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Abstract 

In this paper, we consider the following variable-order fractionalmobile-immobile advection-dispersion model:  
𝛼1𝑢𝑡(𝑥, 𝑡) + 𝛼2𝔇𝛼(𝑡)

𝐴𝐵𝐶𝑢(𝑥, 𝑡) = −𝛼3𝑢𝑥(𝑥, 𝑡) + 𝛼4𝑢𝑥𝑥 (𝑥, 𝑡) + 𝑓(𝑥, 𝑡), 

where 0 < 𝛼(𝑡) < 1 and 𝔇𝛼(𝑡)
𝐴𝐵𝐶  denotes Atangana-Baleanu-Caputo fractional derivative of order 𝛼(𝑡). We introduce 

Chebyshev polynomials to seek the numerical solution of the variable-order fractional mobile-immobile advection-
dispersion modeland we will use of the collocation method. According to definition of Atangana-Baleanu-Caputo 
fractional derivative and properties of Chebyshev polynomials, fractional differential operator matrix is deduced. 
With the help of the operational matrixes, the equation is transformed into the products of several dependent 
matrixes which can also be viewed as the system of algebraic equations and by solving the linear equations.By 
solving linear equations, the approximate solution of the equation is calculated, and these calculations are done with 
the help of MATLAB software.In order to evaluate the stated method, we will perform convergence analysis and 
stability analysis.Among the existing techniques for investigating stability analysis, we will use the Hyers Ulam (HU) 
stability method. 
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Introduction 

In recent decades, differential equations and their 
numerical solutions have been used extensively in 
the natural sciences, engineering, and financial 
mathematics. Differential equations and developing 
analytical and numerical methods for the solutions 
of fractional differential equations with variable-
order fractional derivatives have essential 
applications in the parts of biomathematics, 
mathematics, chemistry, electronics, economics, 
engineering, etc. In the last years and also, study 
and discussion this type of differential equation for 
some modeling problems of the differential 
equations containing Riemann-Liouville, and 
Caputo derivative definitions are the most valuable 
tools in fractional calculus [5, 7, 10, 11, 18, 21, 25]. 
Recently, the numerical schemes for the solution of 

a class of variable-order fractional differential 
equations (FDEs) and the solutions of FDEs with 
fractional derivative have beenstudied, for example 
variational iteration method [16, 34], Adomian 
decomposition method [3, 6], generalized 
differential transform method [12], Wavelet 
Method [2], finite difference method [24, 34], 
collocation method [26], Expression of numerical, 
methods with the help of Chebyshev polynomials 
(CPs) [27] andcubic spline interpolation method 
[13] and other methods [5, 8, 14] must be used. We 
will discuss in this paper is given replacing 
Riemann-Liouville fractional integrals with 
Atangana-Baleanu integrals in the definition of 
Riemann-Liouville derivatives.  
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Now, we present a novel generalization of derivatives of both Riemann-Liouville and Caputo 
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types which is obtained by modifying the Riemann-
Liouville integral operator by extending its kernel 
with one-parameter Mittag-Leffler function, a 
function that extends the well-known exponential 
function.The mobile-immobile advection-
dispersion model has been studied by different 
researchers with different fractional derivatives. 
([36)] For example Zhang et al. [35] presented a 
numerical method for this model with Coimbra 
fractional derivative. In this paper, we seek to find 
the numerical solution to the following equation, 
which is defined as follows: 
𝛼1𝑢𝑡 𝑥, 𝑡 + 𝛼2𝔇𝛼 𝑡 

𝐴𝐵𝐶𝑢 𝑥, 𝑡 

= −𝛼3𝑢𝑥 𝑥, 𝑡 + 𝛼4𝑢𝑥𝑥  𝑥, 𝑡 
+ 𝑓 𝑥, 𝑡 . 

(1) 

With the following initial and boundary conditions 
𝑢 𝑥, 0 = 𝑔 𝑥 , 𝑥 ∈  0,1 , 𝑢 0, 𝑡 = 𝑕 𝑡 , 𝑡
∈  0,1 , 𝑢 𝑥, 1 
= 𝑔1 𝑥 , (𝑤𝑖𝑡𝑕 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑕 0 = 𝑔 0 
= 𝑐. 

(2) 

Where 0 < 𝛼(𝑡) < 1 and 𝛼1 , 𝛼2 ≥ 0 and 𝛼3 , 𝛼4 >
0 are given constants and𝓗 ≡  0,1 ×  0,1  and 
𝑓 and 𝑢are random functions of time where 
𝑓, 𝑔, 𝑕 and 𝑔1 are knowncontinuous functions and 

𝑢 is unknown function. Here,𝔇𝛼(𝑡)
𝐴𝐵𝐶 is the variable-

order time fractional derivate,defined by Atangana 
[1]:  

𝔇𝛼 𝑡 
𝐴𝐵𝐶 [𝑢(𝑥, 𝑡)](𝑡)

=
𝑀 𝛼 𝑡  

1 − 𝛼 𝑡 
 ‍
𝑡

0

𝜕 𝑢 𝑥, 𝜍  

𝜕𝜍
𝐸𝛼 𝑡 (

−𝛼 𝑡 

1 − 𝛼 𝑡 
(𝑡

− 𝜍)𝛼 𝑡 )𝑑𝜍, 
𝑡 > 0, 𝑢 𝑥, 𝑡 ∈ 𝑯1 0,1 . 

(3) 

Where 𝑀(𝛼 𝑡) = 1 − 𝛼 𝑡 +
𝛼 𝑡 

Γ 𝛼 𝑡  
and 𝐸𝛼  the one-

parametric Mittag-Leffler (M-L) function defined by 
the power series as:  

𝐸𝛼 𝑧 =  ‍

∞

𝑘=0

𝑧𝑘

Γ 𝛼𝑘 + 1 
. (4) 

Where Γ(. ) is Euler Gamma function and although 
information on this function (M-L) is widely spread 
in the literature[4, 9, 17, 19]. It is easy to report the 
following result, namely:  

𝔇𝛼 𝑡 
𝐴𝐵𝐶 𝑡𝑚  

=  

Γ 𝑚 + 1 𝑀 𝛼 𝑡  𝑡𝑚

1 − 𝛼 𝑡 
ℰ𝛼 𝑡 ,𝑚+1  −

𝛼 𝑡 𝑡𝛼 𝑡 

1 − 𝛼 𝑡 
 , 𝑚 = 1,2,… ,

0, 𝑚 = 0,

  

 

(5) 

Where ℰ𝛼(𝑡),𝑚+1 denoted the Mittag-Leffler 

function with two parameters and represented as 
the following series[17]:  

ℰ𝛼,𝛽 𝑧 =  ‍

∞

𝑘=0

𝑧𝑘

Γ 𝛼𝑘 + 𝛽 
. (6) 

Our aim in this research is to find a numerical 
solution for a class of variable-order FDEs using a 
numerical method based on the CPs matrix 
operators and the collocation method. By applying 
the proposed method, the equation (1) will become 
a system of algebraic equations. The rest of this 
paper is arranged into different sections. In section 
2, we start by reminding some necessary 
definitions of fractional calculus. In section 3, 
weintroduce some essential properties of the 
Shifted Chebyshev polynomials (SCPs) and we will 
showapproximation solution. In section 4, with the 
help of matrix operators, we obtain the numerical 
solution for equation (1) and introducing the 
algebraic device corresponding to equation (1). In 
sec 5, we introduce the upper bound for absolute 
error and convergence analysis. Finally, in sec 6, we 
finish the paper by checking the uniqueness of the 
solution and the Hyers-Ulam stability. 
 

Preliminaries 

In this section, we introduce the mathematical 
fundamentals of fractional calculus, variable-order 
fractional calculus. 
 

1. FractionalCalculus 

In this section, first we recall the definition of the 
fractional integral and derivative of order 𝛼 > 0 
and second we introduce the mathematical 
background of variable-order fractional calculus. 
Definition 2.1 [4, 9, 17, 20]. Let 0 < 𝛼 < 1 and 
f ∈ L1[a, b], 0 < 𝑡 < 𝑏 ≤ ∞. The left and right 
fractional integrals in the Riemann-Liouville sense 
of order α are defined, respectively: 

𝐼𝑎+
𝛼 𝑓(𝑡) =

1

Γ 𝛼 
 ‍
𝑡

𝑎

𝑓(𝜏)(𝑡 − 𝜏)𝛼−1𝑑𝜏, (1) 

𝐼𝑏−
𝛼 𝑓(𝑡) =

1

Γ 𝛼 
 ‍
𝑏

𝑡

𝑓(𝜏)(𝜏 − 𝑡)𝛼−1𝑑𝜏, (2) 

and also, the left and right fractional derivatives in 
the Riemann-Liouville sense of order 𝛼 are defined 
as:  

𝐷𝑎+
𝛼 𝑓(𝑡) =

1

Γ 𝛼 

𝑑

𝑑𝑡
 ‍
𝑡

𝑎

𝑓(𝜏)(𝑡 − 𝜏)−𝛼𝑑𝜏, (3) 

𝐷𝑏−
𝛼 𝑓(𝑡) = −

1

Γ 𝛼 

𝑑

𝑑𝑡
 ‍
𝑏

𝑡

𝑓(𝜏)(𝜏 − 𝑡)−𝛼𝑑𝜏. (4) 

Let 𝑓 ∈ H1[a, b]. The left-sided and the right-sided 
Caputo fractional derivatives of order 𝛼 are defined 
as follows. 
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𝐶𝐷𝑎+
𝛼 𝑓(𝑡) = 𝐼𝑎+

1−𝛼 𝑑

𝑑𝑡
𝑓(𝑡)

=
1

Γ 1 − 𝛼 
 ‍
𝑡

𝑎

(𝑡

− 𝜏)−𝛼
𝑑

𝑑𝜏
𝑓(𝜏)𝑑𝜏, 

(5) 

𝐶𝐷𝑏−
𝛼 𝑓(𝑡) = −𝐼𝑏−

1−𝛼
𝑑

𝑑𝑡
𝑓(𝑡)

= −
1

Γ 1 − 𝛼 
 ‍
𝑏

𝑡

(𝜏

− 𝑡)−𝛼
𝑑

𝑑𝜏
𝑓(𝜏)𝑑𝜏. 

(6) 

Definition2.2[1]. For m − 1 < 𝛼 ≤ 𝑚 and 
f ∈ L1[0, b], 0 < 𝑡 < 𝑏 ≤ ∞. The Atangana-Baleanu 
integral of order α is defined as follows:  

𝕀𝛼
𝐴𝐵𝑓 𝑡 =

1 − 𝛼

𝑀 𝛼 
𝑓 𝑡 +

𝛼

𝑀 𝛼 
𝐼𝑎+
𝛼 𝑓 𝑡 . (7) 

Definition2.3[1]. Let f ∈ L1[0, b]. The Atangana-
Baleanu-Riemann operator for a given function f is 
defined as the following form:  

𝔻𝛼
𝐴𝐵𝑅𝑓(𝑡) =

𝑀 𝛼 

1 − 𝛼

𝑑

𝑑𝑡
 ‍
𝑡

0

𝑓(𝜏)𝐸𝛼(
−𝛼

1 − 𝛼
(𝑡

− 𝜏)𝛼)𝑑𝜏, 

(8) 

Where 𝑚− 1 < 𝛼 < 𝑚. Let 𝑓 ∈ H1[a, b]. The 
Atangana-Baleanu-Caputo derivative is also defined 
as follows:  

𝔻𝛼
𝐴𝐵𝐶𝑓(𝑡) =

𝑀 𝛼 

1 − 𝛼
 ‍
𝑡

0

𝑑

𝑑𝜏
(𝑓(𝜏))𝐸𝛼(

−𝛼

1 − 𝛼
(𝑡

− 𝜏)𝛼)𝑑𝜏. 

(9) 

 

2.Variable-Order Fractional Calculus 

In this subsection we replace the fractional order 𝛼 
with a bounded function 𝑚 − 1 < 𝛼(𝑡) < 𝑚,𝑚 ∈ ℕ 
and consider several definitions for variable-order 
fractional derivatives and integral as follows:  
Definition 2.4 [29].The Atangana-Baleanu 

fractional integral ℑα(t)
AB  of order α(t) is: 

ℑ𝛼 𝑡 
𝐴𝐵 𝑓 𝑡 =

1 − 𝛼 𝑡 

𝑀 𝛼 𝑡  
𝑓 𝑡 

+
𝛼 𝑡 

𝑀 𝛼 𝑡  
𝐼
𝑎+
𝛼 𝑡 𝑓 𝑡 . 

(10) 

 and also, The Atangana-Baleanu-Riemann 
fractional operator 𝔇𝛼(𝑡)

𝐴𝐵𝑅  of order 𝛼(𝑡) is:  

𝔇𝛼 𝑡 
𝐴𝐵𝑅𝑓(𝑡)

=
𝑀 𝛼 𝑡  

1 − 𝛼 𝑡 

𝑑

𝑑𝑡
 ‍
𝑡

0

𝑓(𝜏)𝐸𝛼 𝑡 (
−𝛼 𝑡 

1 − 𝛼 𝑡 
(𝑡

− 𝜏)𝛼 𝑡 )𝑑𝜏, 

(11) 

 
 

Definition 2.5[29]. The Atangana-Baleanu-Caputo 

derivative 𝔇𝛼 𝑡 
𝐴𝐵𝐶𝑓 𝑡 of order α(t) is:  

𝔇𝛼 𝑡 
𝐴𝐵𝐶𝑓(𝑡)

=
𝑀 𝛼 𝑡  

1 − 𝛼 𝑡 
 ‍
𝑡

0

𝑑

𝑑𝜏
(𝑓(𝜏))𝐸𝛼 𝑡 (

−𝛼 𝑡 

1 − 𝛼 𝑡 
(𝑡

− 𝜏)𝛼 𝑡 )𝑑𝜏. 

(12) 

 

Shifted Chebyshev Polynomials (SCPs) 

The well-known Chebyshev polynomials have been 
very successfully used in many scientific and 
engineering fields and can be determined on the 
interval 𝑥 ∈ [−1,1] with the following recurrence 
formula [21, 31-33]:  
𝑇𝑛+1 𝑥 = 2𝑥𝑇𝑛 𝑥 − 𝑇𝑛−1 𝑥 , 𝑛 = 1,2,3,⋯, 
𝑇0 𝑥 = 1, 𝑇1 𝑥 = 𝑥. 

(13) 

 Analytically, we have, 
𝑇𝑛(𝑥)

= 𝑛 ‍

 
𝑛

2
 

𝑖=0

(−1)𝑖2𝑛−2𝑖−1
 𝑛 − 𝑖 − 1 !

 𝑖 !  𝑛 − 2𝑖 !
𝑥𝑛−2𝑖 . 

(14) 

 Chebyshev polynomials functions have the 
following normality and orthogonality properties: 

 ‍
1

−1

𝑇𝑖 𝑥 𝑇𝑗  𝑥 (1 − 𝑥2)
−1

2 𝑑𝑥

=  

𝜋, 𝑖 = 𝑗 = 0,
𝜋

2
, 𝑖 = 𝑗 ≠ 0,

0 𝑗 ≠ 𝑖.

  

(15) 

The shifted Chebyshev polynomials on the interval 
[0,1] can be defined as [21, 31-33]:  
𝑇𝑚+1
∗  𝑡 = 2 2𝑡 − 1 𝑇𝑚

∗  𝑡 − 𝑇𝑚−1
∗  𝑡 ,𝑚

= 1,2,3,…, 
𝑇0
∗ 𝑡 = 1, 𝑇1

∗ 𝑡 = 2𝑡 − 1. 
(16) 

Analytically, we have 
𝑇𝑚
∗ (𝑡)

= 𝑚 ‍

𝑚

𝑘=0

(−1)𝑚−𝑘22𝑘
 𝑚 + 𝑘 − 1 !

 2𝑘 !  𝑚 − 𝑘 !
𝑡𝑘 . 

(17) 

 They satisfy the following orthogonality condition:  

 ‍
1

0

𝑇𝑖
∗ 𝑥 𝑇𝑗

∗ 𝑥 𝕾𝒙𝑑𝑥 =  

𝜋, 𝑖 = 𝑗 = 0,
𝜋

2
, 𝑖 = 𝑗 ≠ 0,

0 𝑗 ≠ 𝑖,

  (18) 

 where 𝕾𝒙=(𝑥 − 𝑥2)
−1

2  is the weight function. Let  

Φ 𝑡 =  𝑇0
∗ 𝑡 , 𝑇1

∗ 𝑡 , … , 𝑇𝑛
∗ 𝑡  𝑇 , (19) 

We can define the shifted Chebyshev vector as a 
matrix form as follows:  

Φ 𝑡 = 𝐴𝓣𝒏 𝒕 , (20) 
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Where 𝐴,𝓣𝒏 are defined by:  

𝐴 =

 
 
 
 
 
 
 
 
1 0 0 … 0
−1 2 0 … 0

2(−1)2
1!

2!
2(−1)1

222!

2!
2(−1)0

243!

4!
… 0

⋮ ⋮ ⋮ ⋱ ⋮

𝑛(−1)𝑛
 𝑛 − 1 !

𝑛!
𝑛(−1)𝑛−1

22 𝑛 !

2!  𝑛 − 1 !
𝑛(−1)𝑛−2

24 𝑛 + 1 !

4!  𝑛 − 2 !
… 𝑛(−1)0

22𝑛 2𝑛 − 1 !

 2𝑛 !
 
 
 
 
 
 
 
 

 (21) 

 

𝓣𝒏 𝒕 =

 
 
 
 
 
1
𝑡
⋮
𝑡𝑛

 
 
 
 
 

. (22) 

 It is obvious that:  

𝓣𝒏 𝒕 = 𝐴−1Φ 𝑡 . (23) 

A function 𝑢(𝑡) ∈ 𝐿2(0,1) can be expanded by 
shifted Chebyshev polynomials as follows:  

𝑢 𝑡 =  ‍

∞

𝑖=0

𝑐𝑖𝑇𝑖
∗ 𝑡 . (24) 

By truncating the infinity series given in Eq. (24), 
can be approximated as follows:  

𝑢 𝑡 ≅ ‍

𝑛

𝑖=0

𝑐𝑖𝑇𝑖
∗ 𝑡 = 𝑐𝑇Φ 𝑡 , (25) 

We can obtain an approximate expression of 
𝑢(𝑥, 𝑡) ∈ 𝐿2([0,1] × [0,1]) as follows:  

𝑢 𝑥, 𝑡 ≅ ‍

𝑛

𝑖=0

 ‍

𝑛

𝑗=0

𝑢𝑖𝑗𝑇𝑖
∗ 𝑥 𝑇𝑗

∗ 𝑡 

= Φ𝑇 𝑥 𝑈Φ 𝑡 , 

(26) 

Where  

𝑈 =  𝑢𝑖𝑗  , 0 ≤ 𝑖, 𝑗 ≤ 𝑛, 𝑛𝜖ℕ. (27) 

The matrix 𝑈 is unknown of size (𝑛 + 1)× (𝑛 + 1). 
The components 𝑢𝑖𝑗  are determined by MATLAB 

software (or with least square method if 
necessary).  
 

Transformation of Differential Operators  

We write the differential operators of the integer 
order and fraction in the form of a matrix.Using 
differentiation of vector Φ in the relation (7), then 
we have:  

Φ′ 𝑡 = 𝐷Φ 𝑡 = 𝐷 𝐴𝓣𝒏 𝒕  = 𝐴𝐷 𝓣𝒏 𝒕  

= 𝐴𝐷

 

 
 

 
 
 
 
 
1
𝑡
⋮
𝑡𝑛

 
 
 
 
 

 

 
 

= 𝐴

 
 
 
 
 
0
1
⋮
𝑛𝑡𝑛−1

 
 
 
 
 

= 𝐴𝑉𝓣𝒏
∗  𝒕 , 

 

(28) 

 
Where𝑉,𝓣𝒏

∗ (𝒕) can be shown as follows:  

𝑉 =

 
 
 
 
 
 
0 0 … 0
1 0 … 0
0 2 … 0
⋮ ⋮ ⋱ ⋮
0 0 … 𝑛

 
 
 
 
 
 

, (29) 

𝓣𝒏
∗  𝒕 =

 
 
 
 
 

1
𝑡
⋮

𝑡𝑛−1

 
 
 
 
 

𝑛×1

. (30) 

 Therefore, we obtain 

𝑻𝒏
∗ (𝒕) = 𝐵∗Φ(𝑡), (31) 

Where  

𝐵∗ =

 
 
 
 
 
 
𝐴[1]
−1

𝐴[2]
−1

⋮
𝐴[𝑛]
−1

 
 
 
 
 
 

, (32) 

and 𝐴[k]
−1 is the 𝑘 −th row of 𝐴−1 , 𝑘 = 1,2,3,…𝑛. 

Therefore, we obtain  

Φ′(𝑡) = 𝐴𝑉𝐵∗Φ(𝑡). (33) 

The shape of the operational matrix for 
𝑢𝑡 , 𝑢𝑥  𝑎𝑛𝑑 𝑢𝑥𝑥 is as follows: 

𝑢𝑡(𝑥, 𝑡) ≈ Φ𝑇(𝑥)𝑈𝐴𝑉𝐵∗Φ(𝑡). (34) 

𝑢𝑥 𝑥, 𝑡 ≈
𝜕 Φ𝑇 𝑥 𝑈Φ 𝑡  

𝜕𝑥
= D(Φ𝑇 𝑥 )𝑈Φ 𝑡 
= Φ𝑇 𝑥  𝐴𝑉𝐵∗ 𝑇𝑈Φ 𝑡 , 

 

(35) 
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𝑢𝑥𝑥  𝑥, 𝑡 =
𝜕 𝑢𝑥 𝑥, 𝑡  

𝜕𝑥

≈
𝜕 Φ𝑇 𝑥  𝐴𝑉𝐵∗ 𝑇𝑈Φ 𝑡  

𝜕𝑥
 

= Φ𝑇(𝑥)((𝐴𝑉𝐵∗)𝑇)2𝑈Φ(𝑡). 

(36) 

Theorem 4.1.Let u(x, t) ∈ L2([0,1] × [0,1]) and 
0 < 𝛼(𝑡) < 1. Then we have 

𝔇𝛼(𝑡)
𝐴𝐵𝐶 [𝑢(𝑥, 𝑡)] = Φ𝑇(𝑥)𝑈𝐴Ɲ𝐴−1Φ(𝑡), (37) 

 

 

Ɲ =

 
 
 
 
 
 
Γ(1)𝑀(𝛼(𝑡))

1 − 𝛼(𝑡)
ℰ𝛼(𝑡),1(−

𝛼(𝑡)𝑡𝛼(𝑡)

1 − 𝛼(𝑡)
) ⋯ 0

⋮ ⋱ ⋮

0 ⋯
Γ(𝑛 + 1)𝑀(𝛼(𝑡))

1 − 𝛼(𝑡)
ℰ𝛼 𝑡 ,𝑛+1(−

𝛼(𝑡)𝑡𝛼(𝑡)

1 − 𝛼(𝑡)
)
 
 
 
 
 
 

 

 

 

 
Proof. With the help of relation (26) we have 

𝔇𝛼(𝑡)
𝐴𝐵𝐶  𝑢 𝑥, 𝑡  = 𝔇𝛼 𝑡 

𝐴𝐵𝐶  Φ𝑇 𝑥 𝑈Φ 𝑡  = Φ𝑇 𝑥 𝑈𝔇𝛼 𝑡 
𝐴𝐵𝐶  Φ 𝑡  =  Φ𝑇 𝑥 𝑈𝔇𝛼 𝑡 

𝐴𝐵𝐶   𝑇0
∗ 𝑡 , 𝑇1

∗ 𝑡 , … , 𝑇𝑛
∗ 𝑡  𝑇 

= Φ𝑇 𝑥 𝑈[𝔇𝛼 𝑡 
𝐴𝐵𝐶(𝑇0

∗ 𝑡 ),𝔇𝛼 𝑡 
𝐴𝐵𝐶 (𝑇1

∗ 𝑡 ), … ,𝔇𝛼 𝑡 
𝐴𝐵𝐶(𝑇𝑛

∗ 𝑡 )]𝑇

= Φ𝑇 𝑥 𝑈 𝔇𝛼 𝑡 
𝐴𝐵𝐶(1 ,𝔇𝛼 𝑡 

𝐴𝐵𝐶 2𝑡 − 1 ,… ,𝔇𝛼 𝑡 
𝐴𝐵𝐶  𝑛 ‍

𝑛

𝑘=0

 −1)𝑛−𝑘22𝑘
 𝑛 + 𝑘 − 1 !

 2𝑘 !  𝑛 − 𝑘 !
𝑡𝑘  

𝑇

= Φ𝑇 𝑥 𝑈

 
 
 
 
 
 
 
 
1 0 0 … 0
−1 2 0 … 0

2(−1)2
1!

2!
2(−1)1

222!

2!
2(−1)0

243!

4!
… 0

⋮ ⋮ ⋮ ⋱ ⋮

𝑛(−1)𝑛
 𝑛 − 1 !

𝑛!
𝑛(−1)𝑛−1

22 𝑛 !

2!  𝑛 − 1 !
𝑛(−1)𝑛−2

24 𝑛 + 1 !

4!  𝑛 − 2 !
… 𝑛(−1)0

22𝑛 2𝑛 − 1 !

 2𝑛 !
 
 
 
 
 
 
 
 

×

 
 
 
 
 
 
Γ 1 𝑀 𝛼 𝑡  

1 − 𝛼 𝑡 
ℰ𝛼 𝑡 ,1  −

𝛼 𝑡 𝑡𝛼 𝑡 

1 − 𝛼 𝑡 
 ⋯ 0

⋮ ⋱ ⋮

0 ⋯
Γ 𝑛 + 1 𝑀 𝛼 𝑡  

1 − 𝛼 𝑡 
ℰ𝛼 𝑡 ,𝑛+1  −

𝛼 𝑡 𝑡𝛼 𝑡 

1 − 𝛼 𝑡 
 
 
 
 
 
 
 

×

 
 
 
 
 
1
𝑡
⋮
𝑡𝑛

 
 
 
 
 

= Φ𝑇 𝑥 𝑈𝐴Ɲ(𝑛+1)(𝑛+1)𝐴
−1Φ 𝑡 . 

 

 Now by merging the obtained relations, equations 
(1)-(2) becomes the following form: 
𝛼1Φ

𝑇(𝑥)𝑈𝐴𝑉𝐵∗Φ(𝑡)
+ 𝛼2Φ

𝑇 𝑥 𝑈𝐴Ɲ 𝑛+1  𝑛+1 𝐴
−1Φ 𝑡 

= −Φ𝑇(𝑥)(𝐴𝑉𝐵∗Φ(𝑥))𝑈Φ(𝑡)
+ 𝛼4Φ

𝑇(𝑥)((𝐴𝑉𝐵∗Φ(𝑥))𝑇)2𝑈Φ(𝑡) + 𝑓(𝑥, 𝑡), 
𝑢 𝑥, .  ≈ Φ𝑇 𝑥 𝑈Φ 0 = 𝑔 𝑥 , 𝑢 0, 𝑡 

≈ Φ𝑇 0 𝑈Φ 𝑡 
= 𝑕 𝑡 , 𝑢 𝑥, 1 
≈ Φ𝑇 𝑥 𝑈Φ 1 = 𝑔1(𝑥). 

(38) 

We define the residual function as follows: 
Ɍ(𝑥, 𝑡)= 
𝛼1Φ

𝑇 𝑥 𝑈𝐴𝑉𝐵∗Φ 𝑡 
+ 𝛼2Φ

𝑇 𝑥 𝑈𝐴Ɲ 𝑛+1  𝑛+1 𝐴
−1Φ 𝑡 

+ Φ𝑇 𝑥  𝐴𝑉𝐵∗Φ 𝑥  𝑈Φ 𝑡 

− 𝛼4Φ
𝑇(𝑥)((𝐴𝑉𝐵∗Φ 𝑥 )𝑇)2𝑈Φ 𝑡 

− 𝑓 𝑥, 𝑡 . 

Eventually, the following system with (𝑛 + 1) ×
(𝑛 + 1) equations can be generated from Eq.(38): 

 

Ɍ 𝑥𝑖 , 𝑡𝑗  = 0, i = 1,2, … , 𝑛 − 1, 𝑗 = 1, 2, … , 𝑛

𝑔 𝑥𝑖 = 0, i = 0, 1,2,… , 𝑛

𝑕 𝑡𝑗  = 0, 𝑔1 𝑥𝑖 = 0, 𝑗 = 1, 2, … , 𝑛,

  

where 𝑥𝑖 =
1

2
(1 + cos⁡(

2𝑖−1

2𝑛
𝜋)), 𝑡𝑗 =

1

2
(1 +

cos⁡(
2𝑗−1

2𝑛
𝜋)),  

i, j=0, 1, 2, …, 𝑛. 
Obviously, by solving the above device, the 
approximate solution of equation (1) is obtained. 
 

Convergence Analysis and Error Assessment 

Theorem 5.1. Assume that 𝑢𝐸(exact solution) be a 
smooth function on 𝓗. Also, let 
𝚼𝐧 = Span 𝑇𝑖

∗ 𝑥 𝑇𝑗
∗ 𝑡 | i, jϵ ℵ = {0, 1, … , 𝑛}  and 𝑢𝐼  
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is the interpolating polynomial for 𝑢𝐸  at the points 
(𝑥𝑖 , 𝑡𝑗 ), where 𝑥𝑖 ,(0 ≤ 𝑖 ≤ 𝑛) are the roots of 

𝑇𝑛+1
∗  𝑥 ,while where 𝑡𝑗 , (0 ≤ 𝑖 ≤ 𝑛) are the roots of 

𝑇𝑛+1
∗  𝑡 and 𝑢𝐵 is the best approximation for 𝑢𝐸 . 

Therefore, the following relationship is established. 

‖𝑢𝐸 − 𝑢𝐵‖𝐿2(𝓗)

𝑛→∞
    0 (39) 

Proof.SinceuBϵ𝚼𝐧is the best approximation for 

𝑢𝐸 ,then 

‖𝑢𝐸 − 𝑢𝐵‖𝐿2 𝓗 ≤ ‖𝑢𝐸 − 𝑢∗‖𝐿2 𝓗 , ∀𝑢
∗ϵ𝚼𝐧. (40) 

We know that the previous inequality also holds for 
𝑢𝐼  (interpolating polynomial for 𝑢𝐸).According 
[28], there exist 𝜍, 𝜎, 𝜍′𝑎𝑛𝑑 𝜎′ϵ[0,1], such that  

 𝑢𝐸 − 𝑢𝐼 ≤ [
1

(𝑛 + 1)!
 Π𝑖=0

𝑛  𝑥 − 𝑥𝑖   𝑢𝐸 𝑥,𝑛+1  𝜍, 𝑡  +
1

(𝑛 + 1)!
|Π𝑖=0

𝑛  𝑡 − 𝑡𝑖 | 𝑢𝐸 𝑡,𝑛  𝑥, 𝜎  

+
1

(𝑛 + 1)!

1

(𝑛 + 1)!
|Π𝑖=0

𝑛  𝑡 − 𝑡𝑖 | 

 Π𝑖=0
𝑛  𝑥 − 𝑥𝑖   𝑢𝐸  𝑡,𝑛+1 , 𝑥,𝑛+1   𝜍

′ , 𝜎 ′  ]

≤ [
1

(𝑛 + 1)!
𝑀𝑎𝑥 Π𝑖=0

𝑛  𝑥 − 𝑥𝑖  𝑀𝑎𝑥 𝑢𝐸 𝑥,𝑛+1  𝜍, 𝑡  

+
1

(𝑛 + 1)!
𝑀𝑎𝑥|Π𝑖=0

𝑛  𝑡 − 𝑡𝑖 |𝑀𝑎𝑥 𝑢𝐸 𝑡,𝑛  𝑥, 𝜎  +
1

(𝑛 + 1)!

1

(𝑛 + 1)!
𝑀𝑎𝑥|Π𝑖=0

𝑛  𝑡 − 𝑡𝑖 | 

𝑀𝑎𝑥 Π𝑖=0
𝑛  𝑥 − 𝑥𝑖  𝑀𝑎𝑥  𝑢𝐸  𝑡,𝑛+1 , 𝑥,𝑛+1   𝜍

′ , 𝜎 ′  ], 

 

(41) 

 where 𝑢𝐸 𝑥,𝑛 ≡
𝜕𝑛𝑢𝐸

𝜕𝑥𝑛
, 𝑢 𝑡,𝑛 ≡

𝜕𝑛𝑢𝐸

𝜕𝑡𝑛
, 𝑢  𝑡,𝑛 , 𝑥,𝑚  ≡

𝜕𝑛+𝑚 𝑢𝐸

𝜕𝑥𝑛𝜕𝑡𝑚
, (𝑥, 𝑡)∈ 𝓗.According to the assumption, 

there exist three real-valued constants 

𝜆1 , 𝜆2 , 𝜆3 >. , such that 

𝑀𝑎𝑥  𝑢𝐸 𝑥,𝑛 
 𝜍, 𝑡  ≤ 𝜆1 ,𝑀𝑎𝑥  𝑢𝐸 𝑡,𝑛 

 𝑥, 𝜎  ≤ 𝜆2 ,𝑀𝑎𝑥  𝑢𝐸 𝑡,𝑛 
 𝑥, 𝜎  ≤ 𝜆3 .  

 
Let λ=max{𝜆1 , 𝜆2 ,  𝜆3}. Also, we obtain 

𝑀𝑖𝑛 
𝑥𝑖∈ 0,1 

Max 
𝑥∈ 0,1 

 Π𝑖=0
𝑛  𝑥 − 𝑥𝑖  = 𝑀𝑖𝑛 

𝑠𝑖∈ 0,1 

Max 
𝑠∈ 0,1 

 Π𝑖=0
𝑛 1

2
 𝑠 − 𝑠𝑖  = (

1

2
)𝑛+1 Π𝑖=0

𝑛  𝑠 − 𝑠𝑖  =
1

4𝑛
,  

where 𝑠𝑖𝑠 are the root of 𝑇𝑛+1 𝑠 .Therefore we obtain 

 𝑢𝐸 − 𝑢𝐼 ≤
1

(𝑛 + 1)!

1

4𝑛
 λ +

1

(𝑛 + 1)!

1

4𝑛
 λ + (

1

(𝑛 + 1)!
)2

1

16𝑛
 λ

=  λ[(
1

(𝑛 + 1)!
)(

1

4𝑛
) +  

1

(𝑛 + 1)!
 

2

(
4

16𝑛
)] ≡ 𝓠(λ, n) 

 

(42) 

Eventually, Eqs. (40)-(42) results in 
‖𝑢𝐸 − 𝑢𝐵‖𝐿2 𝓗 ≤

 𝑢𝐸 − 𝑢𝐼‖𝐿2 𝓗 =     𝑢𝐸 − 𝑢𝐼 
2ϖ x 

1

0

1

0
ϖ t dxdt 

1

2 ≤     𝓠 λ, n  2ϖ x 
1

0

1

0
ϖ t dxdt 

1

2 =

𝓠λ,‍n2𝜋2≡Ϻ(λ,‍n,‍π . 

 

 
HU-Stability Analysis 

Stability analysis is an important part of numerical 
methods. We run Hyers Ulam-stability analysis of 
the given Eq.(1). Let 𝛼2 = 1. For this purpose, by 
catching Atangana-Baleanu-fractional integral 
operator to the Eq. (1), we have 
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𝑢(𝑥, 𝑡) = 𝑢(𝑥, 0) +
1 − 𝛼 𝑡 

𝑀 𝛼 𝑡  
[𝛼4𝑢𝑥𝑥 (𝑥, 𝑡)

− 𝛼3𝑢𝑥(𝑥, 𝑡) − 𝛼1𝑢𝑡(𝑥, 𝑡)
+ 𝑓(𝑥, 𝑡)]

+
𝛼 𝑡 

𝑀 𝛼 𝑡  Γ 𝛼 𝑡  
 ‍
𝑡

0

(𝑡

− 𝑚)𝛼 𝑡 −1 𝛼4𝑢𝑥𝑥  𝑥,𝑚 
− 𝛼3𝑢𝑥 𝑥,𝑚 
− 𝛼1𝑢𝑡 𝑥,𝑚 𝑓 𝑥,𝑚  𝑑𝑚. 

 

(43) 

For simplicity taking  
𝕃 𝑥, 𝑡, 𝑢 = 𝛼4𝑢𝑥𝑥 − 𝛼3𝑢𝑥 − 𝛼1𝑢𝑡 + 𝑓,  
1 − 𝛼 𝑡 

𝑀 𝛼 𝑡  
= 𝓕(𝒕). (44) 

Then, Eq. (43) gives  
𝑢(𝑥, 𝑡) = 𝑢(𝑥, 0) + 𝓕(𝒕)𝕃(𝑥, 𝑡, 𝑢)

+
𝛼(𝑡)

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
 ‍
𝑡

0

(𝑡

− 𝑚)𝛼(𝑡)−1𝕃(𝑥,𝑚, 𝑢)𝑑𝑚. 

(45) 

Notice.(𝕺1) Let 
𝑢𝑖 = 𝑢𝑖 𝑥, 𝑡 , 𝑢𝑖

∗ = 𝑢𝑖
∗ 𝑥, 𝑡  𝑎𝑛𝑑 𝑢, 𝑢∗ ∈ 𝐿2  0,1 ×

0,1. We assume that three positive constants 𝛿𝑖, 
𝜌such that the following inequalities hold true: 
|𝑢𝑖 − 𝑢𝑖

∗| ≤ 𝛿𝑖 , 
|𝑢𝑥𝑥 − 𝑢𝑥𝑥

∗ | ≤ 𝜌. 
Notice. The kernel 𝕃 is satisfying the following 
inequality provided that (𝕺1) holds true.  
|𝕃(𝑥, 𝑡, 𝑢) − 𝕃(𝑥, 𝑡, 𝑢∗)|

= |𝛼4(𝑢𝑥𝑥 (𝑥, 𝑡) − 𝑢𝑥𝑥
∗ (𝑥, 𝑡))

− 𝛼3(𝑢𝑥(𝑥, 𝑡) − 𝑢𝑥
∗ (𝑥, 𝑡))

− 𝛼1(𝑢𝑡(𝑥, 𝑡) − 𝑢𝑡
∗(𝑥, 𝑡))| 

≤ 𝛼4|(𝑢𝑥𝑥 (𝑥, 𝑡) − 𝑢𝑥𝑥
∗ (𝑥, 𝑡)| + 𝛼3|(𝑢𝑥(𝑥, 𝑡)

− 𝑢𝑥
∗ (𝑥, 𝑡)| + 𝛼1𝑢𝑡(𝑥, 𝑡)

− 𝑢𝑡
∗(𝑥, 𝑡)𝑢𝑡(𝑥, 𝑡) − 𝑢𝑡

∗(𝑥, 𝑡)| 
≤  𝛼4𝜌 + 𝛼3𝛿𝑥 + 𝛼1𝛿𝑡 |𝑢 𝑥, 𝑡 − 𝑢∗ 𝑥, 𝑡 |.(46) 

Theorem 6.1.Assume that (𝕺1) holds true. Then, 
the model (1) has a unique solution provided that 
the following holds true: 

[
1 − 𝛼 𝑡 

𝑀 𝛼 𝑡  
+

1

𝑀 𝛼 𝑡  Γ 𝛼 𝑡  
](𝛼4𝜌 + 𝛼3𝛿𝑥 + 𝛼1𝛿𝑡)

≤ 1. 
Proof. We suppose that there exists another 
solution like𝑢 of the model (1), such that the 
integral system given by (46) is satisfied. Then, we 
obtain 

𝑢  𝑥, 𝑡 =

𝑢  𝑥, 0 +
1−𝛼 𝑡 

𝑀 𝛼 𝑡  
𝕃(𝑥, 𝑡, 𝑢 ) +

𝛼 𝑡 

𝑀 𝛼 𝑡  Γ 𝛼 𝑡  
 ‍
𝑡

0
(𝑡 −

𝜏)𝛼 𝑡 −1𝕃 𝑥, 𝜏, 𝑢  𝑑𝜏.(48) 
We obtain 

|𝑢(𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)| 

≤ [
1−𝛼(𝑡)

𝑀(𝛼(𝑡))
+

1

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
](𝛼4𝜌 + 𝛼3𝛿𝑥 + 𝛼1𝛿𝑡) ∥

𝑢(𝑥, 𝑡) − 𝑢 (𝑥, 𝑡) ∥. 
That shows 

[1 − ( 
1−𝛼 𝑡 

𝑀 𝛼 𝑡  
+

1

𝑀 𝛼 𝑡  Γ 𝛼 𝑡  
  𝛼4𝜌 + 𝛼3𝛿𝑥 +

𝛼1𝛿𝑡)]|𝑢(𝑥,𝑡)−𝑢(𝑥,𝑡)|≤0. 
Now, according to the assumption of the theorem, 
we have 

|𝑢(𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)|≤0. 
This result proves that the answer of the model (1) 
is unique. 
Definition 6.2[30].The Eq. (45) is said to be HU-
stable if there existsγ2 > 0such that, for every 
γ1 > 0, for 
|𝑢(𝑥, 𝑡) − 𝑢(𝑥, 0) − 𝓕(𝒕)𝕃(𝑥, 𝑡, 𝑢)

−
𝛼(𝑡)

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
 ‍
𝑡

0

(𝑡

− 𝑚)𝛼(𝑡)−1𝕃(𝑥,𝑚, 𝑢)𝑑𝑚|
< 𝛾1 , 

(49) 

there exists a unique solution𝑢∗(𝑥, 𝑡) such that  
𝑢∗(𝑥, 𝑡)  − 𝑢∗ 𝑥, 0 − 𝓕(𝒕)𝕃 𝑥, 𝑡, 𝑢∗ 

−
𝛼(𝑡)

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
 ‍
𝑡

0

(𝑡

− 𝑚)𝛼(𝑡)−1𝕃(𝑥,𝑚, 𝑢∗)𝑑𝑚, 

(50) 

implies  

|𝑢 − 𝑢∗| < 𝛾1𝛾2 . (51) 

For the HU-stability of the given Eq. (1) by the help 
of definition 6.1, the assumed Eq. (1) has a unique 
solution say 𝑢.  
Let 𝑢 𝑎𝑛𝑑 𝑢∗be approximate and exact solution 
respectively, of the given Eq. (1). Then, we obtain  
|𝑢 − 𝑢∗| ≤ 𝓕(𝒕)|𝕃(𝑥, 𝑡, 𝑢) − 𝕃(𝑥, 𝑡, 𝑢∗)|

+
𝛼(𝑡)

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
 ‍
𝑡

0

(𝑡

−𝑚)𝛼(𝑡)−1|𝕃(𝑥,𝑚, 𝑢)
− 𝕃(𝑥,𝑚, 𝑢∗)|𝑑𝑚
≤ [𝓕(𝒕)

+
1

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
]|𝕃(𝑥, 𝑡, 𝑢)

− 𝕃(𝑥, 𝑡, 𝑢∗)|. 

(52) 

From Eq. (44), we obtain 
|𝕃(𝑥, 𝑡, 𝑢) − 𝕃(𝑥, 𝑡, 𝑢∗)|

≤  𝛼4𝜌 + 𝛼3𝛿𝑥 + 𝛼1𝛿𝑡  𝑢
− 𝑢∗ . 

(53) 

Therefore, we obtain  

|𝑢 − 𝑢∗| ≤ [𝓕(𝒕) +
1

𝑀(𝛼(𝑡))Γ(𝛼(𝑡))
](𝛼4𝜌

+ 𝛼3𝜃𝑥 + 𝛼1𝜃𝑡) ∥ 𝑢 − 𝑢∗ ∥
= 𝛾1𝛾2 . 

(54) 
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Conclusion 

In recent decades, many researchers have 
expanded their studies to different areas of 
fractional calculus. It seems obvious that in most 
models resulting from a natural phenomenon, 
finding the analytical answer of the model is either 
not possible or very difficult. For this reason, 
numerical methods have been used extensively by 
researchers. One of the famous natural models is 
the mobile-immobile advection-dispersion model. 
In this paper, the numerical solution of this model 
is based on the collocation method and the use of 
operational matrices including CPs. These 
operational matrices transformed equation (1) into 
an algebraic device. In the following, with the help 
of Lagrange interpolation polynomials, we 
introduced an upper bound for the absolute error 
and checked the convergence analysis. Then we 
assumed that the exact solution of the equation is 
smooth, and we assumed that the solution of the 
equation exists. Also, we checked its uniqueness, 
and finally, according to the structure of the 
equation and the properties of the equation, among 
the stability analysis techniques, we used Hyers-
Ulam's stability technique. 
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