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Abstract

In this paper, we consider the following variable-order fractionalmobile-immobile advection-dispersion model:
aus(x, t) + azbﬁlgtc)u(x, t) = —azu, (%, t) + agu,, (x,t) + f(x,t),
where 0 < a(t) <1 and SDﬁftC) denotes Atangana-Baleanu-Caputo fractional derivative of order a(t). We introduce

Chebyshev polynomials to seek the numerical solution of the variable-order fractional mobile-immobile advection-
dispersion modeland we will use of the collocation method. According to definition of Atangana-Baleanu-Caputo
fractional derivative and properties of Chebyshev polynomials, fractional differential operator matrix is deduced.
With the help of the operational matrixes, the equation is transformed into the products of several dependent
matrixes which can also be viewed as the system of algebraic equations and by solving the linear equations.By
solving linear equations, the approximate solution of the equation is calculated, and these calculations are done with
the help of MATLAB software.In order to evaluate the stated method, we will perform convergence analysis and
stability analysis.Among the existing techniques for investigating stability analysis, we will use the Hyers Ulam (HU)

stability method.
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Introduction

In recent decades, differential equations and their
numerical solutions have been used extensively in
the natural sciences, engineering, and financial
mathematics. Differential equations and developing
analytical and numerical methods for the solutions
of fractional differential equations with variable-
order fractional derivatives have essential
applications in the parts of biomathematics,
mathematics, chemistry, electronics, economics,
engineering, etc. In the last years and also, study
and discussion this type of differential equation for
some modeling problems of the differential
equations containing Riemann-Liouville, and
Caputo derivative definitions are the most valuable
tools in fractional calculus [5, 7, 10, 11, 18, 21, 25].
Recently, the numerical schemes for the solution of

a class of variable-order fractional differential
equations (FDEs) and the solutions of FDEs with
fractional derivative have beenstudied, for example
variational iteration method [16, 34], Adomian
decomposition method [3, 6], generalized
differential transform method [12], Wavelet
Method [2], finite difference method [24, 34],
collocation method [26], Expression of numerical,
methods with the help of Chebyshev polynomials
(CPs) [27] andcubic spline interpolation method
[13] and other methods [5, 8, 14] must be used. We
will discuss in this paper is given replacing
Riemann-Liouville  fractional integrals with
Atangana-Baleanu integrals in the definition of
Riemann-Liouville derivatives.
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Now, we present a novel

generalization of derivatives of both Riemann-Liouville and Caputo
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types which is obtained by modifying the Riemann-
Liouville integral operator by extending its kernel
with one-parameter Mittag-Leffler function, a
function that extends the well-known exponential
function.The mobile-immobile advection-
dispersion model has been studied by different
researchers with different fractional derivatives.
([36)] For example Zhang et al. [35] presented a
numerical method for this model with Coimbra
fractional derivative. In this paper, we seek to find
the numerical solution to the following equation,
which is defined as follows:

a u.(x,t) + azbﬁzc)u(x, t)
= —azu, (x, t) + asu,, (x, t) (1)

+ f(x,t).

With the following initial and boundary conditions

u(x,0) = g(x),x € [0,1],u(0,t) = h(t),t

€ [0,1], u(x, 1)

= g1 (x), (with consistency condition h(0) = g(0)
=c.

(2)

Where 0 < a(t) <1 and aq,a; = 0and a3, a4 >
0 are given constants and# = [0,1] X [0,1] and
f and uare random functions of time where
f,g,hand g; are knowncontinuous functions and

u is unknown function. Here,i)ﬁlgf)is the variable-

order time fractional derivate,defined by Atangana

[1]:

Dy [ulx, D1(1)
B M(a(t)) t 6(u(x, a)) £ —a(t)
“Ta® ), a0 oG 3)
- a)“(t))da,
t > 0,u(x,t) € H'(0,1).
a(t)

Where M(a(t)) =1 —a(t) + r(a())

parametric Mittag-Leffler (M-L) function defined by
the power series as:

E,(2) = kz:o Tak £ 1 (4)

Where I'(.) is Euler Gamma function and although
information on this function (M-L) is widely spread
in the literature[4, 9, 17, 19]. It is easy to report the
following result, namely:

and E, the one-

(5)

Our aim in this research is to find a numerical
solution for a class of variable-order FDEs using a
numerical method based on the CPs matrix
operators and the collocation method. By applying
the proposed method, the equation (1) will become
a system of algebraic equations. The rest of this
paper is arranged into different sections. In section
2, we start by reminding some necessary
definitions of fractional calculus. In section 3,
weintroduce some essential properties of the
Shifted Chebyshev polynomials (SCPs) and we will
showapproximation solution. In section 4, with the
help of matrix operators, we obtain the numerical
solution for equation (1) and introducing the
algebraic device corresponding to equation (1). In
sec 5, we introduce the upper bound for absolute
error and convergence analysis. Finally, in sec 6, we
finish the paper by checking the uniqueness of the
solution and the Hyers-Ulam stability.

Preliminaries

In this section, we introduce the mathematical
fundamentals of fractional calculus, variable-order
fractional calculus.

1. FractionalCalculus

In this section, first we recall the definition of the
fractional integral and derivative of order a >0
and second we introduce the mathematical
background of variable-order fractional calculus.
Definition 2.1 [4, 9, 17, 20]. Let 0 < a <1 and
felllab], 0<t<b<o. The left and right
fractional integrals in the Riemann-Liouville sense
of order a are defined, respectively:

a — 1 ‘ a—ld
fﬂﬂ—ﬁaﬁf@G—ﬂ 5 | ()

1 b
Iﬁﬂw=ﬁ5fvar%V*m,a)

and also, the left and right fractional derivatives in
the Riemann-Liouville sense of order «a are defined
as:

u _ldt .y
DS = ey ) FOE- D | ()

1 a4 cege | s
D1 = ~ ey ), F@E-0dr | )

Where &€;)m+1 denoted the Mittag-Leffler
function with two parameters and represented as
the following series[17]:

(e )

Zk
@ = ) T gy

(6)

Let f € H'[a,b]. The left-sided and the right-sided
Caputo fractional derivatives of order a are defined
as follows.
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a _ 1—ai
CDa+f(t) = Ia+ dtf(t)

1 t
“T(- a)L (¢
- T)_“%f(f)df.

(5)

Definition 2.5[29]. The Atangana-Baleanu-Caputo

. 4
Zf®

1 b
T a),’; (@
d
—t)“ Ef(‘r)d‘r.

CDEf(6) = —1}~

(6)

derivative Dﬁg{‘; f(t)of order a(t) is:
Doy (©)
_M (a(t)) —a(t)
—a(0 J; (f ) T gy ¢ (12)
- T)“(t))d‘r.

Definition2.2[1]. For m—-1<a<m and
fe L'[0,b], 0 < t < b < oo. The Atangana-Baleanu

Shifted Chebyshev Polynomials (SCPs)

The well-known Chebyshev polynomials have been
very successfully used in many scientific and
engineering fields and can be determined on the
interval x € [—1,1] with the following recurrence
formula [21, 31-33]:

integral of order a is defined as follows: Tpiq(x) = 2xT, (x) = T_1(x),n =1,2,3, -, (13)
To(x) =1,T;(x) = x.
AB _ a 0 1
Iz f(t) = M( )f( )+ M(a )Ia+f(t)' (7) Analytically, we have,
Definition2.3[1]. Let f€ L'[0,b]. The Atangana- | T,(x)
Baleanu-Riemann operator for a given function f is H _
defined as the following form: _ Z (—1)ign-2i-1 (n—i—-1)! s (14)
B () = 1o [ FORGS G OHe =20
“ (8) Chebyshev polynomials functions have the
- T)a)dT following normality and orthogonality properties:
Where m—1<a<m. Let fe€H' ab]. The 1 .-
Atangana-Baleanu-Caputo derivative is also defined f T () (1 —x")zdx
as follows: -1 i=i=0
n, i=j=0, (15)
ABC (“) T
B0 = fo [ LUORGC | =12 i=i=0
- T)“)dr 0 j#i.

2.Variable-Order Fractional Calculus

The shifted Chebyshev polynomials on the interval
[0,1] can be defined as [21, 31-33]:

| _ | To1 (0 = 2Qt = DT3(0) = Ty (0,m
In this subsection we replace the fractional order =123, .., (16)
with a bounded function m — 1 < a(t) <m,meN T§(t) = 1, Ty (t) = 2t — 1.
and consider several definitions for variable-order Analytically, we have
fractional derivatives and integral as follows: T (t)
Definition 2.4 [29].The Atangana-Baleanu |
fractional integral 33](30 of order a(t) is: = mz (—1)mkp2k ~— (m +k —1)! tk (17)
(2Kt (m — k)!

c\fAB _ ( )

Sawf(®) = M( (t ))f(t) They satlsfy the following orthogonality condition:

(10) m, [=j=0,
I S a( ) a(t)f(t) 1 . . T . .
M(a(D) Io+ fo T (T (x)Sydx = 5 =] #0, | (18)
and also, The Atangana-Baleanu-Riemann 0 Jj#i,
: ABR o —1
fri(;‘;}onal operator g ;) of order a(t) is: where &,=(x — x?)7 is the weight function. Let
t * * *
1\(4)(2 8) ] ) (1) = [T, T;(©),..., O, | (19)
f f(r )Ea(t)( (t (11) | We can define the shifted Chebyshev vector as a
—a(t)dt a(t) : :
matrix form as follows:

- T)“(t))d‘[,

() = AT, (D), | (20)
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Where A, T, are defined by:

1 0 0 0
-1 2 0 0
, 1! L 222! . 243!
Ao :2(—1) 2 ?(—1) ETh :2(—1) ar 0 1
L (n—1)! L 2*(m)! L2+ D) 22n(2n — 1)!
O e I S AT -1 "D i (n—2)! n(-1° 2n)!
R @' (t) = DO(t) = D(AT,(t)) = AD(T,,(D))
t 1 0
m.0= || @ TN ]
e =ap||: ||=a4l:
- L | o Cna| | (28)
It is obvious that: l J
T,.(6) = A710(t). | (23) = AVT (D),

A function u(t) € L>(0,1) can be expanded by
shifted Chebyshev polynomials as follows:

u(t) = Z ¢; T/ (t).
=0
By truncating the infinity series given in Eq. (24),
can be approximated as follows:
n

(24)

WhereV, Ty, (t) can be shown as follows:

u(t) = Z ¢ TH(t) = cTo(b),

(25)

i=0
We can obtain an approximate expression of

u(x,t) € L*([0,1] x [0,1]) as follows:
n n

u(x,t) = Z z U;; Ti*(x)’]}‘*(t)

i=0 j=0
=T (x)UD(b),

(26)

Where

U= (u;),0<ij<nneN. | (27)

The matrix U is unknown of size (n + 1)X (n + 1).
The components u;; are determined by MATLAB

(or with least square method if

software
necessary).

Transformation of Differential Operators

We write the differential operators of the integer
order and fraction in the form of a matrix.Using
differentiation of vector @ in the relation (7), then
we have:

0 O 0
[1 0 0]
0o 2 0
llO 0 nJ|
[1]
t
TR@®) =| : (30)
tTl—l
nx1
Therefore, we obtain
T,(®) = B*®(¢), | (31)
Where
-1
[An]
-1
||
B =1 || (32)
[

and A[_kﬁ is the k —th row of A L, k=1,23,..n.

Therefore, we obtain

®'(t) = AVB*®(t). | (33)
The shape of the operational matrix for
Uz, U, and u,,is as follows:
u (x,t) = ®T (X)UAVB* O (t). (34)
A(dT()UD(t
RN CUCTIID
= D(®" (X)) UD(1) (35)
= dT(x)(AVBH)TUD(b),
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0wy (x,t)) Theorem 4.1.Let u(xt) € L?([0,1] X [0,1]) and
Uy (X, 1) =  ox 0 < a(t) < 1. Then we have
QO@WMM?NW@&D (36) DA [u(x, )] = ®T (YUANA~ (1), | (37)
= CDT(x)((AVB)’C*)T)ZUCD(t).
[T(D)M(a(t)) a(t)t*® 0 ]
| =) 0 CT 0@ |
N= :
l 0 T'(n + 1)M(a(t)) a(t)t*® }
1—a(t) a1 g (h)
Proof. With the help of relation (26) we have
D405 [ulx, 0] = DS [@T UR(D)] = T () UDLS[@(D)] = dT C)OUDLES TG (0, Ty (8), ..., T (D]
= T (U[Dg(5 (T (6D, Dy (T7 (O, .o, Dy (T D]
n T
e (n+k—1)!
= OT () U[DE5 (1), Dat5 (2t — 1), ..., DS ( kZ; <_1) k22kmtk>]
1 0 0 w0
-1 2 0 v 0
1! 221 243|
2(-1°%; 2(—1)1— 2( 1)0 0
= o™ (U, 2!
n(n— ! 1y 22! Ly 2+ 1)! 22n(2n — 1!
n(=1 n(=1)" A1 "D oy (n—2)! n(-1)° (Zn)!
r(OM(a()) (D)t ® 1
1—a(d) %“ﬂ<_1—a@» 0 h]
X : : X | |
r(n+ 1DM(a(?)) a(t)te® t"
0 T—a()  CeOn <_ 1—a(t) >J L
= " (WUANm+1)m+)A (D).

Now by merging the obtained relations, equations
(1)-(2) becomes the following form:

Eventually, the following system with (n+ 1) X
(n + 1) equations can be generated from Eq.(38):

a, T (X)UAVB*®(t)

+ 2, ®" (D UAN (4 1) (A O (L)

= —dT(x)(AVB*®(x))UD(t)

+ a,®T (X) ((AVB*®(x)))2UD(t) + f(x,¢),

R(x;,t)=0i=12,..,n—1,j=12,..,n
g(x;) =0,i= 0, 1,2,..,n
h(t) =0,g:(x) =0,j = 1,2,..,n,
=1 appL
xi =51+ cosi! >— ),

where

1

c =3 1+
e —2

cosii(f ~— 1)),

,j=0,1,2,..,n

Obviously, by solving the above device, the

u(x,.) = T (x)UD(0) = g(x),u(0,t) (38)
~ OT (O UD(L)
= h(t),u(x, 1)
~ ®T ()UP(1) = g4 (x).
We define the residual function as follows:
R(x, t)=
a;PT (x)UAVB*d(t)

+ ;@ (UAN 41y (m+1)AT O(2)
+ @7 (x)(AVB* & (x))UD(t)

— a, @ () ((AVB*®(x))")2UD(t)
— f(x,t).

approximate solution of equation (1) is obtained.

Convergence Analysis and Error Assessment

Theorem 5.1. Assume that ug(exact solution) be a
smooth function on H. Also, let
Y, = Span{Ti*(x)Y}*(t)| i,jeX ={0,1, ...,n}} and u;
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is the interpolating polynomial for uy at the points ug,then

(xl, t;), where x;,(0 <i<n) are the roots of

lug — uplliz@e) < llug — 'l 2¢30), YU'€Yy. | (40)

n+1 (x),while where t;, (0 < i < n) are the roots of I :

T, (Oand uy is the best approximation for . We }mow that. the previous 1pequa11ty also holds for

Therefore, the following relationship is established. %/ (1nterpolat.1ng po’lynomllal for ug).According
oo [28], there exist g, ¢, 0 and ¢'€[0,1], such that

llug — uglli2@3e) — 0 | (39)

Proof.SinceugeYy,is the best approximation for

I o (x — x)|ugns1y(0, )| + 1T (t — )| ugen (6 9|

1 n
tarDimr o w)

MMz (x — x| |uE((t,n+1),(x,n+1))(0 S )|]

lug — w| <[

1 1
(n+ 1)! (n+1)!

41
< [mMaxln Lo (x = x)IMax|ug(x ni1) (0, 1)) (41)
1
n n
+mMax|H-:0(t—t-)|Max|uE(tn)(x,g)| + T D+ 1)!Max|l'[l-:0(t—1:1-)|
Max|ILy(x — x)lMax|uE((tn+1) (xn+1))(a c )|
0"u o0™u —
where  up(n) = 5= “EE Uy = atnE’u((t,n),(x,m)) = M,45,43 >.,such that
n+m
gxnafrf' (x,t)€ H.According to the assumption,
there exist three real-valued constants
Max uE(x’n)(a, t)| < A, Max |uE(t'n)(x, c)| < Ay, Max |uE(t,n)(x, Q)| < 1.
Let A=max{A14,4,, A3}. Also, we obtain
. . 1
Min Max |[io(x —x)| = Min Max |, > s -s)| = "I (s = sl =
x;€[0,1] x€[0,1] s;€[0,1] sE[O,l]
where s;s are the root of T, (s).Therefore we obtain
| | < ! A+ ! ! A+ ! 2 1 A
UE W —(n+1)|4n n +1)'4n G 1o
-2 L+ )2 400 (42)

Eventually, Egs. (40)-(42) results in

llug — ugll2z@e) <

g — willzge = [y Jylug — wlPw s®ddt]’ < [f) [/100,n)Po6 o(t)dxdt] =
O\ n27z2=M(A, n, m).

HU-Stability Analysis

Stability analysis is an important part of numerical
methods. We run Hyers Ulam-stability analysis of
the given Eq.(1). Let a; = 1. For this purpose, by
catching  Atangana-Baleanu-fractional integral
operator to the Eq. (1), we have
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1—a(t) 1
That shows

1—a(t) 1
[1- ([M(a(t)) MEORC0) R
2169 ]| u( v, —u(x,£)|<0.
Now, according to the assumption of the theorem,
we have

|u(x, t) — 1(x, t)|<0.
This result proves that the answer of the model (1)
is unique.
Definition 6.2[30].The Eq. (45) is said to be HU-
stable if there existsy, > Osuch that, for every
y; > 0, for

[u(x, t) —u(x,0) — F(®)L(x, t,u)

C f ”
M(a(@)T'(a(t)) Jy
m)*O-1L(x, m, uw)dm|

<7

(49)

u(x, t) = u(x,0) + M( (()§ AUy, (X, 1)
— azUy (x,t) — agu(x, t)
+ f(x, t)]( )
a(t
WICORCO) Jye e
- m)* O ayu,, (x,m)
— azu, (x,m)
—aqus(x,m)f(x,m)|dm
For simplicity taking
L(x, t,u) = agly, — azu, — aqu; + f,
1—a(t) _ (44)
—M(a(t)) = F(¢).
Then, Eq. (43) gives
u(x,t) =u(x,0)+ F(E)L(x, t,u)
PO f (t (45)
M(a ()T (a(t)) Jo
- m)*©O-1L(x, m, u)dm.
Notice.(D,) Let

w; = u;(x,t),uf = u;(x,t) and u,u* € L2([0,1] x
0,1. We assume that three positive constants J;
psuch that the following inequalities hold true:
[u; —ui| < &y,
|uxx - u;xl =< p-

Notice. The kernel L is satisfying the following
inequality provided that (1) holds true.
|L(x, t,u) — L(x, t, u™)|

= |0(4 (uxx (x' t) - u;x (x' t))

— a3 (uy (x, ) — ue (x, 1))

=y (ue(x, t) —u (x, )|

= a4|(uxx (x' t) - u;x (x' t)l + as |(ux (x' t)
—uy(x, )| + aqu(x, t)
—ur (o, u (x, t) — ug (x, 0|
< (agp + az6, + a16,)|ulx, t) — u*(x,t)].(46)
Theorem 6.1.Assume that (D) holds true. Then,
the model (1) has a unique solution provided that
the following holds true:
[1 —a(t) N 1
M(a(t)) M(a(t))[‘(a(t))
<1

Proof. We suppose that there exists another
solution likeiiof the model (1), such that the
integral system given by (46) is satisfied. Then, we
obtain

[(asp + azdy + a;6;)

i(x,t) =
1—a(t) a(t)

t
M(a(t)) LG &) + M(a(®))r(a(t)) fo (-
7)*O- 1L (x, 7, 2)d7.(48)

a(x,0) + —=

We obtain
lu(x, t) — a(x, t)|

there exists a unique solutionu*(x, t) such that

u*(x,t) —u*(x,0) — F(L(x, t,u*)
3 a(t) f @
M(a ()T (a(t)) Jy

—m)*O-L(x, m,u*)dm,

(50)

4214

implies

lu —u*| <y1y,. | (51)
For the HU-stability of the given Eq. (1) by the help
of definition 6.1, the assumed Eq. (1) has a unique
solution say u.

Let uand u*be approximate and exact solution
respectively, of the given Eq. (1). Then, we obtain

lu —u*| < F)|L(x, t,u) — L(x, t,u")|
N a(t) ff @
M(a () (a(t)) Jo
m)* O~ L(x, m, u)
— L(x,m,u*)|dm (52)
< [F(b)
1
HICONCO R
— L(x, t,u")|.
From Eq. (44), we obtain
|[L(x, t,u) — L(x, t,u")|
< (ayp + a36, + a16.)|u (53)
—u*|.
Therefore, we obtain
1
1S O @@ | g
+ a36, + a10,) lu—u”ll
=V1V2-
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Conclusion

In recent decades, many researchers have
expanded their studies to different areas of
fractional calculus. It seems obvious that in most
models resulting from a natural phenomenon,
finding the analytical answer of the model is either
not possible or very difficult. For this reason,
numerical methods have been used extensively by
researchers. One of the famous natural models is
the mobile-immobile advection-dispersion model.
In this paper, the numerical solution of this model
is based on the collocation method and the use of
operational matrices including CPs. These
operational matrices transformed equation (1) into
an algebraic device. In the following, with the help
of Lagrange interpolation polynomials, we
introduced an upper bound for the absolute error
and checked the convergence analysis. Then we
assumed that the exact solution of the equation is
smooth, and we assumed that the solution of the
equation exists. Also, we checked its uniqueness,
and finally, according to the structure of the
equation and the properties of the equation, among
the stability analysis techniques, we used Hyers-
Ulam's stability technique.
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