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Abstract

The goal of this study is to demonstrate how to regenerate basic and complicated patterns made up of
sine shapes using the Fourier series. These intricate patterns are utilized in a variety of purposes,
including significant documents (like graduated certificates, governmental documents, currency, etc.)
which they may include secret designs like as frames, guilloches, borders, intricate portraits and logos.
Many numerical approaches such as the gradient algorithm, steepest ascent gradient, Newton-Raphson,
and Gauss-Newton methodology has been investigated and compared. As a result, the Fourier series
algorithm is preferred over the other methodologies presented in this research. The experimental results
of the regenerated patterns indicate how effective and trustworthy the proposed technique is.
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Introduction

A variety of forms and models based on the same
set of curves that employ fundamental functions
like sinusoidal equations are regularly seen in
high-quality printed publications. Shapes like
frames, guilloches, and portrait painting are
examples of patterns often seen in currency and
stamp papers. An analytical strategy might be
used to extract essential data (featured data)
based on the important printed elements in
order to find hidden linkages and indicate them
in a tabular original version.

To estimate and extract the essential feature data
for these models, a variety of mathematical
procedures can be applied. Least squares and
Latent Root Regression can be employed to
extract and estimate these necessary data
features in order to rebuild and regenerate the
original printed models.

Not just in the signal and data handling, yet in
addition in other technological graphics
domains, the Fourier series and Fourier
transform (FT) are regarded vital tools. A good
example is the Fourier transform, which has had
a substantial impact on wavelet theory
(Abdullah, 2019), the hypothesis of sampling

(Akram & Ann, 2015), time-frequency division
(Alhayani et al,, 2022), and all of whichever are
foundational concepts in today's digital world
(Al-Mukhtar, 2003; Almukhtar et al., 2021;
Arulkumar et al, 2019). A crucial result in
Fourier consecution and Transformation that is
also named Riemann-Lem Lebesgue's (RLL).

The Riemann-Lebesgue lemma says that the
Fourier transform or Laplace transform of an L1
function disappears at infinity, named after
Bernhard Riemann and Henri Lebesgue. In
harmonic analysis and asymptotic analysis, it is
crucial. Such that:

If fis L1 integrable on Rd, that is to say, if the
Lebesgue integral of |f] is finite, then the Fourier
transform of f satisfies

f(z) = j f(x) exp(—iz.x) dx = 0 as |z| - oo
Rd

The Riemann-Lebesgue lemma states that if the
integral of a function like the below fig. 1- is
small, the integral will approach zero as the
number of oscillations increases
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Figure 1- shows a function integral oscillations

The Riemann-Lebesgue lemma is used to handle
the technique of steepest descent and the
method of stationary phase, among other
methods.

Proposed method

This study proposes the utilization of the
mathematical and the statistical methods
outlined below to regenerate different shapes of
sine curves. The original shapes are taken as
input, then a process of extracting all the good
features is needed to be implemented so as to
produce a set of control point. Methods like least
square, newton Raphson and Many methods
along with Fourier series have been investigated
to give the best estimated results fig. 2 - shows
the proposed method in this research.
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Figure 2. flowchart of the proposed method

Algebraic methods

The dependent variable yi is represented by a
regular function of the k explanatory parameter
in the model of multiple linear regressions. The
model can be expressed as the following
equations (Boche & Farrell, 2014) for a set of (n)
observations.

y=XB+& E(g)=0

E(se) =0c°1In

(1)

Xis considered as a matrix with n x k explanatory
variables, and y is a 1-dimensional vector of
dependent variables. The parameter vector, and
error vector all have the same size and number

A

of explanatory variables. In order to minimize B
, the least squares estimate is applied (Boche &
Farrell, 2014).

SZ(Y'Xb),(Y'Xb) (2)

A

Where B
equation:

is measured using the following

ﬁ = (Xlx)ilx’y (3)

The X's model has to be ranked k times out of a
possible k which in this case gives a good way to

2
get an unbiased estimate of @
e'e
g2

(n-k) 0

The parameter e can be considered as an error

vector with n x 1 with the case that €~ (y -Xp

. The coefficient of determination, defined as R2
with equation (Boche & Farrell, 2014), is a metric
to determine the rank of a linear connection
among a vector y as well as a collection of k set of
values.

(5)

The following equations represents the basic and
multiple linear regression types which can be
demonstrated as:

2 K
YVi=B+ B X+ By Xo +ot B X tE;
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B B
Yi=Bo X1 X;7 g

Yi=Bo B X +B, Xo + By X, 8

Yi :1+Bi Xi+ &
o

In this case of equation (3), this cannot be
utilized to estimate vector B (Boche & Farrell,
2014) because several fundamental assumptions
in model (1) are not met.

if the model is defined with the following
equations

y =xB + ¢ E(e)=0
E(gg") = Wo? (6)

When using the least squares method, the
estimates for vector B in model (6) are
comparable to w-1. If we want to put it in another
way, we need to define the model as follows:

~

B=(xwx)]" x'wly %

In the generalized least squares (GLS) approach,
a vector B is utilized as an estimator (Bullock et
al., 2021).

Nonlinear regression models come in a variety of
representations, each of which is nonlinear for
the unknown coefficient vector B. (Bullock et al.,
2021) according to the following:

The function-based univariate nonlinear
regression model can be given as: -

y,=h(x,,0)+¢, i=1, ... N (8

In the above case, h is a function that is
nonlinear.

2- The M-Variate function-based on a regression
model that is nonlinear

yij:hj(xi ’9)"'5”‘
j:1!2l """"" M (9)

As a consequence, M regression equations
exist to explain n-dependent variables.

Simultaneous equations which can be defined as:

d)l.(yi,xj,ei)zgij 1=1,2,.. ,m
(10)

“In this model, the equation j of the ith
endogenous variable is an explicit function of
other endogenous Variable” (Alhabib et al., 2019;
M. Galety et al., 2021).

From equation (8), Ln must be kept to a
minimum with the following :

n

L©0)=- >3, -hx,.0)F

=t (11)
For simplicity, model (4) can be displayed as:-
y=h®)+e (12

“In this case, y is defined as a n x 1 vector of

dependent variables and h(e) is an x 1 vector
consisting a nonlinear function with

independent  variable Xi such that
h(x,,0),h(x;,0), e N (X0 0) s s al
linearized by the model in (12)”
y=h(0,)+ d h(ef’) (0-0,)+¢

o0 T (13)

Then, using the (GLS) approach, approximate
relationships are utilized to estimate the
parameter

0~00 + (Z2) 7 & oo (14)
where
,_2hio,)
00’
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For maximizing the function L(6), which has
continuous first and second derivatives with
respect to the vector 0, there are numerous
numerical techniques that can be applies, among
them: -

1. The gradient algorithm: “The direction
and rate of quickest rise" can be understood as
the gradient vector. The direction of the gradient
is the direction in which the function rises most
quickly from point p, and the magnitude of the
gradient is the rate of growth in that direction,
the highest absolute directional derivative, if the
gradient of a function is non-zero at a point p. this
method is defined with the following equation:

0,=0,+ky, Hyf(0y) oo (15)

were

f(00) the gradient value calculated using
0o

ko ascaler

Ho information matrix

2. The Method of Steepest Ascent gradient:
The method of steepest ascent is a method
whereby the experimenter proceeds
sequentially along the path of steepest ascent,
that is, along the path of maximum increase in
the predicted response. From equation (15),
define HO = (considered as an Identity matrix).

10,)

’ )

According to the derivative the matrix

may be costly to compute ko Using L's second
partials with regard to 6 .

3. The method of Newton-Raphson: The
Newton-Raphson approach (also known as
Newton's method) is a simple way to determine
a decent approximation for the root of a real-
valued function f(x) = 0. It is based on the
assumption that a continuous and differentiable
function can be approximated by a straight line

-1

tangent to it. supporting thatH, = {%SO)} .
if k equal to 1, the equation yields the highest
value of L(0) because :-

4. “When the matrix of second derivatives of L

is determined, the Gauss-Newton technique is g38
an approximation to the Newton-Raphson
method.”

5. when using the scoring technique for
optimizing the average log likelihood, use the
Newton-Raphson approach.

1 n
HZ Log L(y,,0)

t=1

6. “The method of quadratic hill-climbing in
equation (15) - Ho can be replaced with”

1]

00’
The technique necessitates finding the
o _of(0,) .
characteristic roots of the matrix o0 in this

model. a is numerical value chosen to give the
highest value to L(0).

Practical Part

“The Fourier method is used to calculate the
coefficients of a Fourier series that approximates
periodic time series data.” (Benedetto, 2007)

i=1ton
Xij
j=1tor

“Where r is the number of replications and n
denotes the number of observations for each
replication, Xij denotes the replicated values for
the ith observation in the jth replication.” (Al-
Dabagh et al., 2018; Benedetto, 2007; M. G. Galety
etal, 2019)

X, = A, + i(Ak cos +B, sinZHK(I_l)j

k=1 n
“Using semi-amplitude and phase angle, the
formula for obtaining estimates can be recast as
follows:” (Higgins et al., 1999; Mahajan et al,
2021; Mallat, 1989):

211K (i-1)
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Fourier model. The major goal of the study is to
shapes of sine waves:-

“The following graphics show an example of a
sine function, which is a component of the
create a sine wave model (equation) using the
method described in part 1. then graph any sine
graph using the built model.” (Higgins et al,
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In this situation, phase angle and semi-

amplitude can be demonstrated as (Higgins et al.,

1999): [12,1]
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Figure 4. A Sine wave function

“Let's say we have a periodic control point with a
latency of 22 and we want to estimate the
Fourier model with the lowest possible error.”
(Higgins et al., 1999; Mallat, 1989; Samanta et al.,
2022).

Control Points of Sine wave

Figure 5. control points of sine wave as in table
1

Table 1 - Control Points of the Sine wave

Minitabis a software product that helps to
analyze the data. It provides a simple, effective
way to input the statistical data, manipulate that
data, identify trends and patterns, and then
extrapolate answers to the current issues. This is
most widely used software for the business of all
sizes - small, medium and large. We use the mini
tab software to develop a program to
demonstrate the Fourier consonant, and the
model is estimated using the parameters shown
below, which outline the procedures discussed in
Part 1. (Higgins et al, 1999; Mallat, 1989;
Mohammed et al,, 2021).

K Semi-Amplitude Phase angle
1 438 -0.34
2 046 0.11
3 012 0.85
4 018 0.23

Where A, = izn:xij/nxr

i=1 j=1

The harmonic function is estimated from tab. 2
and plotted using real data from control points as
shown in fig. 6. The outcomes show that the
model was suitable to represent data, and to
sketch a sine wave with a tiny amount of
inaccuracy (Higgins et al, 1999; Mallat, 1989;
Reshma et al.,, 2022).

1.1 1.9 2.7 3.2 4.0 4.2 5.0 5.6 5.9 6.3 6.3 6.3 6.2
6.0 5.8 5.4 5.0 4.4 4.2 3.9 3.2 2.7 2.2 1.6 0.82 0.25
-04 | -1.0 -1.5 [-19 |-225 |-26 |-26 |-27 -25 |-19 |-1.65 |-1.20 -0.75
Table (2) - The predicted data of a sine pattern

0.75 1.77 | 2.68 3.41 3.95 435 4.72 511 5.52 5.96 6.30 6.41
6.34 6.14 | 5.80 5.43 5.02 4.70 431 3.82 3.28 2.75 2.15 1.61
0.88 025 |-040 |-11 -1.61 | -192 |-241 |-246 |-251 |-254 |-243 |-2.01
-1.77 -1.12 | -0.25
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Control points of the regenereted pattern

Figure 6. drawing of the predicted sine pattern
data

Conclusion

In this article, the Fourier series is used to
regenerate simple and complicated curves for
the shapes composed of sine waves, all with the
following conclusions:

1- It is possible to construct a sine wave with
the least amount of error, utilizing a harmonic
function or a set of equations that are not linear,
but in this case the computational time will rise
as the number of observations, harmonic
numbers, and the number of replications
increases.

2- The reconstruction of the models based on
Sine waves allows the original forms to be
recreated with new features added, preventing
further counterfeiting from occurring.

3- The approach of regenerating the original
patterns can be used to apply security over the
original sine patterns, by adding some other
complex mathematical equations with added
parameters and set of control points (knots).
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