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Abstract

The linear stability of shear flow of an incompressible, viscous electrically conducting fluid
permeated by sheared magnetic field is investigated. An unbounded two layer model consisting of
different viscosity and magnetic diffusivity fluids with different velocity shear and magnetic shears is
examined for the two dimensional disturbances. An analytical study using the short wavelength
approximation shows that the configuration is always unstable for different diffusivities and for
different shears. When the magnetic field does not vanish on the interface it may be stabilizing or
destabilizing the system depending on the values of certain parameters.
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1. Introduction

When a fluid is driven away from
thermal and mechanical equilibrium, it will
undergo a sequence of instabilities each of
which leads, to a change in spatial or temporal
structure. Transition from laminar to turbulent
flow begins with the instability of flow. The
stability of shear flows in the presence of
applied magnetic field is important in
geophysics and astrophysics. This study is
based on the previous investigations by
Drazin& Reid[4], Hooper & Boyd[6],Yih[11]. It
was shown by Yih[11] that instability can occur
when two co-flowing fluids have different
viscosities. Hooper & Boyd [6] considered the
stability analysis of two unbounded linear
viscous shear flows with different shears,
showed that the configuration is unstable
when the fluids are of different viscosities and
shears. In the presence of discontinuity in the
electrical conductivity, a sheared magnetic
field can give rise to a new instability. For two
elSSN1303-5150

superimposed fluids of different electrical
conductivities it was shown by Sneyd[9],
Davidson & Lindsay[3], Bhattaacharya &
Gupta[2] configuration is unstable when there
is continuous or discontinuous variation in
electrical conductivity.

Eun-jin Kim[5] studied the effect of
flow shear and magnetic shear in the three-
dimensional reduced magneto hydrodynamic
turbulence. It was analytically shown that
near the resonance surface, transport
qguenching by flow shear was weakened by
magnetic shear as the latter does not involve
with shearing process. Jyoti etal.[7] studied the
influence of the magnetic field shear on
the E x B (and/or gravitational) and the current
convective instabilities occurring in the high-
latitude ionosphere. It was shown that
magnetic shear reduces the growth rate of
these instabilities.Soumaya Hadj Salah etal.[8]
studied the effect of heat transfer on shear
flows around an obstacle which is useful in
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determining the influence of water on
buildings and port infrastructures. They
obtained results supported by numerical
simulations and concluded that the doubling of
the fluid inlet temperature significantly
modifies all the dynamic characteristics of the
shear flow. These results is useful to exploit the
flow of hot water discharged by power
plants.TimourRadko[10]studied a systematic
stability analysis of unsteady shear flows
representing large-scale, low-frequency
internal waves in the ocean. The analysis was
based on the unbounded time-dependent
Couette model. Linear analysis suggested that
time-dependent spatially uniform shears were
unstable regardless of the Richardson number.
Alexandru & Hao lJia [1] proved asymptotic
stability of the couette flow for the two-
dimensional Euler equations in the domain.
They proved that a small and smooth
perturbation of the couette flow resulted in
the velocity field which converges strongly to a
nearby shear flow.

In this study, we considered the combined
effect of velocity as well as magnetic shears on
the stability of the interface formed by two
unbounded shear flows of different viscosity as
well as electrical conductivities and have
determined the criteria for the growth rate, by
using a regular perturbation analysis.

2. Mathematical Formulation

We consider the two co-flowing viscous
unbounded electrically conducting shear flows
separated by the interface at y = 0 in the
presence of sheared magnetic field as shown

YA 5
Fluid 1 o *51Y
o > X
Fluid 2 Bg +s2¥
U =0,y

Fig 1. A sketch of the physical problem.

elSSN1303-5150

in figure (1). We assume both the fluids are
incompressible. The governing equations in
each fluid are

a_q'+(q_v)q ~typst (é.v)é+vv2q
ot p P Hy

(1)
V.G=0 (2)
OB o na (3 o\« 25
E+(q.v) B=(BV)G+ivB @3
VB =0 (4)

ﬂmHz

where P=p + is the total pressure.

Hy is the magnetic permeability of the fluid. p

, Vand A are the density, kinematic viscosity
and magnetic diffusivity of the fluid, § is the
fluid velocity, B is the magnetic field.

In the
q: (U(y) =0y’,0),|§: (BO"‘SY',O)-
P= PO' whereo, s, BO , PO are constants, ¢
and s are respectively the shear intensity of the

mean flow and the magnetic shear intensity.
We now consider a two-dimensional

perturbation given by G =(oy +Uu’ V'),

unperturbed state,

0

Inthe unperturbed state, balance of normal
stress and continuity of the tangential
component of the magnetic field require

(Bo),=(Bo), (Po ) =(Po)y- (5)

Whereas the continuity of the tangential
component of the electric field and velocity
field require

A8 =48, L 01=H207 (6)

where S,,S,are magnetic shears, o, , o, are

P=P,+P',B= (Bo+sy +bX,byj.

velocity shears, 1, , 1, are viscous
diffusivities and A, , 4, are magnetic
diffusivities in fluid 1 and 2 respectively.

Let y’=77’(x’,t’) be the equation of the

interface between the two fluids in the
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perturbed state. The kinematic boundary
condition at the interface, after linearizing and
assuming normal modes as before, gives

V=—ia'c'n aty =0. (7)
We now impose the requirement of continuity
of the tangential and normal components of
velocity, shear and normal stress, tangential
and normal components of the magnetic field
and tangential component of the electrical
field at the perturbed interface. We linearize
and assume normal modes each of the
dependent variables with (x',t) -

dependence in the form exp[ia'(x’ —c’t') ] ,
We now introduce a stream function (//(y')
and ¢ (y') for the magnetic field such that

d d
Ay V= W’ ,

dy’ T dx
y 00 __do

X dy' ' y dx’

The linearized equations by eliminating
pressure reduces to

2
2 2
ia'(dy'—C’){d—2-a’2J\v =v[d 2—0('2] 4

dy
< 2
+;—Z{O(BO +5 y') dy'2

u

(8)

a'(oy —c)g =i a’(BO +S y’)l//
2
d
+A| = a? | g (10)
dy’
The requirement that the perturbations vanish
as y’ —> +oo, together constitute the
eigenvalue problem governing linear stability.

The length scale L and time scale T are defined
as

1 1
Azzﬂopz 4 =(“0/’2)2
S% ’ )

and non-dimensional variables are defined as
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vy - (—J%mnm

2%%

((/’1'(/’2) (#01 jy(¢1’¢2)

(V’l"/’z ( T Py j%('/’i"/"z)'
b

Hoy P
072 . (11)

2 2
4S5
The rescaled coordinates and a rescaled phase
speed are defined by

(x,y) = a(X,Y), C1 =aC (12)

Substituting the above into equations (8) and
(9) and writing the equations separately for the
two fluids, we have

C =

2
2 .
d i m
—-1| yy=-—F5—r(aM+yYy)op
Ldyz ] 1 aerz{( )1
2
d
+(C-NQY) L—z‘lj vy (13)
dy
2
2
d i m
—-1| yy=-——r(aM+Yy)o
(dyz ] 2 aerz{( )%
d2
+(C,-NyQy) 32 Ve (14)
y

2 .

d i

— -l =-—5xi(aM+yy)y
(dyz } 1 a2 {( ) 1

+(C,-N,QY) ¢} (15)
At y' =0, it follows that V1= ¥y and
h =9

2

d [

—-1|p,=-—F {(aM+Yy)y
ot fameniv,
+(Cp-NYQY) 0y (16)
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Here
y7, o P A, S
m:—z_ 1 , r=—2, Z:ﬂ_z__ll
M9 Py 1 52
y o, o
|:>2:_2, le_l, N2:_2'
" ) )
v By b

2.2\72
(”0 Py 52)

s=_ " ﬂ%pzz (17)
Py Ao A5 85

Where M and S are the magnetic and surface

tension parameters. Further v~ 0,
= Oasy > o;

1,//2—>O, ¢2—>0asy—>—oo. (18)

3. A Regular Perturbation
Short Wavelength

Analysis for

From the equations (13) — (16) and the

boundary conditions it is evident that }/2
a

can be used as an expansion parameter for
carrying out a regular perturbation analysis for
disturbances of short wavelength. Accordingly,
we assume the expansions

oo a (y) _
p(y)= ¥ 1 —=e¥,
L n=0 a2n

o b (y)
wo(y)= ¥ LeY,
2 n=0 a2n

o g (y) .
o(y)= ¥ eV,
! n=0 a2n

o d (y)
oo(y)= ¥ NteY,
2 n=0 a2n

(o
0t

n:Oan
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We substitute from (19) into (13)-(16) and (17),
to obtain the zeroth order solutions of the

problem
a(y)=0.,by(y) = 0,9, (y) = K,
do(y) = Kg. (20)
where K0 is a non-zero constant. We find that
CO =0 (22)
The first order perturbation solutions are
i m2
al(y)=01+02 y—Tz(a M+zY) Ko
(22)
i m2
bl(y):C3+C4 y—TZ((X M +y) KO,
(23)
gl(y): C5+C6 y-ix (Cl_ N]_Qy) KO ,
(24)
dy(y)=c, +Cg Y i (c,-NQy) Kg -
(25)

Using the boundary conditions, we determine
the eigenvalue C;, given by

Cf%(%j(za M (7 -1)+ (7 -1)* -

2
25a3+2P (1_—”‘ 1-M™ |_2p 543
2\14m r 2
(26)
It can be seen that at O(a_z), the

configuration will be stable or unstable

depending on whether

(20: M(z-1)+(z-1)*-25a3 -2 P, S

_ 2
+2P (l mj 1—m <or>0 (27)
2{1+m r

This shows that if S =0, M = 0,¥v=0 the
configuration is always unstable provided
¥ #1, when the magnetic field does not

3

vanish. If M #0 it may have a stabilizing or

®
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destabilizing effect depending on the sign of M.
The dimensional growth rate, correct to first

order in }/2 is given by
a

2 V2

]

aC—| 2 L;(l]
HoPy | g2 4P, (1+m

(205 M (z-1)+(z-1)%-254°

_ 2

wop [1EMN-MT | op 548 (28)
2{1+m r 2

From equation (28) it can be seen that the

growth rate vanishes when SZ:O. The

condition for stability or instability given by
(27) holds, provided the magnetic shears Sl

and 82 are positive.

4, Results and Discussion

It is shown that an unbounded configuration of
viscous electrically conducting parallel flows
permeated by a sheared magnetic field is
always unstable for short-wavelength
disturbances (in the absence of surface tension
and viscosity) if the magnetic field vanishes at
the interface and the magnetic diffusivities of
the two fluids are different.

The graphical representations of growth rate
Im(C1) against the values of a for various values
of the other parameters are shown in figures
2, 3 and 4. Figure 2 shows that the maximum
growth rate occurs for shorter wavelengths as
X increases. Figure 3 shows the growth rates

for different magnetic Prandtl numbers P, with
r=1,m=2,%x=2,5=0.001and M =0. Figure
4 shows the growth rates for differen tviscosity
ratiosm form=0.1and m =10 withr=1, y =
2,5 =0.001, M =0 and P, = 0.025. We find
maximum growth rate for ¢ =0O(1) and is in

agreement with equation (25) for short wave

elSSN1303-5150

lengths.Figure 3 and 4 shows that the largest
growth rate shifts to longer wavelengths with
increase in P, or decrease in m.

Fig 2. Growth rate Im (C;) vs. wavenumber a
for different values of magnetic diffusivity
ratios y withr=1,m=2,5=0,M=0and P,
=0.025.

210

Fig 3. Growth rate Im (C) vs wavenumber o
for different magnetic Prandtl numbers P,
with r=1,m=2,%=2,5=0.001and M=0
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Fig 4.Growth rate Im (C;) vs. wavenumber o
for different viscosity ratios m withr=1, ¥ =
2, $=0.001 and M =0 and P, =0.025.
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