to the 
behavior, observed in countless epidemics, of 
disease that invade a population suddenly, grow 
in intensity, and then disappear leaving part of the 
population untouched. 

Basic molecular models for describing infectious 
disease transmission are presented in a series of 
three papers by W.O. Kermack and A.G. 
McKendrick in 1927, 1932, and 1933. The SIS and 
SIR model, due to Kermack and McKendrick 
[10],[11],[12], In 1981 Hethcote , Stech and  van 
den Driessche studied the SIRS model [7] . 

       Many researchers have studied and analyzed 
different  kinds of SIR models, in 2010 S.Pathak 
,A.Maiti and G.P.Samanta  studied the Rich 
dynamics of an SIR epidemic model [14] , In 2012 
linhua zhou  and Meng fan  studied the dynamics 
of an SIR epidemic model with limited medical 
resources revisited [16], in 2013 Junhong Li and 
Ning cui  studied the ''dynamics Behavior for an  
SIRS Model with Nonlinear Incidence Rate and 
Treatment''[13].  in 2015 Olukayobe Adebimpe et 

al.  studied the Stability Analysis of an SIR Model 
With Non-linear Incidence and Treatment 
rates[1]. In the same year Balram Dubey et al. 
studied the Dynamical properties of SIR Model 
with Nonlinear Incidence and Treatment Rates 
[6]. In 2018 Dr.Mubarak Deeb studied the Role of 
Mathematical Models in Epidemiology [5]. In 
2019 Amine et al. Analyze the Stochastic SIR 
Model with Vaccination and Nonlinear incidence 
Rate [3].  In 2019 Angel G.G et al. studied the 
Bifurcation Analysis of an SIR Model with Logistic 
Growth Nonlinear Incidence and Saturated 
Treatment [4]. In 2021 Fehaid Salem Alshammari 
and Muhammad Altaf Khan studied the dynamical 
behavior of a modified SIR model with nonlinear 
incidence and recovery rates [2]. 

2.  The Mathematical model  

          In our calculations people are equally 
separated into three parts: susceptible persons S, 
infected patients I and recovery ones R. 
Concerning with those carrying healthy can treat 
disease with proper condition. Infected patient 
are dealing with the disease and currently 
infected by it. For this kind of the disease, 
individuals are able to transfer infections to 
susceptible by contact within a period of time, 
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Infected people get rid of infection and having 
recovery section (their immune system) in their 
body apply treatment for recovered persons , 
have showed generally strong immune to the 

infections microbes  and will not obtain the 
disease once again. The suggested SIR model can 
be formulated by the following system of 
differential equations: 

𝑆̇ = (1 − 𝑏)𝐴 − 𝛿0𝑆 −
𝛼𝑆𝐼

1 + 𝛽𝑆 + 𝛾𝐼 + 𝜆𝑆𝐼
− 𝑣𝑆                      … (3.1. 𝑎) 

𝐼̇ =
𝛼𝑆𝐼

1 + 𝛽𝑆 + 𝛾𝐼 + 𝜆𝑆𝐼
− 𝛿0𝐼 − 𝛿1𝐼 − 𝛿2𝐼 −

𝑤𝐼

1 + 𝜃𝐼
                … (3.1. 𝑏) 

𝑅̇ = 𝑏𝐴 + 𝛿2𝐼 +
𝑤𝐼

1 + 𝜃𝐼
− 𝛿0𝑅 + 𝑣𝑆                                            … (3.1. 𝑐) 

Where  

   𝑆(0) ≥ 0  , 𝐼(0) ≥ 0   , 𝑅(0) ≥ 0  and   𝛿3 = 𝛿0 + 𝛿1 + 𝛿2  

 

 

Figure 3.1: New SIR Model and Vaccine rate 

 

         Assumingly the susceptible be represented 
with a constant number A (birth number), , b is 
Vaccine birth rate, 𝛿0 is death naturally rate of the 
people in every class,  𝛿1 represent the death rate 
for infected person the reason behind this 
infection, 𝛿2 is a natural recovery rate acquired by 
immunity the model (calculated by 1/recovery 
interval). 

        In model (1.a, 1.b, 1.c) we consider the 

incidence rate as a function (𝑆, 𝐼) =
𝛼𝑆𝐼

1+𝛽𝑆+𝛾𝐼+𝜆𝑆𝐼
 , 

where 𝛼 is the transmission rate, 𝛽 is a measure 
of inhibition effect, such as preventive measure 
taken by susceptible individuals, and 𝛾 is a 
measure of inhibition effect such as treatment 
with respect to infected individuals ,and 𝜆 is 
mixing parameter of S and I , 𝑣 is Vaccine rate of S 
. 

         The term   𝑇(𝐼) =
𝑤𝐼

1+𝜃𝐼
    in (1.b) represent the 

treatment rate where w is a positive constant and 
Define as a constant which found by the resource 
of limitation. [15],[16] 

2.1 Stability of Equilibrium points of 
Mathematical model :-  

        In this section we will find Equilibrium points 
by solving the system (1.a, 1.b, 1.c) 
simultaneously and we obtain the following 
points: 

1-  𝐸0(0,0,0) Is the trivial Equilibrium points 
where 𝐴 = 0 only.  

2- 𝐸1(𝑆, 0, 𝑅) Is the Equilibrium points from 
equation (1.a) we get  
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 𝑆 =
𝐴(1 − 𝑏)

𝛿0 + 𝑣
                        … (2)   

Substitute (3.2) in (3.1.c) we get  

𝑅 =
(𝑏𝐴𝛿0 + 𝑣𝐴)

𝛿0
2 + 𝛿0𝑣

                                                 … (3) 

Then 𝐸1 (
(𝐴−𝐴𝑏)

𝛿0+𝑣
 , 0 ,

(𝑏𝐴𝛿0+𝑣𝐴)

𝛿0
2+𝛿0𝑣

 ) is Equilibrium point . 

3- 𝐸2(𝑆, 𝐼, 0)    Is the equilibrium point, from   (1.c) we get 

𝛿2𝐼 +
𝑤𝐼

1 + 𝜃𝐼
= −𝑏𝐴 − 𝑣𝑆                                   … (4) 

Substitute (4) in (1.b) we get   

𝛼𝑆𝐼

1 + 𝛽𝑆 + 𝛾𝐼 + 𝜆𝑆𝐼
= 𝛿0𝐼 + 𝛿1𝐼 − 𝑏𝐴 − 𝑣𝑆         … (5) 

Substitute (5) in (1.a) we get  

𝑆 =
𝐴

𝛿0
−

(𝛿0 + 𝛿1)𝐼

𝛿0
                                 … (6) 

𝑆 = 𝑏1 + 𝑏2𝐼         𝑤ℎ𝑒𝑟𝑒     𝑏1 =
𝐴

𝛿0
    𝑎𝑛𝑑      𝑏2 = −

(𝛿0 + 𝛿1)

𝛿0
 

Substitute (6) in (1.b) we get   

𝐴1𝐼
3 + 𝐴2𝐼

2 + 𝐴3𝐼 + 𝐴4 = 0      … . (7) 

Where  

𝐴1 = 𝛿3𝜃𝜆𝑏2 

𝐴2 = 𝛿3𝜆𝑏2 + 𝛿3𝜃(𝛽𝑏2 + 𝛾 + 𝜆𝑏1) + 𝑤𝜆𝑏2 − 𝛼𝑏2𝜃 

𝐴3 = 𝛿3(𝛽𝑏2 + 𝛾 + 𝜆𝑏1) + 𝛿3𝜃(1 + 𝛽𝑏1) + 𝑤(𝛽𝑏2 + 𝛾 + 𝜆𝑏1) − 𝛼𝑏2 − 𝛼𝑏1𝜃 

𝐴4 = (𝛿3(1 + 𝛽𝑏1)) + (𝑤(1 + 𝛽𝑏1)) − (𝛼𝑏1) 

The solution of equation (7) is given by 𝐼1,2,3 = {𝐼1, 𝐼2, 𝐼3}. Then we obtain 𝐸2,1(𝑆1, 𝐼1, 0)  , 
  𝐸2,2(𝑆2, 𝐼2, 0)  and 𝐸2,3(𝑆3, 𝐼3, 0)  Are equilibrium point of equation (1.a), (1.b) and (1.c) 

4- 𝐸3,𝜏(𝑆𝜏, 𝐼𝜏, 𝑅𝜏)  𝑤ℎ𝑒𝑟𝑒 𝜏 = 1,2,3,4  Are the equilibrium point from equation (1.b) hence 

𝑆 =
(𝛿3 + 𝛿3𝛾𝐼 + 𝛿3𝜃𝐼 + 𝛿3𝜃𝛾𝐼2 + 𝑤 + 𝑤𝛾𝐼)

(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )
   … (8) 

Now substitute   (8) in (1.c) hence  

𝑅 =
𝑏𝐴

𝛿0
+ 

𝛿2𝐼

𝛿0
+

𝑤𝐼

𝛿0(1 + 𝜃𝐼)
 

+
𝑣𝛿3 + 𝑣𝛿3𝛾𝐼 + 𝑣𝛿3𝜃𝐼 + 𝑣𝛿3𝜃𝛾𝐼2 + 𝑣𝑤 + 𝑣𝑤𝛾𝐼

𝛿0(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )
 

…(9) 

Now by adding (1.a), (1.b) and (1.c) we get  

𝐴 − 𝛿0𝑆 − 𝛿0𝐼 − 𝛿1𝐼 − 𝛿0𝑅 = 0                                                        … (10) 

Now substitute   (8) and (9) in (10) we get   

(𝐴 − 𝑏𝐴) =
𝛿3𝐼(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )

(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )
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+(
(1 + 𝜃𝐼)(𝛿0𝛿3 + 𝛿0𝛿3𝛾𝐼 + 𝛿0𝛿3𝜃𝐼 + 𝛿0𝛿3𝜃𝛾𝐼2 + 𝛿0𝑤 + 𝛿0𝑤𝛾𝐼)

(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )
   )

+ (
𝑤𝐼(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )

(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )

+
(1 + 𝜃𝐼)(𝑣𝛿3 + 𝑣𝛿3𝛾𝐼 + 𝑣𝛿3𝜃𝐼 + 𝑣𝛿3𝜃𝛾𝐼2 + 𝑣𝑤 + 𝑣𝑤𝛾𝐼)

(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  )
) 

…(11) 

But the denominator can be simplified as follows: 

(1 + 𝜃𝐼)(𝛼 + 𝛼𝜃𝐼 − 𝛿3𝛽 − 𝛿3𝜆𝐼 − 𝛿3𝜃𝛽𝐼 − 𝛿3𝜃𝜆𝐼2 − 𝑤𝛽 − 𝑤𝜆𝐼  ) 

= ((𝛼 − 𝛿3𝛽 − 𝑤𝛽) + (𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆)I ) − 𝛿3𝜃𝜆𝐼2 

+(𝜃(𝛼 − 𝛿3𝛽 − 𝑤𝛽)𝐼 + 𝜃(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆)𝐼 2 ) − 𝛿3𝜃
2𝜆𝐼3 

= (𝛼 − 𝛿3𝛽 − 𝑤𝛽) + (𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆 + 𝜃(𝛼 − 𝛿3𝛽 − 𝑤𝛽))𝐼 

+(−𝛿3𝜃𝜆 + 𝜃(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆) )𝐼 2 − 𝛿3𝜃
2𝜆𝐼3 

…(12) 

Substitute (12) in (11) we get 

𝐴1𝐼
4 + 𝐴2𝐼

3 + 𝐴3𝐼
2 + 𝐴4𝐼 + 𝐴5 = 0              … (13) 

Where 

𝐴1 = 𝛿3
2𝜃2𝜆 

𝐴2 = −𝛿3𝜃
2𝜆(𝐴 − 𝑏𝐴) − (𝛿3(−𝛿3𝜃𝜆 + 𝜃(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆) ) + 𝛿0𝛿3𝜃

2𝛾 − 𝑤𝛿3𝜃𝜆 + 𝑣𝛿3𝜃
2𝛾) 

𝐴3 = (𝐴 − 𝑏𝐴)(−𝛿3𝜃𝜆 + 𝜃(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆) )

− (𝛿3(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆 + 𝜃(𝛼 − 𝛿3𝛽 − 𝑤𝛽)) + 𝛿0𝛿3𝜃𝛾

+ (𝜃𝛿0𝛿3𝛾 + 𝛿0𝛿3𝜃
2 + 𝜃𝛿0𝑤𝛾) + 𝑤(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆) + 𝑣𝛿3𝜃𝛾

+ 𝜃(𝑣𝛿3𝛾 + 𝑣𝛿3𝜃 + 𝑣𝑤𝛾)) 

𝐴4 = (𝐴 − 𝑏𝐴)(𝛼𝜃 − 𝛿3𝜆 − 𝛿3𝜃𝛽 − 𝑤𝜆 + 𝜃(𝛼 − 𝛿3𝛽 − 𝑤𝛽))

− (𝛿3(𝛼 − 𝛿3𝛽 − 𝑤𝛽) + (𝛿0𝛿3𝛾 + 𝛿0𝛿3𝜃 + 𝛿0𝑤𝛾) + ((𝜃𝛿0𝛿3 + 𝜃𝛿0𝑤))

+ (𝑤(𝛼 − 𝛿3𝛽 − 𝑤𝛽)  ) + (𝑣𝛿3𝛾 + 𝑣𝛿3𝜃 + 𝑣𝑤𝛾)𝐼 + 𝜃(𝑣𝛿3 + 𝑣𝑤)𝐼) 

𝐴5 = (𝐴 − 𝑏𝐴)(𝛼 − 𝛿3𝛽 − 𝑤𝛽) − (𝛿0𝛿3 + 𝛿0𝑤 + 𝑣𝛿3 + 𝑣𝑤) 

We get 

          Equation (13) is a fourth order polynomial and we can find values of   𝐼  and through the methods 
and can simply use the calculator program to calculate once the parameters are given above.  Then  𝐼 =
{𝐼𝜏}𝜏=1

4  From equation (8) and (9) we get  𝑆 = {𝑆𝜏}𝜏=1
4   , 𝑅 = {𝑅𝜏, }𝜏=1

4  then  

𝐸3,𝜏(𝑆𝜏, 𝐼𝜏, 𝑅𝜏) 𝑤ℎ𝑒𝑟𝑒 𝜏 = 1,2,…4 are equilibrium point of the model . 

 

2.2.Reproduction number  𝓡𝟎 ∶ − 

       By using equilibrium point 𝐸1 (
(𝐴−𝐴𝑏)

𝛿0+𝑣
+ , 0 ,

(𝑏𝐴𝛿0+𝑣𝐴)

𝛿0
2+𝛿0𝑣

 ) the value of basic reproduction number 

ℛ0 =
𝛼(𝐴 − 𝐴𝑏)(𝛿0

2 + 𝛿0𝑣)

(𝛿3 + 𝑤)[(𝛿0 + 𝑣 + 𝛽𝐴 − 𝛽𝐴𝑏)(𝛿0
2 + 𝛿0𝑣)]

    … (13) 

If ℛ0 > 1 then the epidemic is spread, In case when ℛ0 < 1  then the epidemic damped and  If ℛ0 = 1 
then the epidemic  is settlement  then  
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2.3 Stability of equilibrium point by Routh  Hurwitz criteria   

The jacobian matrix of model written as 

𝐽 =
|
|

[
 
 
 
 
𝑑𝑆̇

𝑑𝑆

𝑑𝑆̇

𝑑𝐼

𝑑𝑆̇

𝑑𝑅

𝑑𝐼̇

𝑑𝑆

𝑑𝐼̇

𝑑𝐼

𝑑𝐼̇

𝑑𝑅

𝑑𝑅̇

𝑑𝑆

𝑑𝑅̇

𝑑𝐼

𝑑𝑅̇

𝑑𝑅]
 
 
 
 

|
|
  , where  

𝑑𝑆̇

𝑑𝑆
= −(𝛿0 + 𝑣 +

𝛼𝐼(1+𝛽𝑆+𝛾𝐼)−𝛼𝛽𝑆𝐼

(1+𝛽𝑆+𝛾𝐼)2
)  

𝑑𝑆̇

𝑑𝐼
= −

𝛼𝑆(1+𝛽𝑆+𝛾𝐼)−𝛼𝛾𝑆𝐼

(1+𝛽𝑆+𝛾𝐼)2
    ,

𝑑𝑆̇

𝑑𝑅
= 0 

𝑑𝐼̇

𝑑𝑆
=

𝛼𝐼(1+𝛽𝑆+𝛾𝐼)−𝛼𝛽𝑆𝐼

(1+𝛽𝑆+𝛾𝐼)2
  

𝑑𝐼̇

𝑑𝐼
=

𝛼𝑆(1+𝛽𝑆+𝛾𝐼)−𝛼𝛾𝑆𝐼

(1+𝛽𝑆+𝛾𝐼)2
− 𝛿0 − 𝛿1 − 𝛿2 − (

𝑤(1+𝜃𝐼)−𝑤𝜃𝐼

(1+𝜃𝐼)2
)  , 

𝑑𝐼̇

𝑑𝑅
= 0  , 

𝑑𝑅̇

𝑑𝑆
= 𝑣   ,  

𝑑𝑅̇

𝑑𝐼
= 𝛿2 + (

𝑤(1+𝜃𝐼)−𝑤𝜃𝐼

(1+𝜃𝐼)2
)  ,  

𝑑𝑅̇

𝑑𝑅
=

−𝛿0 

We can find the eigenvalue by solving the system |𝐽 − Ψ [
1 0 0
0 1 0
0 0 1

]| = 0 then  

|[

𝑗11 − Ψ 𝑗12 𝑗13

𝑗21 𝑗22 − Ψ 𝑗23

𝑗31 𝑗32 𝑗33 − Ψ
]| = 0 

|

|

|

[
 
 
 
 
 
 
 
 
−(𝛿0 + 𝑣 + (

𝛼𝐼((1 + 𝛽𝑆 + 𝛾𝐼)) − 𝛼𝛽𝑆𝐼

(1 + 𝛽𝑆 + 𝛾𝐼)2 )) − Ψ −(
𝛼𝑆(1 + 𝛽𝑆 + 𝛾𝐼) − 𝛼𝛾𝑆𝐼

(1 + 𝛽𝑆 + 𝛾𝐼)2 ) 0

(𝛼𝐼((1 + 𝛽𝑆 + 𝛾𝐼)) − 𝛼𝛽𝑆𝐼)

(1 + 𝛽𝑆 + 𝛾𝐼)2

(𝛼𝑆(1 + 𝛽𝑆 + 𝛾𝐼) − 𝛼𝛾𝑆𝐼)

(1 + 𝛽𝑆 + 𝛾𝐼)2
− −𝛿3 − (

𝑤(1 + 𝜃𝐼) − 𝑤𝜃𝐼

(1 + 𝜃𝐼)2 ) − Ψ 0

𝑣 𝛿2 + (
𝑤(1 + 𝜃𝐼) − 𝑤𝜃𝐼

(1 + 𝜃𝐼)2 ) −𝛿0 − Ψ
]
 
 
 
 
 
 
 
 

|

|

|

= 0 

… (14) 

        By solving the linear system (14) at each Equilibrium point we obtain    

1- At the point 𝐸0(0,0,0) we obtain the following polynomial 

𝛹3 + 𝑓1,0𝛹
2 + 𝑓2,0𝛹 + 𝑓3,0 = 0                                            … (15) 

Where 

𝑓1,0 = (𝛿0 + 𝑣) + (𝛿3 + 𝑤) + 𝛿0 

𝑓2,0 = (𝛿0 + 𝑣)(𝛿3 + 𝑤) + 𝛿0(𝛿0 + 𝑣) + 𝛿0(𝛿3 + 𝑤) 

𝑓3,0 = 𝛿0(𝛿0 + 𝑣)(𝛿3 + 𝑤) 

Then by Routh Hurwitz criteria this Equilibrium point 𝐸0(0,0,0) is stable if 𝑓1,0 > 0    and  𝑓3,0 > 0    with 
condition 𝑓1,0𝑓2,0 − 𝑓3,0 > 0    

2-At the points 𝐸1 (
(𝐴−𝐴𝑏)

(𝛿0+𝑣)
+

𝑘(𝑏𝐴𝛿0+𝑣𝐴)

(𝛿0+𝑣)(𝛿0
2+𝛿0𝑣+𝑘𝛿0)

 , 0 ,
(𝑏𝐴𝛿0+𝑣𝐴)

𝛿0
2+𝛿0𝑣+𝑘𝛿0

 ) , 𝐸2,1(𝑆1, 𝐼1, 0)  ,   𝐸2,2(𝑆2, 𝐼2, 0)  

 𝑎𝑛𝑑  , 𝐸3,𝜏(𝑆𝜏, 𝐼𝜏, 𝑅𝜏)  𝑤ℎ𝑒𝑟𝑒  

 𝜏 = 1,2,3,4 we obtain the following polynomial 

𝛹3 + 𝑓1,𝑠𝛹
2 + 𝑓2,𝑠𝛹 + 𝑓3,𝑠 = 0         ,     𝑠 = 1,2,3               … (16) 

Where  
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𝑓1,𝑠 = −(𝑗1,1 + 𝑗2,2 + 𝑗3,3)     

𝑓2,𝑠 = 𝑗1,1𝑗2,2 + 𝑗1,1𝑗3,3 + 𝑗2,2𝑗3,3 − 𝑗1,2𝑗2,1 − 𝑘𝑣 

𝑓3,𝑠 = −( 𝑗1,1𝑗2,2𝑗3,3 − 𝑗1,2𝑗2,1𝑗3,3 + 𝑘𝑗2,1𝑗3,2 + 𝑘𝑣𝑗3,3)    

Then by Routh Hurwitz criteria 𝐸1(𝑆, 0 , 𝑅 ) , 𝐸2,1(𝑆1, 𝐼1, 0)  ,   𝐸2,2(𝑆2, 𝐼2, 0)  

 and  𝐸2,3(𝑆3, 𝐼3, 0) , 𝐸3,𝜏(𝑆𝜏, 𝐼𝜏, 𝑅𝜏)  𝑤ℎ𝑒𝑟𝑒  𝜏 = 1,2,3,4 are stable if 𝑓1,𝑠 > 0    and  𝑓3,𝑠 > 0    with 
condition 𝑓1,𝑠𝑓2,𝑠 − 𝑓3,𝑠 > 0   . 

2.3 Lyapunov Function   

          We choose 𝑉(𝑆, 𝐼, 𝑅) =
1

2
(𝑆2 + 𝐼2 + 𝑅2) 

𝑑𝑉

𝑑𝑡
= 𝑉̇(𝑆(𝑡), 𝐼(𝑡), 𝑅(𝑡)) = 𝑆𝑆̇ + 𝐼𝐼̇ + 𝑅𝑅̇ 

𝑑𝑉

𝑑𝑡
= 𝐴𝑆 − 𝑏𝐴(𝑆 − 𝑅) − 𝛿0(𝑆

2 + 𝐼2 + 𝑅2) − 𝛿1𝐼
2 + 𝛿2(𝐼𝑅 − 𝐼2) + 𝑣(𝑆𝑅 − 𝑆2)

+
𝛼𝑆𝐼

1 + 𝛽𝑆 + 𝛾𝐼 + 𝜆𝑆𝐼
(𝐼 − 𝑆) + (𝑅 − 𝐼)

𝑤𝐼

1 + 𝜃𝐼
                                                      … (17) 

If  
𝑑𝑉

𝑑𝑡
≤ 0 then the system is stable. 

If  
𝑑𝑉

𝑑𝑡
> 0 then the system is unstable. 

 

3. Application  

       In this section, the stability of the equilibrium 
points in the dynamic system (1), which was 
previously mentioned, which will be applied to 
real data representing the numbers of people 
exposed to infection with the Corona epidemic, 
people infected with this epidemic, and people 
who have recovered and who have been cleared 
of the disease in interval (1 January to 31 March) 
from 2022, and this dynamic system will contain 
nonlinear functions, including: nonlinear function 
incidence rate and nonlinear  treatment rate, and 
this system will also contain normal births and 
deaths and deaths And the vaccinate of the 
Corona epidemic (covid-19) .  

       Matlab software was used to make a program 
to find the estimated values of some parameters 
given in the dynamic system, and the stability of 

the dynamic system will be checked several 
methods which are Routh Hurwitz criteria 
method and Lyapunov Function  method. 

 

3.1 Data description  

        The data studied in this Article represent the 
daily records of the Corona epidemic in Iraq [8]  in 
addition to the average daily number of births, the 
daily rate of natural deaths and rate  corona 
deaths And vaccine rate for the epidemic as well, 
due to the importance of knowing the behavior of 
these data and studying the stability of these data 
through the dynamic system (1), especially in The 
waves that occur from one period to another, and 
Figure (2) represents the daily chronology of the 
real data of the Corona epidemic (Covid-19) in 
Iraq in the interval (1 January to 31 March). 
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Figure 2: The real data of the (Covid-19) for the SIR Model in Iraq in the interval      (1 January to 31 
March) 

 

3.2. Data modeling  

          In this section, we will model the time series 
of daily records of the Corona epidemic in Iraq 
and use Matlab software to estimate some 
parameter values of the SIR model of the dynamic 
system by making use of the (lsqcurvefit) function 
in Matlab. Errors are found depending on the 
estimated values that we will get in the Runge 
kutta (RK4)   method. 

        we will show when the dynamical system is 
stable based on the Routh Hurwitz criteria and 

the Lyapunov function for both the values 
. 𝐴, 𝛿0, 𝛿1, 𝛿2, 𝑣, 𝑆0, 𝐼0, 𝑅0, 𝑁0 Parameters were 
obtained from [8],[9] most medical article 
mention that the incubation period equal two 

weeks then 𝛿2 =
1

14
   and α, 𝛽, 𝛾, 𝜆, 𝑤, 𝜃 parameters  

are estimated by solving the Runge kutta (RK4)  
formula using the least square curve fitting that  
guessed by the Matlab program by the function 
(𝑙𝑠𝑞𝑐𝑢𝑟𝑣𝑒𝑓𝑖𝑡). The criterion used for this model is 
Akaike information criterion (AIC). The following 
table (1) is parameters of dynamic system.  
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Value parameters Value Parameters 

0.00065513 𝑣 3535.971377 A 

40764.1521072456 𝑤 𝟏. 𝟓𝟐𝟑𝟗𝟗 ∗ 𝟏𝟎−𝟓 𝛿0 

150902.424864446 𝜃 𝟒. 𝟕𝟓𝟑𝟐𝟔 ∗ 𝟏𝟎−𝟓 𝛿1 

30544964.46 𝑆0 0.071428571428571 𝛿2 

4519.929714 𝐼0 11.1254121889975 α 

10643838.84 𝑅0 98.9959561426911 𝛽 

41193323.23 𝑁0 6525.40279597153 𝛾 

  1.633133608459567e − 05 λ 

1.748506566193658∗ 103 AIC 2.017399843119514 ∗ 1010 Resnorm (Rss) 

Table (1): Estimated values of model parameter 

 

       From equation (9) we get Reproduction number ℛ0 = 3.525860445349559 ∗ 10−11, and from 
equation (13) we can get the values of I numerically, and then we find the values of S and R from equations 
(8) and (9) we get 

𝑬𝟑,𝟏(−766788872.140319,7239588.07231404,968989958.415882) 

𝑬𝟑.𝟐(2748919.81486191,23679.9037022216,229174185.339690) 

𝑬𝟑.𝟑(5273549.49241009,6.60773091713159,226747064.961293) 

𝑬𝟑.𝟒(−0.00966457825326296,−6.62730504982680 ∗ 10−6, 232020641.680931) 

Where  

𝐴1 = 1.900732829103431 ∗ 103   ,    𝐴2 = −1.380554444810821 ∗ 1010 

𝐴3 = 3.259390760083823 ∗ 1014   ,  𝐴4 = −2.153112771526203 ∗ 1015 

The following table (2) shows the values of 𝑓1,3, 𝑓2,3, 𝑓3,3 are found through equation (13) for all 
equilibrium points 𝐸3,𝑖  , 𝑖 = 1,2,3,4 will be as follows: 

𝑓3,3(𝐸3,𝑖) 𝑓2,3(𝐸3,𝑖) 𝑓1,3(𝐸3,𝑖) 

1.75640222585836∗ 10−9 

1.81884976206558∗ 10−9 

1.81902062865969∗ 10−9 

-6590.96623521924 

0.000116363965976434 

0.000120462460475251 

0.000120473674656285 

-326055053.619396 

0.0730944500985012 

0.0731508972388489 

0.0731510539782589 

6983371518570.62 

Table 2: The values of 𝑓1,3, 𝑓2,3, 𝑓3,3 

Then from Routh Hurwitz criteria this points are stable if 𝑓1,3 > 0    and  𝑓3,3 > 0    with condition 𝑓1,3𝑓2,3 −

𝑓3,3 > 0   we get: 
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The following table (3) shows the stability of the 
model by Routh Hurwitz criteria. 

𝐸3,𝑖 Stability 

𝐸3,1 neglect because it is negative 

𝐸3,2 Stable 

𝐸3,3 Stable 

𝐸3,4 neglect because it is negative 

Table 3: Stability by Routh Hurwitz criteria 

         The following table (4) shows the stability 
of the model by Lyapunov function, we obtained 
the following results through the equation (14) 
we get: 

 

 

𝐸3,𝑖 Lyapunov function 
𝑉̇(𝐸3,𝑖) 

Stability 

𝐸3,1 8.719622359734658
∗ 1014 

neglect 
because it is 

negative 

𝐸3,2 −4.077692240730701
∗ 1011 

Stable 

𝐸3,3 −7.651600957303440
∗ 1011 

Stable 

𝐸3,4 1.469051391601563
∗ 103 

neglect 
because it is 

negative 

Table 4: Stability by Table 3: Stability by 
Lyapunov function 

       Figure (3) shows the graph of the dynamic 
system trajectories at the initial points mentioned 
in Table (1), showing the trajectories approach to 
the stable equilibrium point 𝐸3,2 by RK4 method. 

 

Figure 3:- trajectories plot of stable equilibrium point 𝐸3,2 
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