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ABSTRACT. The inherited properties between the triangular Banach algebra in the form of T 

=[
𝐴     𝑀
       𝐵

]and the corner Banach algebras A and B are very important and studied. In this paper, 

first a method for investigating being cyclic of derivations on Banach algebras is presented and 

then the cyclic derivations on triangular Banach algebras is studied. Using the above method, 

we show that the unital triangular Banach algebra T is cyclic amenable if and only if the corner 

algebras A and B are cyclic amenable. Finally, an example shows that the condition of unitary 

of T is necessary for the correctness of the results. 

 

 

1. INTRODUCTION 

The concept of an amenable Banach algebra was defined and studied for the first time by Johnson in [7].  

After that, the concept of weak amenability for Banach algebras was studied by Bade along with Curtis 

and Dales in [1] and examined weak amenability for some Banach algebras. The concept of cyclic 

amenability was presented by Gronbeak in [5]. He investigated the hereditary properties of this concept. 

Of course, each weak amenable Banach algebra is cyclic amenable, but the converse is not necessarily 

true. 

On the other hand, Forrest and Marcoux in [3] have studied the structure of derivations on triangular 

Banach algebras in the form of 

𝑇 = {[
𝑎   𝑚
    𝑏

] ; 𝑎 ∈ 𝐴 , 𝑏 ∈ 𝐵 , 𝑚 ∈ 𝑀} 

equipped with the usual operations associated with 2 × 2 matrices and the Banach space 

norm‖[
𝑎   𝑚
    𝑏 ]‖ = ‖𝑎‖ + ‖𝑚‖ + ‖𝑏‖  ,where in A and B are Banach algebras, and M be a Banach A; B- 

module, that means, M is a left Banach A-module and right Banach B-module. They have studied the 

weak amenability of triangular Banach algebras in [4] and show that, the weak amenability of T is 

equivalent to the weak amenability of the corner Banach algebras A and B, when T is unital. The 

properties of triangular Banach algebras have been discussed in many papers and the inherited 

properties between the triangular Banach algebra 𝑇 = [𝐴   𝑀
    𝐵

]and the corner Banach algebras A and B 

are very important and studied. Given the recent progress in studying derivations on triangular Banach algebra, 

it is natural to focus on studying certain types of derivatives (for example, cyclic derivations) on these 

algebras. 

From where the concept of cyclic amenability is weaker than the concept of weak amenability, the 

question is, between T and its corner Banach algebras, the cyclic amenability is also inherited? 

Like what happened to the weak amenability in the Forrest and Morcoux's results. In this paper, we show 

that the answer to this question is yes. One of the useful features of our results is that we can create new 

cyclic amenability Banach algebras with different structures. 

algebras A and B are very important and studied. Given the recent progress in studying derivations on 

triangular Banach algebra, it is natural to focus on studying certain types of derivatives (for example, 

cyclic derivations) on these algebras. 
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We first present a method for investigating being cyclic of derivations on unital Banach algebras 

and then we study the structure of the cyclic derivation on triangular Banach algebras T . 

Next, we show that T is cyclic amenable if and only if the corner Banach algebras A and B 

are cyclic amenable. 

Let A be a Banach algebra and X be a Banach A-bimodule. A bounded (continuous) linear 

map D: A → X is called a derivation if 

D(ab) = a · D(b) + D(a) · b ( a, b ∈ A). 

Every x ∈ X defines a derivation adx(a) = a · x − x · a (a ∈ A), which is called inner derivation. 

We use the notations Z1(A, X) and B1(A, X) for the set of all derivations from A in to X, 

and the set of all inner derivations from A in to X, respectively. The first cohomology group 

of A with 

coefficients in X are defined to be 

H1(A, X):  = Z1(A, X)/B1(A, X). 

Let A be a Banach algebras. We know that doul of A, which is displayed by A∗, is a 

Banach A-bimodule, with the following action 

(a · f) (b) = f (b · a) and (f · a) (b) = f (a · b) (a, b ∈ A, f ∈ A∗). 

Definition 1. Banach algebra A is called amenable if for every Banach A-bimodule 

X, every derivation D: A → X∗ is inner, or H1(A, X∗) = 0. A is called weak amenable 

if H1(A, A∗) = 0. 

Definition 2. Derivation D:  A → A∗ is called cyclic if [D(a)] (b) + [D(b)] (a) = 0, 

for every a, b ∈ A. 

We use the notation ZC1(A, A∗) for the set of all cyclic derivations from A into A∗, and 

the first cyclic cohomology group of A is defined to be 

HC1(A, A∗):  = ZC1(A, A∗)/B1(A, A∗). 

Definition 3. Banach algebra A is called cyclic amenable if every cyclic derivation  

D: A → A∗, is inner, or HC1(A, A∗) = {0}. 

The next lemma provide method for investigating being cyclic of derivations on unital 

Banach algebras, which is useful to us and we will use it several times in our current 

work. 

Lemma 1.1. Let A be an unital Banach algebra with unit 1A and D: A → A∗ be a 

derivation. Then D is cyclic if and only if [D(a)] (1A) = 0, for each a ∈ A. 

Proof. Let D be a derivation. For every a, b ∈ A, 

[D(a)] (b) + [D(b)] (a) = [D(a)] (b1A) + [D(b)] (1Aa) 

                                 = [D(a) · b] (1A) + [a · D(b)] (1A) 

  = [D(a) · b + a · D(b)] (1A) 

  = [D(ab)] (1A). 

This shows that, D is cyclic if and only if [D(c)] (1A) = 0, for each c ∈ A2. But A2 = 

A, because A is unital and the proof is complete.   

2. CYCLIC DERIVATIONS ON TRIANGULAR BANACH ALGEBRAS 

Let A and B be Banach algebras and M be a Banach A, B-module, that means, M is a left 

Banach A-module and right Banach B-module. Consider the previously introduced 

triangular Banach algebra as follows 

T =  Tri(𝐴, 𝑀, 𝐵) = {[
𝑎    𝑚
      𝑏 ] ; 𝑎 ∈  𝐴, 𝑚 ∈  𝑀, 𝑏 ∈  𝐵

  

} 

http://www.neuroquantology.com/
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If A and B are unital with units 1A and 1B, respectively, and M is unital, that means, 1A 

· 𝑚 = 𝑚. 1𝐵  = m for each m ∈ M, then T is also unital with unit 1𝑇 = [
1𝐴     
     1𝐵

]

 

. 

Conversely, if T is unital with unit 1T , Then A and B are also unital with units 1A = π1 

(1T ) and 1B = π4 (1T ), respectively, where π1 and π4 are projection maps on corner 

arrays. 

The triangular Banach algebra T, as a Banach space, is isomorphic to the l1-direct sum A 

⊕1 M ⊕1 B. Therefore, T* ≃ A* ⊕∞ M * ⊕∞ B*, with the pairing 

𝜑(𝑡) = 𝑓(𝑎) + 𝑔(𝑚) + ℎ(𝑏)         (𝑡 = [
𝑎    𝑚
     𝑏

] ∈ 𝑇, 𝜑 = [
𝑓    𝑔
     ℎ

] ∈ 𝑇∗) 

It follows immediately that the module actions of T on T ∗ are as follows: 

 

[
𝑎    𝑚
      𝑏

] . [
𝑓   𝑔
      ℎ

] = [
𝑎 . 𝑓 + 𝑚 . 𝑔   𝑏 . 𝑔

                             𝑏 . ℎ
], 

[
𝑓   𝑔
      ℎ

] . [
𝑎    𝑚
      𝑏

] = [
𝑓. 𝑎            𝑔. 𝑎

         𝑔 . 𝑚 + ℎ . 𝑏
].

for every

 

[
𝑎    𝑚
      𝑏

]

 

∈ T and  [
𝑓    𝑔
      ℎ

]  ∈ T ∗. 

Note that in the previous relation, m · g and g · m correctly belongs to A∗ and B∗, respectively, 

by the rules (m · g) (a) = g (a · m) and (g · m) (b) = g (m · b), where m ∈ M, g ∈ M ∗, a ∈ A and b 

∈ B. 

Lemma 2.1. [3, Theorem 2.1] Let T be a unital triangular Banach algebra, D:  T → T* 

be a derivation and define DA:  A → A∗ and DB:  B → B∗ by 

𝐷𝐴(𝑎) = 𝜋1(𝐷 ([
𝑎    0
      0

]) = 𝑎𝑛𝑑    𝐷𝐵(𝑏): 𝜋4(𝐷 ([
0    0
      𝑏

])). (2.3) 

Then DA and DB are derivations and there exist γ ∈ M ∗ such that 

𝐷 ([
𝑎    𝑚
      𝑏

]) = [
𝐷𝐴(𝑎) − 𝑚𝛾         𝛾𝑎 − 𝑏𝛾

                       𝐷𝐵(𝑏) + 𝛾𝑚
]

 

 

 

 

 (2.4) 

Lemma 2.2. Let T be a unital triangular Banach algebra, D:  T → T ∗ be a derivation 

and DA    and DB be derivations defined by (2.3). Then 

(i) D is cyclic if and only if both DA and DB are cyclic. 

(ii) D is inner if and only if both DA and DB are inner. 

Proof. (i) Let D be cyclic. So [D(t)] (1T) = 0 for every t ∈ T, by lemma 1.1. For every 

 a ∈ A we have 

[𝐷𝐴(𝑎)](1𝑎) = [
𝐷𝐴(𝑎)   𝛾𝑎

             0
] [

1𝐴    0
        1𝐵

] = [𝐷 ([
𝑎    0

      0
])] (

1𝐴    0
        1𝐵

) = 0 

and similarly for every b ∈ B, 

[𝐷𝐵(𝑏)](1𝑏) = [
0  − 𝑏𝛾

        𝐷𝐵(𝑏)
] ([

1𝐴    0
        1𝐵

]) = [𝐷 ([
0    0

     𝑏
])] (

1𝐴    0
        1𝐵

) = 0 

Due to lemma 1.1 we deduce that that DA and DB are cyclic. 

(2,2) 

(2,1) 
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Conversely, let DA and DB be cyclic derivations. By using (2.1) and (2.4), For 

each t= [
𝑎    𝑚

      𝑏
] 𝜖 𝑇  we have 

[𝐷(𝑡)](1𝑇) = [𝐷 ([
𝑎    𝑚
      𝑏

])] (
1𝐴    0
        1𝐵

)] 

                        =[
𝐷𝐴(𝑎) − 𝑚𝛾         𝛾𝑎 − 𝑏𝛾

                       𝐷𝐵(𝑏) + 𝛾𝑚
] (

1𝐴    0
        1𝐵

) 

 

 

         = [DA(a) − mγ] (1A) + [DB(b) + γm] (1B) 

         = [DA(a)] (1A) − [mγ] (1A) + [DB(b)] (1B) + [γm] (1B) 

         = 0 − γ(1Am) + 0 + γ(m1B) = 0. 

Therefore, D is cyclic by reusing lemma 1.1. 

(ii) Because of the communication between D, DA and DB in (2.4) and using (2.2) we have 

            𝐷 ([
𝑎    𝑚

      𝑏
]) = [

𝐷𝐴(𝑎) − 𝑚𝛾         𝛾𝑎 − 𝑏𝛾

                       𝐷𝐵(𝑏) + 𝛾𝑚
] 

            = [
𝐷𝐴(𝑎)         

        𝐷𝐵(𝑏)
] + [

−𝑚𝑦    − 𝑏𝛾
               0

] + [
0     𝛾𝑎
       𝛾𝑚

] 

           = [
𝐷𝐴(𝑎)         

        𝐷𝐵(𝑏)
] − 𝑎𝑑

[
0     𝛾
       0

]
  ([

𝑎    𝑚

      𝑏
]) 

Therefore, we can see that the observation that 

[
𝐷𝐴(𝑎)         

        𝐷𝐵(𝑏)
] = [𝐷 + 𝑎𝑑

[
0     𝛾
       0

]
] ([

𝑎    𝑚

      𝑏
]) ([

𝑎    𝑚

      𝑏
] 𝜖 𝑇) 

Now let D be inner. So, D = adω, for some 𝜔 = [
𝑓  𝑔

      ℎ
]. The relation (2.5) by using 

(2.2), for m = 0 and any a ∈ A and b ∈ B, shows that 

[
𝐷𝐴(𝑎)         

        𝐷𝐵(𝑏)
] = [𝐷 + 𝑎𝑑

[
0     𝛾
       0

]
] ([

𝑎    0

      𝑏
]) 

                                 =𝑎𝑑
[
𝑓    𝑔+𝛾

     ℎ
]

([
𝑎    0

      𝑏
])  

                                                                     = ([
𝑎    0

      𝑏
]) [

𝑓    𝑔 + 𝛾
     ℎ

] − [
𝑓    𝑔 + 𝛾

     ℎ
] ([

𝑎    0

      𝑏
]) 

                                                                     =[
𝑎𝑓    𝑏(𝑔 + 𝛾)

    𝑏ℎ
] − [

𝑓𝑎    (𝑔 + 𝛾)𝑎
    ℎ𝑏

] 

                                                                      =[
𝑎𝑑𝑓(𝑎)   𝑏(𝑔 + 𝛾) −  (𝑔 + 𝛾)𝑎

              𝑎𝑑ℎ(𝑏)
] 

Therefore, DA = adf and DB = adh and so DA and DB are inner. Similarly, we can 

show that D is inner if DA and DB are inner. Indeed, if DA = adf and DB = adh for 

some f ∈ A∗ and h ∈ B∗, it is easy to check D = 𝑎𝑑𝜔, where ω =[
𝑓  − 𝛾
        ℎ

]   

(2,5) 
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3. CYCLIC AMENABILITY OF TRIANGULAR BANACH ALGEBRAS 

In this section, we show that the triangular Banach algebra T is cyclic amenable if and 

only if the corner Banach algebras A and B are cyclic amenable, in the case of unitary. 

Theorem 3.1. Let T = Tri (A, M, B) be a unital triangular Banach algebra. Then 

HC1(T, T ∗) ≃ HC1(A, A∗) ⊕ HC1(B, B∗). 

Proof. Let D ∈ ZC1(T, T ∗). By lemma 2.2, there exist cyclic derivations DA ∈ ZC1(A, A∗) and 

DB ∈ ZC1(B, B∗) and γ ∈ M ∗ such that (2.4) is valid. 

Consider the map 

Γ:  ZC1(T, T ∗) → HC1(A, A∗) ⊕ HC1(B, B∗) 

                     D '→ (DA + B1(A, A∗), DB + B1(B, B∗)). 

Part (i) of lemma 2.2 guarantees that Γ is well define. Clearly Γ is additive. Let D ∈ 

ZC1(T, T ∗) and λ ∈ C. Since projection maps on arrays are linear, for every a ∈ A we have 

[𝜆𝐷]𝐴(𝑎) = [ 𝜋1 (𝜆𝐷 ([
𝑎    0
      0

]) )] = [𝜆[𝜋1(𝐷 ([
𝑎    0
      0

]) =] 𝜆𝐷𝐴(𝑎) 

This shows that [λD]A = λDA. Similarly [λD]B = λDB . Therefore, clearly Γ is 

linear. By part 

(ii) of lemma 2.2, D is inner derivation if and only if both DA and DB are inner 

derivations. This means that Ker Γ = B1(T, T ∗). 

Finally let P: A → A∗ and Q: B → B∗ be cyclic derivations on A and B, respectively. 

Define R: T → T ∗ by 

  𝑅 ([
𝑎    𝑚

      𝑏
]) = [

𝑝𝐴(𝑎)       0  

        𝑄(𝑏)
] 

It’s easy to check R is derivation. Now for every [
𝑎    𝑚

      𝑏
]

 

∈ T, we have 

[𝑅 ([
𝑎    𝑚

      𝑏
])] (1𝑇) = [

𝑝𝐴(𝑎)       0  

        𝑄(𝑏)
] ([

1𝐴    0
        1𝐵

]) 

 

                = [P (a)] (1A) + [Q(b)] (1B) 

               = 0. 

Hence, R is a cyclic derivation. Obviously, RA = P and RB = Q and so Γ is surjective. 

Elementary linear algebra theory now implies that 

𝐻𝐶1(𝑇 , 𝑇∗) =
𝑍𝐶1(𝑇 , 𝑇∗)

𝐵1 (𝑇 , 𝑇∗)
=

𝑍𝐶1(𝑇 , 𝑇∗)

ker Γ
≃ 𝐼𝑚Γ = 𝐻𝐶1(𝐴 , 𝐴∗) ⊕  𝐻𝐶1(𝐵 , 𝐵∗)

Corollary 3.1.1. Let T = Tri (A, M, B) be a unital triangular Banach algebra. Then T 

is cyclic amenable if and only if both A and B are cyclic amenable. 

Remark 1. In proof of theorem 3.1, the map Γ is surjective, even if where A, B and M are 

not unital. So, we always have HC1(T, T ∗) ⊇ HC1(A, A∗) ⊕HC1(B, B∗). That’s mean, if HC1(T, 

T ∗) = 0 then HC1(A, A∗) = HC1(B, B∗) = 0. 

Now by previous remark, we have the following corollary. 

Corollary 3.1.2. Let A and B be Banach algebras and A ⊕l
1B be cyclic amenable. Then 

A and B are cyclic amenable. The converse is true when A and B are unital. 

http://www.neuroquantology.com/
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In the general case, the converse of corollary 3.1.2 is not true. Indeed, the condition unitary 

A, B is necessary as we will see in the next example. 

Example 1. Let A be a non-zero Banach algebra with zero product, that is ab = 0 for all a, 

b ∈ A. It is shown in [5, Example 2.5] that such A is cyclic amenable if and only if its 

dimension is one. This imply that C with the zero product is cyclic amenable, while T = Tri 

(C, 0, C) = C ⊕l
1 C is not cyclic amenable, because its dimension is more than one. 

Example 2. Let A = C ⊕l
1 C where C with the zero product. By Example 1, since A is not 

cyclic amenable, so the triangular Banach algebra[
𝐴    𝐴
      𝐴

]
 

and  [
𝐴    

      𝐴
]

 

are also not cyclic 

amenable by Remark 1 and corollary 3.1.2 (ii), respectively. 
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